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PREF.ACE. 



The present work is an attempt to supply a want which 
we have long felt ourselves, and which we believe to be 
shared by many experienced teachers. 

In setting before a beginner the real and perplexing 
difficulties of elementary Algebra, there is some fear lest 
first lessons should degenerate into a mere mechanical 
manipulation of symbols, uninteresting and uninstructive, 
because little understood. This well known danger led us 
to devote special thought to the question of order; to 
consider, in short, what succession of the various parts 
of the subject would best illustrate its bearings at an 
early stage; and we have finally adopted an arrangement, 
which — if it varies somewhat from the common use of 
elementary text-books — ^is at least based upon the experience 
of many years, and embodies the result of frequent con- 
sultation with our colleagues and other teachers. 

As regards the earlier chapters, our order has been 
determined mainly by two considerations: first, a desire 
to introduce as early as possible the practical side of the 
subject and some of its most interesting applications, such 
as easy equations and problems ; and secondly, the strong 
opinion that all reference to compound expressions and 
their resolution into factors should be postponed until the 
usual operations of Algebra have been exemplified in the 
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case of simple expressions. By this course the beginner 
soon becomes acquainted with the ordinary algebraical pro- 
cesses without encountering too many of their difficulties; 
and he is learning at the same time something of the 
more attractive parts of the subject. Again, by postponing 
Kesolution into Factors until the student has acquired some 
freedom and readiness in the use of symbols, we are enabled 
to treat this important section, and all the processes to 
which it gives rise, more adequately than is possible where 
factors are introduced and disposed of in one short early 
chapter. 

We had originally intended to arrange the chapters 
in an order that might be followed without deviation 
from beginning to end; but in the course of the work 
this was found impossible without very extensive sub- 
division in some parts, and needless repetition in others. 
We have therefore marked with an asterisk all articles and 
examples which may conveniently be omitted by a student 
who is reading the subject for the first time, and we have 
occasionally added a note suggesting the most suitable place 
for a section which may have to be postponed. 

To one feature of the book we wish to draw special 
attention. After Quadratics we have introduced two re- 
capitulatory chapters in which are discussed certain classes 
of questions requiring for their solution a very ready and 
skilful use of factors. Such questions are undoubtedly 
hard, and wholly out of place at an earlier stage; yet in 
existing text-books their importance is hardly recognised, 
and they are generally introduced at a point where the 
ordinary student cannot use or appreciate the best methods 
of solving them. To these harder applications of early rules 
in Chapters xxviii and xxix, we have added several useful 
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miscellaneous theorems illustrated by carefully selected 
examples. These chapters are the outcome of our own 
experience in preparing boys for Army and University 
Examinations during the last twelve years; they will be 
found very valuable for revision, though they also contain 
some new and interesting matter. 

The examples are very numerous, and have been com- 
piled with great care. They are for the most part original, 
though some have been selected from recent Examination 
Papers. In the early chapters we have given an unusual 
number of very easy questions, many of which will be 
found well suited for vivd voce work. In each chapter 
several examples are fully worked out to illustrate the 
most useful applications of important rules. Also, under 
the belief that prevalent mistakes are not sufficiently 
guarded against, we have given occasional notes to caution 
the reader against the blunders which experience shews to 
be almost universal among beginners. With the help of 
our colleagues we have endeavoured to give none but the 
best methods, so that students on passing from this to a 
more advanced treatise may have a good foundation, and 
have nothing to unlearn. 

We have done our best to secure accuracy in all parts 
of the book, but in a collection of 3500 examples it is 
probable that some mistakes still remain undetected: we 
shall be thankful to receive any corrections. 

We have to acknowledge our indebtedness to many 
kind friends for their valuable help and advice. In the 
arrangement of the early chapters we have been largely 
influenced by the opinion of the Rev. J. M. Wilson, Head 
Master of Clifton College; and practical suggestions re- 
ceived from him have been frequently worked into the 
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. text and examples throughout the book. We have also to 
express our thanks for the assistance and encouragement 
freely given by many of our Mathematical colleagues: to 
the Rev. H. C. Watson and Mr F. H. Stevens of Clifton 
College we are especially indebted for their practical hints 
and able criticism; while in revising the manuscript and 
correcting the proof sheets their aid has been most generous 
and untiring. 

Up to the end of Surds we hope the book will be found 
sufficiently complete; the remaining chapters have been 
introduced to meet the requirements of many Elementary 
Examinations, but they do not profess to give more than 
an easy first course of Ratio, Proportion, Yariation, and 
the Progressions. These subjects will be treated more fully 
in the early chapters of our Higher Algebra^ now in course 
of preparation, as a sequel to the present work. 

H. S. HALL, 
S. R. KNIGHT. 

June 1885. 



CONTENTS. 

CHAP. TA,aEi 

I. Devdhtions. Substuvtionb .... 1 

n. NsGATiTS Quantities. Addition ov Likb Txbks . 9 

m. Sdcfus Bbackbts. Addition .... 13 

IV, SUBTBACnON 19 

Y. Multiplication 23 

"VI. Division 84 

Vn. Bemoyal and Inssbtion ov Bbackbts . . . 42 

Tin. Simple Equations 48 

IX, StMBOLICAL EZPBESSION 67 

X Pboblbms leading TO Sncpus Equationb , . 65 

XL Highest Coxxon Factob. Lowest Comuon Mul- 
tiple, Simple EzpiiBsBioNS .... 70 

XII. Elementaby Fbactions. Simple Ezpbebsions . 72 

XHL Simultaneous Equations 77 

XIV. Pboblems leading to Simultaneous Equations . 87 

XV. Involution 92 

XVL Evolution 96 

XVII. Besolution into Factobs 106 

XVm. Highest Common Factob 120 

XIX. Fbactions 128 

XX. Lowest Common Multiple 136 

XXI. Addition and Subibaction ov Fbactions . . 140 



X CONTENTS. 

CHAP. PAGB 

XXn. Miscellaneous Fbaotions 152 

XXTTT. Habdeb Equations 164 

XXIV. Habdeb Pboblems 172 

XXY. QuADBATic Equations 178 

XXYI, Simultaneous Quadbatic Equations . . . 188 

XXYII. Pboblems leading to Quadbatic Equations . . 195 

XXYni. Habdeb Factobs . 201 

Xynr. Miscellaneous Theobems and Examples 208 

XXX. The Theobt or Indices 226 

XXXI. Elementaby Subds . . . . 239 
XXXn. Batio, Pbopobtion, and Yabiation ... 256 

XXXTTT. Abtthmetical Pboobebbion 273 

XXXTV. Gbometbical Pboobession 280 

XXXY, Habmonical Pboobession 287 

Miscellaneous EzAMPups 293 



ERRATA. 



p. 104, XVL e. 4, for 9x read — . 

p. 137, XX. a. 26, for I5a^ read 46a«. 

p. 240, last line, for ^6 read i/6. 

p. 254, line 3, for radical read radicals. 

p. 273, last line, for {a-d)+a, read (a+d)+a. 



ALGEBEA. 

CHAPTER I. 

Definitions. Substitutions. 

1. Algebra treats of quantities as in Arithmetic, but with 
greater generality ; for while the quantities used in Arithmetical 
processes are denoted by figures which have one single definite 
value, Algebraical quantities are denoted by symhoh which may 
have any value we choose to assign to them. 

The symbols employed are letters, usually those of our own 
alphabet ; and, though there is no restriction as to the numerical 
vaJues a symbol may represent, it is understood that in the same 
piece of work it keeps the same value throughout. Thus, when 
we say "let a=l," we do not mean that a must have the value 
1 always, but only in the particular example we are considering. 
Moreover, we may operate with symbols without assigning to 
them any particular numerical value at all; indeed it is with 
such operations that Algebra is chiefly concerned, 

"We begin with the definitions of Algebra, premising that the 
usual symbols of operation +, -, x? -^j ( )> will have the 
same meanings as in Arithmetic. 

2. An Algebraical Expression is a collection of symbols ; 
it may consist of one or more terms, which are separated from 
each other by the signs + and -. Thus 7a+56-3c-a7 + 2y is 
an expression consisting of five terms. 

Note. When no sign precedes a term the sign + is understood. 

3. Expressions are either simple or compound. A nmple 
expression consists of one term, as 5a. A compourid expression 

^ X H. A. 1 



2 ALGEBRA^ 

consists of two or more terms. Compound expressions may be 
further distinguished. Thus an expression of two terms, as 
3a - 26, is called a binomial expression ; one of three terms, as 
2a - 36 + c, a trinomial ; one of more than three terms a mnlti- 
nomiaL 

4. When two or more quantities are multiplied together the 
result is called the product. One important difference between 
the notation of Arithmetic and Algebra should be here remarked. 
In Arithmetic the product of 2 and 3 is written 2x3, whereas 
in Algebra the product of a and h may be written in any of 
the forms a x 6, a . 6, or ah. The form a6 is the most usual. 
Thus, if a=2, 6=3, the product tt6=ax 6=2x3 = 6; but in 
Arithmetic 23 means "twenty-three," or 2 x 10+3. 

5. Each of the quantities multiplied together to form a pro- 
duct is called a factor of the product. Thus 5, a, 6 are the 
factors of the product bab. 

6. When one of the factors of an expression is a numericsd 
quantity, it is called the coefficient of the remaining factors. Thus, 
in the expression 5a6, 5 is the coefficient. But the word co- 
efficient is also used in a wider sense, and it is sometimes con- 
venient to consider any factor, or factors, of a product as the 
coefficient of the remaining factors. Thus, in the product Qabc, 
6a may be appropriately called the coefficient of he, A coefficient 
which is not merely numerical is sometimes called a literal 
coefficient. 

Note. When the coefficient is unity it is usually omitted. Thus 
we do not write la, but simply a. 

7. If a quantity be multiplied by itself any niunber of times, 
the product is called a power of that quantity, and is expressed 
by writing the number of factors to the right of the quantity 
and above it. Thus 

a X a is called the second power of a, and is written a* ; 

axaxa third power oi a^ a^; 

and so on. 

The number which expresses the power of any quantity is 
called its index or exponent. Thus 2, 5, 7 are respectively 
the indices of a\ a\ a?. 

Note, a? is usually read "a squared"; a' is read "a cubed"; 
a^ is read ** a to the fourth " ; and so on. 

When the index is unity it is omitted. Thus we do not write d>, 
but simply a. 
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8. The beginner must be careful to distinguish between 
ooeffiderU and index. 

Example 1. If a =4, 

3a=3xa=3x4=12; 
but a'=axaxa=4x4x4=64. 

Example 2. If 5=5, 

462=4x6x6=4x5x6=100; 
whereas 26*=2x6x6x6x2>=2x5x 6x5x5=1250. 
Example 3. If a=6, x=7, then 

4 ax = t X a X X = f X 6 X 7 = 70. 

Note. Fractional coefficients which are greater than unity are 
usually kept in the form of improper fractions. 

Example 4. If a =4, a; =1 find the value of 5x^. 
5a:«=6xa:«=::6xl*=6xl=6. 

Note. In the last example 1* =1x1x1x1 = 1. Similarly every 
power of 1 is 1. 

EXAMPLES L a. 

If a=7, 6 = 2, c=l, ^=5, y=3, find the value of 
1. 14a?. 2. a^. 3. 3ad?. 4. a\ 5. 56?/. 

6. «>s. 7. 362. 8. 2^a. 9. 6c*. 10. 4/. 

11. 7c5. 12. 96\ 

If a = 8, &=5, c=4, ;r=l, y=3, find the value of 

13. 3c2. 14. If. 15. 5a6. 16. 9^. 17. 863. 

18. Za^. 19. cfi, 20. 7/. 21. c«. 22. b^. 

23. r- 24. a^. 25. /. 26. a^ 27. &*. 

28. a''. 

If a=5, 6=1, c=6, :r=4, find the value of 

29. }^. 30. T%c3. 31. fa-3. 32. ^^v. 33. 3* 
34. 2«-. 35. 8». 36. 7*. 37. 4^acx. 38. J6car. 

39. fc3. 40. ^. 

9. When several different quantities are multiplied together 
a notation similar to that of Art. 7 is adopted. Thus aahhhocddd 
is written aVAcd^. And conversely la^cS has the same meaning 
as7xavaxaxcxc?xd 

1—2 



4 ALGEBRA. 

10. Each of the letters composing a tenn is called a dimen- 
sion of the term, and the number of letters involved is called 
the degree of the term. Thus the product abc is said to be of 
three dimensions^ or of the third degree; and aa?* is said to be o/^ 
five dimensionsy or of the fifth degree, 

A numerical coefficient is not counted. Thus Sa^l^ and a^^ 
are each of seven dimensions. 

11. But it is sometimes useful to speak of the dimensions 
of an expression with regard to any one of the letters it involves. 
For instance, the expression Qa^h% which is of eight dimensions, 
mav be said to be of three dimensions in a, of four dimensions 
in o, and of one dimension in c, 

12. A compound expression is said to be homogeneons when 
all its terms are of the same dimensions. Thus 8a*-a*62+9a6* 
is a homogeneoxcs expression of six dimensions. 

13. In dealing with Algebraical expressions, where the letters 
denote numerical quantities, we may make use of the prin- 
ciples with which the student is familiar in Arithmetic. Thus 
ao and ha each denote the product of the two quantities repre- 
sented by the letters a and 6, and have therefore the same value. 
Again, the expressions abc, acb, bctc, hca, cab, cha have the same 
value, each denoting the product of the three quantities a, 6, c. It 
is immaterial in what order the factors of a product are written; 
it is usual, however, to arrange them in alphabetical order. 

Example 1. If 05=5, y= 3, find the value of 4a;V« 
4xV=4x 62x33, 
=4x25x27, 
=2700. 

or '5 

Example 2. If a=4, 6=9, a5=6, find the value of ^^^ 3 . 

86j;« _ 8 X 9 X 6^ 
27a8"" 27x43 ' 
8 X 9 X 36 



"" 27x64 ' 

=f. 

=li. 

14. If one factor of a product is equal to 0, the whole product 
must be equal to 0, whatever values the other factors may have. 
A factor is sometimes called a " zero factor,* 
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Example 1. If x=0, then dl^xy^^O, wbatever be the Talaes of 
<», 6, y. 

Example 2. If c=0, then a&'c*=:0, whatever Talnee a, h maj 
have. 



EXAMPLES L b. 

If a=7, 6=2, c=0, 07=5, y=3, find the value of 
1. 4a^. 2. a36. 3. 86^- 4. 3ay«. 6. }6«jr. 
6. |%*. 7. ?^. 8. a^c. 9. a^ 10. &c^. 
U. i^'^r. 12. J:iy. 

If a=2, 6=3, c= 1,^=0, j=4, r=6, find the vaFue of 

-„ 3a«r ,. 8a6* ,_ Ga'c ^^ 4cr« ,» o ir. 

^3- -86-. 14. "9-^2. 15. -^r. 16. 9^. 17. 3a^. 

18. ^fta". 19. ~. 20. 5a*<f. 21. ^. 22. 3^. 
23. 2^a^. 24. c*6^ 25. '^•. 26. %f 27. -^. 



28. 






15. Definition. The BQnare root of any proposed expression 
is that quantity whose square, or second power, is equiJ to the 
given expression. Thus the square root of 81 is 9, because 9* =81. 

The square root of a is denoted by i/a, or more simply »J(l 

Similarly the cube, fourth, fifth, &c., root of any expression 
is that quantity whose third, fourth, fifth, &c., power is equal to 
the given expression. 

The roots are denoted by the symbols 4^, <^', i/, &c. 

Examples, >J'27=:3; because 3S=27. 
4/32 = 2; because 2»=32. 
The symbol V is sometimes called the radical sign. 

Example 1. Find the value of 5\/{&a^b^), when a=:3, 6=1, c=8. 
5 V(6a'6*c) = 6 X V(6 X 3» X 1* X 8), 
=6xV(6x27x8), 
=6xV1296, 
=6x36, 
=180. 
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Example 2. ] 


Find the value of a/( szs) » ^^^^ "=9» ^=9» ^=S« 








s //9x81\ 
" V 18x125^' 




»//9x9x9\ 

"V V 1000 ;* 

9 
"10' 




EXAMPLES I. c. 


If a=8, c=0, k=9, x=4, y=l, find the value of 


1. V(2a). 


2. ^{kx). 3. V(2a^). 


4. V(2<i*0. 


6. V{3k). 6. 4^(aa;3). 


7. 4^(8^)- 


8. V{cf\ 9. 2x^{2ay). 


10. by^iAlcx). 


11. 3cV(^^). 12. 2xy^l{^f), 


-y©- 


-VCf)- •^^/Q• 


- y(S)- 


"• 7(S)- '^ ^(i|)- 


>»• m- 


-;/(«)• 


Ifa=4,6=l 


, 0=2, d=9, ar=5, y=8, find the value of 


21. VCSa^j). 


22. 6V(46»)- 23. 7V(5dip). 


24. V((^y). 


^- \/(5y- ^- \/(8l)- 


27- V(9a3,2)- 


28. 7(i^- 29. 7(^). 


30 ^ 


-^©- -^©- 


33. Vfl?*. 


34. Vy. 35. V6*- 36. V<^. 
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16. In working examples the student should pay attention 
to the following hints : 

1. It should be clearly brought out how each step follows 
from the one before it ; for this purpose short verbal explana- 
tions are often necessary. 

2. The sign "=" should never be used except to connect 
quantities which are equal. Beginners should be particularly 
careful not to employ the sign of equality in any vague and 
inexact sense. 

3. Unless the expressions are very short the signs of equality 
in the several steps of the work should be placed one under the 
other. 

4. In elementary work too much importance cannot be 
attached to neatness of style and arrangement. The beginner 
should remember that neatness is in itself conducive to ac- 
curacy. 

Example 1. Find the value of ^j^ab - 7x^ - Jay^ + 26', when 
a = 5, 6=4, 05=3, y = 2. 
^,»^_7a;«_|ay« + 263=^.6.4-7.3*-{.5.2a + 2.4», 
= 6-63-45 + 128, 
= 26. 

Example 2. Find the value of fa:' - a^y+ldbx - f y', when 
a=^^ 6=0, 05=7, y = l. 
fa-*-aV + 7a6a;-|2/5=f. 72-52. 1 + 0-1. P, 
= 29f-25-2i. 

Note. In the last example the zero term does not affect the 
result. 

Example 3. When |)=9, r=6, it =4, find the value of 

= Jx5 + 8-2, 
=6i. 
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EXAMPLES I. d. 

If a = 2, 6 = 3, c=l, c?=0, find the numerical value of 
1. Ga+bb-Sc+dd. 2. 3a-46+6c+5c?. 

3, 5a + 3c-26+6G?. 4. ab-{-bc + ca-da, 

5, 6ab-3cd'h^da-5cb + 2db, 6. abc+bcd+cda+dab. 
7. 3abC'-2bcd + 2cda-4dab, 8, 2bc-\-3cd-4da+5ab. 

9. 36cG?+6cc?a-7G?a6+a6c. 10. a^+b^+<^+d^. 

11. 2a2 + 363-4c*. 12. a*+6*-c*. 

Ifa=l,6=2, c=3, c?=0, find the numerical value of 
13. a»+63+c3+flP. 14. ibc^-a^-b^-^ab^c. 

15. 3a6(?-62c-6as. 

16. 2a2-h262+2c2+2c;2_26(?-2cc?-2fl?a-2a6. 

17. c^+iad^-Sa^+b^d. 

18. a2+262+2ca+c?2 + 2a6+26c+?cG?. 

19. 2«22 + 2a2 + 262 _ 4^.5 + Qabcd, 

20. 13a2 + He* + 20a6 -I6ac- 166c. 

21. 6a6-Jac2-2a+J6*-3€?+tc». 

22. a^-c^ + b'^-d^+2ab-2cd. 

23. 2a6-f63+3ac-2c-c?+^fl?. 24. 1256*c-9rf5+3a6c^. 
If a=8, 6 = 6, c=l, 07=9, y=4, find the value of 

26. Sa-J6>+|y'. 26. ^i^-p-^. 



8a:> 



29. ?a6S-^^-6cV. 30. ^(6xy)-J6«+^ 



32. -^-^ 



CHAPTER II. 

Negative Quantities. Addition of Like Terms. 

17. In his Arithmetical work the student has been accus- 
tomed to deal with numerical quantities connected by the signs 
+ and - ; and in finding the value of an expression such as 
If +7J - 3J+6 - 4J he understands that the quantities to which 
the sign + is prefixed are additive, and those to which the sign 
— is prefixed are svhtractive, while the first quantity, If , to which 
no sign is prefixed, is coimted among the additive terms. The 
same notions prevail in Algebra; thus in using the expression 
'7a + 3b-4c-2d we imderstand the symbols 7a and 3b to be 
additive, while 4c and 2d are subtractive. 

18. But in Arithmetic the sum of the additive terms is 
always greater than the sum of the subtractive terms ; and if 
the reverse were the case the result would have no Arithmetical 
meaning. In Algebra, however, not only may the sum of the 
subtractive terms exceed that of the additive, but a subtractive 
term may stand alone, and yet have a meaning quite intelligible. 

And so it is usual to divide all Algebraical quantities into 
positive quantities and negative quantities, according as they 
are expressed with the sign + or She sign — ; and this is quite 
irrespective of any actual process of addition and subtraction. 

This idea may be made clearer by one or two simple illustra- 
tions. 

I. Suppose a man were to gain ;£100 and then lose £70, his 
total ffain would be £30, But if he first gains £70 and then 
loses j^lOO the result of his trading is a loss of ^£30. 

The corresponding Algebraical statements would be 
£100-;£70 =+£30, 
£70 -£100t=-£30, 
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and the negative quantity in the second case is interpreted as a 
debt, that is, a sum of money opposite in character to the positive 
quantity, or aain, in the first case; in fact it may be said to 
possess a suotractive quality which would produce its effect 
on a future transaction, or perhaps wholly counteract a future 
gain. 

II. Suppose a man were to walk along a straight road 100 
yards forwanis and then 70 yards backwards, his distance from 
the starting-point would be 30 yards. But if he first walks 70 
yards forwards and then 100 yards backwards his distance from 
the starting-point would be 30 yards, but on the opposite side of 
it. As before we have 

100 yards- 70 yards =+30 yards, 
70 yards - 100 yards = - 30 yards, 
and here we see that the negative sign may be taken as indicating 
a reversal of direction. 

Many other illustrations might be chosen ; but it will be suffi- 
cient here to remind the student that some consistent interpre- 
tation can always be given, when necessary, to the negative 
quantities he may meet with. In applying the rules we are 
about to give for the addition and subtraction of algebraical 
quantities, it is not necessary to recur constantly to the nature 
and meaning of the quantities employed, whether positive or 
negative, though it will be found by experience that these rules 
wiU always be justified when any of the symbolical results of 
Algebra are interpreted into the language of common life. 

19. Definition. "When terms do not differ, or when they 
differ only in their numerical coefficients, they are called like, 
otherwise they are called unlike. Thus 3a, 7a ; 5a26, 2a^b ; 3a'5*, 
- 4a^b^ are pairs of like terms ; and 4a, 36; 7a2, 9a^b are j^airs of 
imlike terms. 

The Rules for adding together like terms are 
Rule I. The sum of a number of like terms is a like term. 
Rule II. Jf all the terms are positive, add the coefficients. 
Example. 8a + 9a = 17a. 

The truth of this will be recognised by the beginner when he 
remembers that 8 lbs. added to 9 lbs. gives 17 lbs., 
and 80 8a + 9a = 17a. 

Similarly 8a + 9a + a + 2a + 7a=27a. 
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KuLE III. IfaUthe terms are negative, add the coeJicienU 

numerically and prefix the minus sign to the sum. 

Example. The sum of -Sx, -6ar, -?«, -as is -ISaeL 

For a BTun of money diminished Buccessively hy £3, £5, £7 and 

£1 is diminished altogether by £16. 

KuLE lY. Jf the terms are not all of the same sign^ add to- 
gether separately the coefficients of all the positive terms and the 
oeffideiUs of all the negative terms; the difference of these two 
remits, preceded by the sign of the greater, wiUgive the coefficient of 
the sum required. 

Example 1. The som of 17a; and -8a; is 9a;, for the difference of 
17 and 8 is 9, and the greater is positive. 

Example 2. To find the sum of 8a, - 9a, — a, 8a, 4a, - 11a, a. 
The sum of the coefficients of the positive terms is 16, 

negative 21. 

The difiereace of these is 5, and the sign of the greater is negative; 
hence the required sum is - 5a. 

We need not however adhere strictly to this rule, for since 
terms may be added or subtracted in any order, we may choose 
the order we find most convenient. 

Note. The sum of two quantities numerically equal but with 
opposite signs is zero. Thus the sum of 5a and - 5a is 0, 

Example 3. Find the sum of fa, 3a, - |a, - 2a. 
The sum =3|a-21a, 

= 14a. 



EXAMPLES n. 

Find the sum of 

1. 5a, 7a, 11a, a, 23a. 2. 4p, x, 3jf, 7.r, 9a7. 

3. 76, 106, 116, 96, 26. 4. 6c, 8c, 2c, 15c, 19c, 100c, c. 

5. -3^, -bx, -\lx, -7a\ 6. -56, -66, -116, -186. 

7. -3y, -7y, -y, -2y, -4y. 8. -c, -2c, -50c, -13c. 

9. -116, -56. -36, -6. 10. bx, -x, -ar, 2^, -x. 

11. 26y, -lly, -15y, y, -3y, 2y. 



J 
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12. 5/, -9/, -3/, 21/, -30/ 13. 2*, -3«,«, -«, -5«, 6«. 

14. 7y, -lly, 16y, -3y, -2y. 

15. 54?, -7a;, -2x, 7^, 2a?, -50?. 

16. *Iah, -3a6, -5a6, 2a6, a6. 
Find the value of 

17. -9a?2+lla?2+3j;2_4r2. 18. Sa^x-lQa^x+a^x. 
19. 3a8-7a»-8a3+2a3-lla3. 20. 4a!^-ba;^-Sai^-1x^. 

21. 4a262-a262-7a262+5a262-a262, 

22. - 907* -4ar*- 12a?* + 1307* -7ar*. 

23. 7a6cfl? - llaftcfl? - 4labcd+2abcd. 

24. ia7-Ja?+a?+|a?. 25. fa+fa-Ja. 

26. -56+i6-f6+26-J6+i6. 

27. -|a?2-2a?2-|a:2+<p2+^^+U;zr2. 

28. —ab-^b-^ab-^ab-^ab+ab+^irab. 

29. §a?-|a?+Ja?-2a7+^-Jar+a7. 

30. -fa?2-Ja^-^A'2-Ja^-a^. 



CHAPTER III. 

Simple Brackets. Addition. 

20. When a number of Arithmetical quantities are connected 
together by the signs + and -, the value of the result is the 
same in whatever order the terms are taken. This also holds in 
the case of Algebraical quantities. 

Thus a -h+c is equivalent to a+c-6, for in the first of the 
two expressions b is taken from a, and c added to the result ; in 
the second c is added to a, and b taken from the result. Similar 
reasoning applies to all Algebraical expressions. Hence we 
may write the terms of an expression in any order we please. 

Thus it appears that the expression a-b may be written in 
the equivalent form —6+ a. 

To illustrate this we may suppose, as in Art. 18, that a 
represents a gain of a pounds, ana — 6 a loss of b pounds : it is 
clearly immaterial whether the gain precedes the loss, or the loss 
precedes the gain. 

21. A bracket ( ) indicates that the terms enclosed within 
it are to be considered as one quantity. The fiill use of brackets 
will be considered in Chap. vii. ; here we shall deal only with 
the simpler cases. 

8 +(13 +5) means that 13 and 5 are to be added and their 
sum added to 8. It is clear that 13 and 5 may be added 
separately or together without altering the result. 

Thus 8+(13 + 5)=8 + 13+5=26. 

Similarly a+{b+c) means that the sum of b and <; is to be 
added to a. 

Thus a + (&+c)=a+6+c 
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8 + (13 - 5) means that to 8 we are to add the excess of 13 over 
5 ; now if we add 13 to 8 we have added 5 too much, and must 
therefore take 5 from the result. 

Thus 8+(13-5) = 8 + 13-5 = 16. 

Similarly a-^ib-c) means that to a we are to add b, diminished 
by c. 

Thus a+(6-c)=a+6-c (1). 

In like manner, 

a+b-c+^d-e-fj^a+b-c+d-e-f (2). 

Conversely, 

a+b-c+d-e-f^a+b-c+{d-e-f) (3). 

Again, a — b+c=a+c — b, [Art. 20.] 
=the sum of a and c-b, 
=the sum of a and —b+c, [Art. 20.] 
therefore a-6+c=a+(-6+c) (4). 

By considering the results (1), (2), (3), (4) we are led to the 
following rule : 

Rule. When an expression within brackets is preceded by the 
sign +, the brackets can be removed without making any change in 
the expresswn. 

Conversely : Any part of an expression Tnay be enclosed within 
brackets and the sign + prefixed, the sign of every term within the 
brackets remaining unaltered. 

Thus the expression a-b-\-c-d-\-e may be written in any of 
the following ways, 

a+(-6+<J-c?+e), 

a-6+(c-fl?+«), 

22. The expression a-{b-\-c) means that from a we are to 
take the sum of b and c. The result will be the same whether 
b and c are subtrsicted separately or in one sum. Thus 
a-(6+c)=a-6 — c. 

Again, a-(b-c) means that from a we are to subtract the 
excess of b over c. If from a we take b we get a — b\ but by so 
doing we shall have taken away c too much, and must therefore 
add c to a- 6. Thus 

a-(6-c)=a-6+c. 
In like manner. 
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Accordingly the following rule may be enunciated : 

BuLE. When an expression within brackets is preceded by the 
siffn — , the brackets may be removed if the sign of every term within 
the brackets be changed. 

Conversely : Any part of an expression may be enclosed within 
brackets and the sign — prefixedj provided the sign of every term 
within the brackets be changed. 

Thus the expression a-5+c+c?-e may be written in any of 
the following ways, 

a— 6— (— c— fl?+e), 
a— 6+c-(— c?+e). 

Addition. 

23. When two or more like terms are to be added together we 
have seen that they may be collected and the result expressed as 
a single like term. If, however, the terms are urdike they can- 
not be collected. Thus we write the simi of a and b in the form 
a+b. 

Also, by the rules for removing brackets, a4-(-fe)=a-6; 
that is, the simi of a and - 6 is written in the form a - 6. 

Example 1. Find the sum of x, a;*, x*. 

Since different powers of the same letter are unlike terms, the sum 
isx+x^+x*. 

This expression cannot be abridged. 

Example 2. The sum of x, -x*, -x*, x* is x-x'-x'+x*. 
Example 3. Find the sum of 3a - 56 + 2c and 2a + 36 - c. 
The result may be written 3a - 56 + 2c + (2a + 36 - c) , 

= 3a-56 + 2c + 2a + 36-c, 

=3a + 2a-66 + 36+2c-c, 

= 6a-26 + c, 
by collecting the like terms. 

The operation is more conveniently performed as follows : 

3a -56+ 2c 

2a + 36-_c 

'5a -26+ c. 

BuLE. Arrdnge the expressions in lines so that the like terms 
m4xy be in the same vertical columns: then add each column 
beginning with that on the left. 
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Example, Find the sum of 8a -76 + 2c; 6a- ( + 5c; ~4a+3d-8c. 

3a-76 + 2c 

6a- b + 5c 

- 4a + 3ft -6c 

oa-56— c 

24. From the foregoing Examples it will be observed that in 
Algebra the word sum is used in a wider sense than in Arith- 
metic. Thus, in the language of Arithmetic, a—b signifies that 
6 is to be subtracted from a, and bears that meaning only ; but 
in Algebra it is also taken to mean the sum of the two quantities 
a and —6 without any regard to the relative magnitudes of a 
and b. 

When quantities are connected by the signs + and — , the 
resulting expression is called their Algebraical Sum. 
Thus lla-27a+13a= -3a 

states that the Algebraical Sum of 11a, —27a, and 13a is equal 
to -3a. 



EXAMPLES m. a. 

Find the sum of 

1. a+26-3c; -3a+6+2c; 2a-3ft+c 

2. 3a+26-c; -a+3fe + 2c; 2a-ft+3c. 

3. -3a?+2y + «; a;-^'h2z; 2a7+y-3^. 

4. -4? + 2y+3-?; Sx-t/+2z; 2x + 3t/-z. 

5. 4a + 36+5c; -2a+36-8c; a-b + c, 

6. -' 15a -196 -18c; 14a+156+8c; a + 56+9c 

7. 25a-156+c; 13a-106+4c; a + 206-c. 

8. -16a-106 + 5c; lOa+56+c; 6a+56-c. 

9. 5a^-76y + (»; <zjff-h2by-cz; Scuc + ^by+Scz, 
10. 20p+2'-r; p-^Oq+r; p-hq-20r. 

Add together the following expressions : 
IL -5a5+66c-7ca; 8a5-46c + 3ca; -^ab-^bc+Aca, 

12. 15a5- 276c- 6ca; 14a6 - 186c + lOca ; -49a6+456c-3ca. 

13. 6a6 + 6c-3ca; ah-bc + ca; —ah+hc+Zca^ 

14. pq+qr-rp; -pq+qr+rp; pq-qr + rp, 
16. ^+y+a; 2a;+3tf-2z; 3ar-4y + «. 
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16. 2a-36 + c; 15a-2l6-8c; 3a + 246 + 7c. 

17. 4a^y-9yz + 2zx; -25^+24y«-«a:; 23jrry- 15^2 +207. 

18. 17a6-13^»c+8ca; -bab+dbc-lca; Zab-lbc-ca. 

19. 47^-63y+2; -2507+15^-32;; -22.r+48y+15^. 

20. ^Sa-nb-Zc; -9a+156+7c; -13a+3ft-4o. 

25. In adding together several algebraical expressions con- 
taining terms with different powers of the same letter, it will 
be found convenient to arrange all the expressions in descending 
or ascending powers of that letter. 

Example 1. Add together Sr* + 7 - Sar*; 2a;« - 8 - 9a; ; 4* - 2jt? + 3a;2. 

3a:»-5a:« +7 
2a?-9a;-8 

-aF» + 3ac»+4a! 
aJ» -6x-l. 

The result is in descending powers of x. 
Example 2. Add together 

3a62-263 + a»; 6a«6-a6*-3a»; 8a' +568; 9a26 - 2a» + a6«. 

-263 + 3a6« + a» 

- ab^+ 5a^-Ba^ 

51^ +8a3 

fly+ 9ag6-2aa 

368 + 3a6a + 14a26 + 4a3. 

In this example the student should notioe that the result is ex- 
pressed according to descending powers of b, and ascending powers 
of a. 



Find the sum of 

1. 2ab+^ca+6abc; —bab + 2hc-5abc] 3a5-26c-3ca. 

2. 2a72-2^y + 3y2. 4y2 + 5^y.2^2. o!^ - 2xt/ - 6t/^ 

3. 3a2-7a6-462; -6a^+9ab-^^; 4a^+ah + bb^, 

4. :p2+a?y-y2; — ^2+y2+y2; -o^+jpz+z^. 

5. -a?2-ai:y + 3y2; a»2+4a:y-5y2; a^ + a^+f, 

11. A. 
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6. x^-a^ + x-l; 2a:^-2a; + 2; -3jf3+5^+1. 

7. 2^-^-47; 4^+8d;2+7x; -6a;»-6^+j;. 

8. 9a72-7a?+5; -14r2+i5-i._6; 20^2-40^-17. 

9. 10a73-f-5^ + 8; 3a;3-4a:2_6. 2:^3-207-3. 

10. a'- a5+&c; ab+b^—ca; ca — bc+c^, 

11. 5a'-3c3+<^; 53-2a34-3(^3; 4cS-2a»-3<^. 

12. 6ai^'-2x+l; 2a^+x+e; a^-la^+2x''4. 

13. a'-a2+3a; 3a»+4a2+8a; 5a»-6a2-lla. 

14. :p2+y2_2a;y; a?^ - 3^^ - 4y-3: ; 2x^-2z^-3j:z. 

15. a7«-2y'+:F; y3-2j73 + y; ;r2+22^2-ar+y3. 

16. aj^+3a;^+3xf; -Sa^-^jn/^-x^; 3a^+4xi/K 

17. a^ + 6ab^+b'; b^-lOah^-a^; 5ab^'-2h^+2a^b. 

18. a;^-4:FV-5:i?y; 3a^i/+2a/^i/^-ea;y^; 3a/^f + 6x^-^. 

19. a3-4a26 + 6a5<?; aZft-lOaJc+c^; h^+Sa^b+abc, 

20. a;3_4^2y+64?y2; 2a7^-3:cy2 + 2y3; y3+3<p2y4.4<py2. 

Add together the following expressions : 

21. ia-^b; -a+i^; |a-5. 

22. -la-ib; -|a + j5; -2a-6. 

23. -2a+£c; -Ja-26; |6-3tf. 

24. -J^a-Jjic; 2a-36; ^-c. 

25. §^ + J^-iy2; _;i4S_g^ + 2y2; g^ _ ^ - {^2 

26. 3a2-faZ>-i62; -§a2+2a6-|52. ^^a^^ab+b^, 

27. i^-J^+Ay*; 7l^+}t^-y2;i.r2-:r5r+^2, 

28. -|a;3+5aa;2_|a2':rrra?3-aiaj72+^a2^.; -i:F3+|a2^. 

29. K-S^-7y2; §:Py + l^y2; -f:F24.4y2. 

30. ia3-2a26-a63; fa25_|aft24.263; -SaS+a^ 4.^53, 



CHAPTER IV. 

Subtraction. 

26. The simplest cases of subtraction have already come 
under the head of addition of like terms, of which some aru 
negative. [Art. 19.] 

Thus 5a-3a=: 2a, 

3a_7a= -4a, 

~3a-6a=-9a. 

Also, by the rule for removing brackets [Art. 22.], 
3a-(-8a)=3a + 8a 
= lla, 

and -Sa - ( - 8a)= -3a + 8a 

=5a. 

27. The rule to be used when the expressions contain 
unlike terms is explained in the following example. 

Example, Subtract da - 25 - e from 4a - 35 + 5c. 

The result of subtraction = 4a - 3J + 6c - (3a -2b-c) 
^4a-36 + 5c-3a + 26+c 
=4a- 3a- 36 + 26 + 5c+(? 
=a-6 + 6c. 

It is, however, more convenient to arrange the work as follows, the 
signs of all the terms in the lower line being changed. 

4a-36 + 6c 

'-3a+26+ e 

hj addition a- 6 + 6c. 

2—2 
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Rule. Change the sign of every term in the expression to he 
subtracted, and add to the other expression. 

Note. It is not necessary that in the expression to be subtracted 
the signs should be actually changed; the operation of changing signs 
ought to be performed mentally. 

Example 1. From 6a;*+a5y-8y' take 2a;^ + 8a^ - 7y', 
6a;«+ a:y-3y« 
2g;H8a;y-7y« 
3a;«-7a;y + 4y«. 
Example 2. Subtract 2x^ - 3a;« + 7a; - 8 from x*— 2a:3 - ga; + 4, 
ic*-2a:8 ^9a;+4 

2ae * -3ae» + 7 a;-8 

-«*-2x« + 3ic«-16a; + 12. 

EXAMPLES IV. a. 

Subtract 

1. 4a-3ft+c from 2a-35-c. 

2. a- 36 + 5c from 4a-86 + c. 

3. ^x-^y+z from 15^7+10^- 18^:. 

4. 15a-276 + 8c from 10a + 36 + 4c. 

5. - 10^ - 14y +152 from a? —y - 2. 

6. -Ila5 + 6crf from -106c+a6-4cc?. 

7. 4a- 36 + 15c from 25a - 166 - 18c. 

8. -16^-18y-152; from -5a7+8y+72f. 

9. ab + cd-ac-hd from ab + cd + a^ + bd, 

10. — a6 + cfl?-ac + 6fl? from ab-cd+ac-bd. 

From 

11. 3a6 + 5crf-4ac-66rf take 3a6 + 6cc?-3ac-56fl?. 

12. yz-zx + xy take —xy+yz-zx, 

13. -2a;3_^_3^ + 2 take ^c^-ar + l. 

14. -Sx^y+I5xy^ + I0xyz take 4a^ - 6xy^ - bxyz, 
16. ia-6+Jc take Ja + i6-ic. 

16. i:r+y-« take i^-Jy-J^. 

17. -a-36 take fa + J6-ic 

19. . -ix-^^-bz take §^-iy-^«. 

20. -i^+3y-i take J^-fy-t 
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EXAMPLES IV. b. 

From 

1. ^i/-62/z-\-8za; take - 4jry + 2y« - 10«?. 

2. - 8^*+ 15a;3y + 13^ take 4ar^*+7x»y - 8x/. 

3. -8 + 6a6 + a262 take 4-3a6-5a262. 

4. a26c+62ca + c8a5 take 3a^bc-bh^oa-4<^ab, 

5. - 7a26 + SaH^ + cc? take ba'^b - lab^ + 6cc?. 

6. -8j7^ + 5^2_^2 take aF*y-5^^ + j:^*. 

7. 10a862+15a62 + 8a25 take -10a?62 + 15a6«-8a2^». 

8. 4F2-3ar + 2 take -5^ + ap-7. 

9. ic3 + 11^+4 take Sa^-bx-Z. 

10. - 8a2a;2+5^2 + 15 take ^a^a^ - ac^ - 6. 

Subtract 

11. a^-x^ + x+\ from a;3+^_^ + i. 

12. Zxy^-Zx^y^-jfi-f from ^+3^y+3a:y*+y'. 

13. fe» + c3 - 2a6c from a^+fts - 3a6c. 

14. Ixy^ -f- Za^ + bx^ from 8073+ 7^?^ - Zxy^-f, 

15. ^+5 + ^-3a;3 from 5a:*-8;r8-2a:2+7. 

16. a3+^ + c3-3a6c from 7a6c-3a3+56»-c3, 

17. 1-07 + 0;*-^-^ from ^ - 1 + a; - jf*. 

18. 7a*-8a2 + 3a6 + a from a2-5a3-7 + 7a«. 

19. 10a26 + 8aft2 _ %a^l^ - 6* from ba^h - 6062 - 7a»6'. 

20. a»-2>»+8a62-7a26 from -8a&2 + 15a26 + 6'. 

From 

21. \ix^-\xy-^^ take -^a^^-xy-y^. 

22. |a2-|a-l take -fa^ + a-i. 

23. J^-l^ + i take J:F-l+i.r«. 

24. \s^-lax take 4-ia^*-|a^. 

25. \a? - \xy^-y^ take ^o^^y - Jy^ - J^*. 

26. Ja» - 2ar2 - Ja^^ take Ja2a;+ Ja» - f ojt*. 

28. We shall close this chapter with an exercise containing 
miscellaneous examples of Addition and Subtraction, 
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EXAMPLES IV. c. 

1. To the sum of ^a-Zh- 2c and 2b-a + 7c add the sum 
of a - 4o+76 and c - 6b, 

2. From Sa-^ + 3^-1 take the sum of 2a: — 6 + T^r^ and 
Sa!^ + 4-2ar^ + a;, 

3. Subtract 3a-7a'+5a2 from the simi of 2 + Sa^-c^ and 
2a»-3a2 + a-2. 

4. Subtract 5;j?2_^3^_i from 2^;^, and add the result to 

5. Add the simi of 2y - 3^^ and 1 - 5y* to the remainder 
left when 1 - 2y2+y jg subtracted from 5y^. 

6. Take ^ - y^ from 3iry - 4y2, and add the remainder to the 
simi of 4an/ -a^- 3y2 and 2jp2 ^ gy2, 

7. Find the sum of 5a - 76+ c and 36 - 9a, and subtract the 
result from c - 46. 

8. Add together 3472-70? + 5 and 2^ + 5^-3, and diminish 
the result by 30:2^.2. 

9. What expression must be added to 5a^ - 7 j? + 2 to produce 
7^-1? 

10. What expression must be added to 4a^-3ji;^+2 to pro- 
duce 4^+7:F-6f 

11. What expression must be subtracted fix)m 3a - 56 + c so 
as to leave 2a- 46 + c ? 

12. What expression must be subtracted from 9a;^+lla;-6 
so as to leave 6^- 17a!'+3 ? 

13. From what expression must Ila2-5a6-76c be sub- 
tracted so as to give for remainder 5a2+7a6 + 76c ? 

14. From what expression must 3a6 + 56c - 6ca be subtracted 
so as to leave a remainder 6ca - 56c 1 

15. To what expression must 7j7' - 6ar2 - 5x be added so as 
to make 9a^-6x-7ji^1 

16. To what expression must 5a6 - ll6c - 7ca be added so as 
to produce zero 1 

17. If 3a72_7^^2 be subtracted fix)m zero, what will be 
the result ? 

18. Subtract 3w^ - 7 j? + 1 from 2x2 _ 5^ _ 3^ then subtract the 
difference from zero, and add this last result to 2x^ -2o^-A, 

19. Subtract Zs^-hx-^-X from imity, and add 5^:2 - 6a? to the 
result. 



CHAPTER V, 

Multiplication. 

29. When there is no sign between symbols or expressions, it 
is understood that the symbols or expressions are to be multiplied 
together. 

Thus ab=axb, 

3a6=3xax5. 

(a?+^) (a +6) is the prodtict oix+y and a +6. 

In Algebra, as in Arithmetic, the product is the same in what- 
ever order the factors are written. [Art. 13.] 

Example, 2ax35=2xax3x& 

=2x3xax6 
=6o6. 

30. Since, by definition, a^=aaa, 
and a^=aaaaa; 

a^xa^==aaaaaaaa 

Again, ba^^baa, 

.-. 5a^x*7a^^6x*Ixaaaaa 
= 35afi. 

31. When the expressions to be multiplied together contain 
powers of different letters, a similar method is used. 

Example, Sa'J* x Sa^bai? = 5aaabb x 8aahxxx 
=40a«6V. 
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Note. The beginner must be careful to observe that in this pro- 
cess of multiplication the indices of one letter cannot combine in any 
way with those of another. Thus the expression iOa^b^s^ admits of 
no further simplification. 

32. The general rule may now be given : 

Rule. To multiply two simple expressions together^ mvltiply 
their coefficients, and add the indices of the like letters. 

The rule may be extended to cases where more than two 
expressions are to be multiplied together. 

Example 1. jc* x a? xa* =«:*+■' xa:^ 

Example 2. 6x«y» x 8y«z» x Sxz*= 120xYsfi. 
Note. The product of three or more expressions is called the 
continued product. 

33. The symbol 4m means /<?wr times m, that is 

m+m+m-^m. 

So 10m=m+m+m+ taking ten terms. 

Similarly am means that m is to be taken a times ; that i^ 

am=m+m+m+ 

the number of terms being a. 

Again, {a+b) m=m+m-\-m+ taken a+6 times 

= (m+m+m+ taken a times), 

together with {m+m+m+ taken b times) 

=am+bm (1). 

Also {a-b)m=m+m+m+ taken a - 6 times 

— {m+m+m+ taken a times), 

diminished by (m'{-m+m+ taken b times) 

=am-bm (2). 

Similarly (a-5+c)m = am-5m+cm. 

34. Rule. To multiply a compound expression by a single 
factory multiply eo/ck term of the expression separately by that factor. 

Examples, 

(1) 3 (2a+ 3 J - 4c) = 6a + 96 - \2c, 

(2) (4a;« - 7y - 8j8») x Zxy^= 12xhf^ - 21a;y' - 2^xy^z\ 

(3) (*« - i6 - c) X ia62= Ja«62 _ ^^b^ _ ^ab^c. 
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EXAMPLES V. a. 

Multiply together 

1. ba:^ and Isfi, 2. 4a3 and 5a*. 

3. lah and Sa^fta. 4. a«y« and 5x». 

5. Sa'ft and 6*. 6. 2a6c and ^ou?. 

7. 2a3ts and 2a36». 8. ba^h and 2a. 

9. 4a263 and Ta^. 10. 5a*^>3 and .t*/. 

11, oj'y' and Ba^or*. 12, a6c and oryz. 

13. 3a*67^ and 5a36a?. 14. ^^hx and 76«a?«. 

15. 5a2^ and Scar. 16. ha^y^ and 6aV. 

17. 2d;2y and 4?^/. 18. 2a^aih/f and a«d;y>. 

19. aft + 6c and a^h, 20. 5a6-7ftar and 4a^a^. 

21. 5a7+3y and 2d;2^ 22. a^+ft^-c^ and a^ft. 

23. hc-^-ca-ah and a6c. 24. 5a2+362_2ca and Aa^lx^. 

25. ba^y+xf-la^}/^ and 3^. 

26. 6a;3_5-p2y4.7^2 and 8^. 

27. 6a»6c-7aft2c2 and a262. 28. 8a263_jft2cS and Jaft*. 
29. c^V^x-blfi and iaS^c^. 39^ 6a3-6a263^ and fa*6«. 

35. If in Art. 33 we write c+d for m in (1), we have 

(a+6)(c+flO = a(c+flO+5(c+cO 

= (c+c0«+(c+c06 [Art. 13.], 
^^ac+ad+hc-^-hd (3). 

Again, from (2) 

(a-6)(c+fl0=a(c+c0-ft(c+c?) 

=:(c+cOa-(c+flO^ 
= oc + ofl? - (6c + 6c?) 

=ac+ac?-6c-6c? (4). 

Similarly, by writing c-d for m in (1), 

(a+6) (c-flO=« (<?-c0+6 (c-flO 
=:(c-c?)a+(c-fl06 
=ac— ac?+6c-6c? (5). 
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Also, from (2) 

{a'-h){c-d)=a{c-d)-h(c-<r) 
= {€-(£)a-{c-d) b 
— ac-ad-(b€-bd) 

=ac-ad-bc+bd (6). 

These results are very important. 

If we consider each term on the right-hand side of (6), and 
the way in which it arises, we find that 

+ax +c = +ac. 
-6x -d=+bd. 

+a X — fl?= -ad. 

These results enable us to state what is known as the Bule 
of Signs in multiplication. 

Rule op Signs. Tke product of two terms with like sig^ns 
is positive; the product of two terms with unlike signs is negative, 

36. The rule of signs, and especially the use of the negative 
multiplier, will probably present some diflBiculty to the beginner. 
Perhaps the following numerical instances may be useful in illus- 
trating the interpretation that may be given to multiplication 
by a negative quantity. 

-3x +4=-3x4 

= - 3 taken four times 
= -3-3-3-3 
= -12. 

+3 X - 4 would thus seem to mean that +3 is to be taken -4 
times ; this is at present without meaning, but we can easily give 
to it an interpretation which will be intelligible, and in hannony 
with what precedes. We have illustrated the difierence between 
-H4 and -4, by supposing that +4 represents a line of 4 vmits 
measured in one direction, and —4a line of length 4 units 
measured in the opposite direction ; so that, with reference to 
each other, each of the signs + and - may be supposed to 
indicate a reversal of direction. Hence 3 x - 4 may be taken 
as indicating that 3 is to be taken 4 times, and ^Lirther that 
the direction of the line which represents the product is to be 
reversed. 
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Kow 3 taken 4 times eives + 12 ; and from this by changing 
the sign, which corresponds to a reversal of direction, we get — 12. 

Thus 3x-4=-12. 

Similarly -3x -4 indicates that -3 is to be taken 4 times, 
and the sign changed; the first operation gives —12, and the 
second +12. 

Thus -3x-4=+12. 

37. We may here remark that we can give what meaning we 
like to any new symbol or operation, provided that we altvays 
employ such meaning, and that the meaning is not inconsistent 
with the fundamental principles of our subject. Multiplication 
by a negative quantity is a case in point ; and the meaning we have 
attached to the oper£ition is to proceed just as if the multiplier 
were positive, ana then change the sign of the product. 

38. To familiarize the beginner with the principles we have 
just explained we add a few examples in substitutions where some 
of the symbols denote negative quantities. 

Example 1. If o= - 4, a»=( - 4)»= -4x-4x-4=-64. 

Example 2. If a= -1, 6=3, c= -2, find the value of -Ba*bc\ 

-3a*6c8= - 3 X (- l)*x 3 X (-2)8 
= -3xlx3x(-8) 
=72. 

EXAMPLES V. b. 

If a= -2, 5=3, c= -1, ^= --5, y=4, find the value of 

1. 3a26. 2. 8a6c2. 3, ^s^s. ^ q^^^. 

5. 4c3y. 6. 3a2c. 7. -fc^A 8. 3ah^ 

9. -Wbc 10. -2a*6^. 11. -4a2c*. 12. 3(^j^. 

13. ba^ai^. 14. -7c*.ry. 15. -8ax^. 16. ^a^. 

17. -5a262c2. 18. -la^c^, 19. 8c*^. 20. la^d^. 

If a= -4, 6= -3, c= -1, /=0, ^=4, y=l, find the value of 

21. 3a^+bx-'4cy. 22. 2ab^-3b(^+2fa;. 

23. fa^-2b^-ca;^. 24. 3ay ~552a?-2c3. 

25. 2a'-363+7<^. ^ 26. 3%* - 462/- 6c*a?. 

27. 2V(ac)-3V(^)+V(ftV). 28. ^^^{acx)-2^{}^)-Qj{chj). 

29. 7V(a'^)-3v/(6*c2)+5^/(/2^). 

30. 3cV(36o)-5V(4c2/)-2cyV(36cS). 
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39. The following examples further illustrate the rule of signs 
and the law of indices : 

Example 1. 4a2Jx - 3o*6« = - 12a«6«. 

Example 2. - 5ah^ x -aP = 5a*6*. 

Example 3. Find the continued product of 3a'6, - 2a'6^, - ab*. 
3a^x -2a362 = -6a»6», 
and - 6a%^ x - a6*= 6a«67. 

Example 4. (6aS - 5a^b - 4a6») x - Sab^=- 18a*6» + 15a»6*+ 12a«6». 

EXAMPLES V. c. 

Multiply together 

1. ax and -Sao?. 2. -2a6j7 and -*7ahx. 

3. a26 and -oft^. 4. 6^ and -lOirj^. 

5. -aftcc? and -Za^h^c^o^. 6. 4?y2 and -hcthf^z. 

7. 3^3^4-4^2 and -12^2;. 8. ab-hc and a^fcc^. 

9. -x-y-z and -3:i7. 10. a^-l^-\-(^ and oftc. 

11^ - a6 + 5c -ca and- a6c. 12. -2a26-4a62 and -Ta^fc*. 

13. 5^ -6a?/ +807^2 and 3a7y. 

14. -la^y-bxf and -8^.y3. 

15. -bxyh+Zxyz^-^xhfz and 0:3^2:. 

16. 4a;8y2^2_8a;3^2 and -12^y^3. 

17. - 130^2 _i5^2y and -7^y3, 

18. ^z-\Oa^y}? and -ary^;. 

19. ahc-a^hc~al^c and -a6c. 

20. -a^fcc+ft^ca-c^aft and -ah. 

Find the product of 

21. 2a-36+4c and -|a. 22. 307-23^-4 and -fj?. 
23. Ja-J6-c and |cw?. 24. f a2a;2 _ |^jj;3 and -JaSo?. 

25. -Ja^o;* and -la^+ax-%a^, 

26. -|:i^ and -Zx^+^xy. 27, -f^* and -J;r»+2y». 
28. -f:cSy3 and |a;3_^y3, 

40. The complete rule for multiplying together two com- 
pound expressions may now be given. 
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Rule. MvUiply each term of the first expression hy each 
term of the second. When the terms mvltiplied together have like 
signs, prefix to theprodwct the sign +, when unlike prefix -. 





Example 1. 


Multiply a; + 8 hy 05 + 7. 






The product 


= (a;+8)x(a; + 7) 
=«' + 8a:+7a; + 66 
=a* + 15a5 + 56. 






The operatioi 


1 is more conveniently arranged as 

X + 8 

X + 1 


follows : 




x^-\- 8x 
+ 7X + 66 




by 


addition 


x»+16x + 66. 





Note. We begin on the left and work to the right, placing the 
Hecond result one place to the right, so that like terms may stand in 
the same vertical column. 

Example 2. Multiply 2a; - 3y by 4fl5 - 7y. 

2x -3y 

4x -7y 
~M^i2xy 

- 14gy + 21 y' 
by addition &x^ - 2Qxy + 21y^^ 



EXAMPLES V. d. 

Find the product of 

1. x+6 and 4?+ 10. 2. x+b and x-6. 

3. x-*7 and ar-lO. 4. x-*7 and 07+10. 

5. x+*7 and ;r-10. 6. x+1 and ar+lO. 

7. x+6 and x-6. 8. x+S and x-4. 

9. ^-12anda;-l. 10. 4?+ 12 and a?- 1. 

11. ^-15 and 4?+ 15. 12. ^-15 and -x+S, 

13. ~x-2 and -x-3, 14. -x+7 and x-7. 

16. -^+5 and -07-5. 16. 07-13 and 07+14. 

17. 07-17 and o?+18. 18. 07+19 and 07-20. 
19. -07-16 and -07+ 16. 20. -o;+21 and 07- 21. 
21. 2o7-3 and 07+8. 22, 2o7+3 and 07-8. 



23. 


J, 

x-b and 2a?-l. 


24. 


2a; -5 and .r-1. 


25. 


3^-5 and 2a?+7. 


26. 


3^+5 and 2a?- 7. 


27. 


5^-6 and 2^+3. 


28. 


5a?+6 and 2a?-3. 


29. 


3^-5y and 3^+5y. 


30. 


ar-5y and 3ar-6y. 


31. 


a -26 and a+36. 


32. 


a-lh and a+86. 


33. 


3a-66 and a-86. 


34. 


a -96 and a+56. 


35. 


a;+a and x-h. 


36. 


07- a and o?+6. 


37. 


x-^q, and 07+36. 


38. 


ax — by and ax+by. 


39. 


xy-ab and xy+ah. 


40. 


2pq-3r and 2^+3^ 



41. When the expressions to be multiplied together contain 
more than two terms, a similar method may be employed. 

Example. Find the product of 2a» - 8o6 + 46« and - So* + 3a6 + 46«. 

2a»- 8a6 + 46« 
- 5aa+ 3a6 + 46' 
-10a4 + 15a86-20o263 

+ 6a86- 9a263+12a65 

8a«6«-12a6» + 166* 



- 10a* + 21a86 - 21a^* + 16A*. 

42. If multiplier and multiplicand are not arranged according 
to powers ascending or descending of some common letter, a re- 
arrangement will be found convenient. 

Example. Multiply 2xz-z^ + 2x^-dyz + xyhy x-y+ 2z, 

2x2+ xy +2xz-9yz-z^ 
X - y +2z 



&+ ix^+2a^z-Sxyz-xz^ 

-2a;V -2xyz ^xy' + Sfz + yz^ 

4x h-\-2xyz-\'4xz^ -6yg'~22» 

2x5- ««y+6ac2z-3ajyz+8a»«-ajy»+8y2z-5y23-2^'. 

43. When the coefficients are fractional we use the ordinary 
process of Multiplication, combining the fractional coefficients by 
the rules of Arithmetic. 

Example. 



Multiply ia'- 
io'- 




+16' by 



ia^- Ja26 + 4a6» 
la»-T»BO«6+ia6»+f6». 
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EXAMPLES V. e. 

Multiply together 

1. a+b+c and a+b-c, 2. a-2b+c and a+26-c 

3. a^-ab+l^ and a^+ab+l^. 

4. J?*+3y2 and a?+4y. 5. ^-2a;8+8 and 07+2. 
6. a^-a^y^-Vj^ and x^-\-y\ 7. x^+xy+y^ and JF-y. 

8. a2-2cM?+4p* and a2+2aa?+4:p*. 

9. 16a2+i2a6+96a and 4a-3*. 

10. a^x—aa^+a^ — a^ and 07+0, 

11. x^+x-2 and ^r^+^-G. 

12. 2^-3^+207 and 2^+3^+2. 

13. -a^+a*b-a^b^ and -a-6. 

14. x^-*Jx+5 and ^-2^+3. 

15. a3 + 2a^b + 2a62 and a^ - 2a6 + 262. 

16. 4x^+6xy+9y^ and 2^-3y. 

17. x^-Sxy-y^ and -a^+xy+y\ 

18. 63_a2524.a3 and a34.a2524.53. 

19. a^-2xy+y^ and ^+2j:;y+y2. 

20. a6+cc?+ac+6fl? and a6+co?-ac-6</. 

21. -3a262 4.4^53 4. 15^35 and ba^l^+ah^-2bK 

22. 27^-36ar2+48a2t7-64a3 and 3a7+4a. 

23. a2-5a6-62 and a^+bab+h^, 

24. ^-oTy+^+y^+y+l and a7+y-l. 

25. o^+6*+c2-6c-ca-a6 and a+6+c. 

26. -a^+y^+a^'^+a^-xy^ and 07+^. 

27. a7i2-^j^2 + ^_^^4.^ and ^+^2. 

28. 3a24.2a+2a34-i4-a* and a2-2a+l. 

29. -aa^+Zaxy^ — Qay*^ and —ax-^y^, 

30. -2a73y+y*+3^24.^_2^^ and 072+2^^+^2. 

31. iaHJa+i and Ja-J. 32. ^072-2^+1 and ia7+J, 

33. f^+a^+iy2 and j^-jb^. 

34. ^x^-ax-la^ and |^-iaa7+Ja2. 

35. i^-g^-i and J.t72+§^_ j. 

36. |aar + Sa72 4-Ja2 and Id^+^ar---^, 
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44. Although the result of multiplying together two binomial 
factors, such as a; + 8 and x-1, can siways be obtained by the 
methods already explained, it is of the utmost importance that 
the student should soon learn to write down the product rapidly 
hf inspection. 

This is done by observing in what way the coefficients of the 
terms in the product arise, and noticing that they result from 
the combination of the numerical coefficients in the two bi- 
nomials which are multiplied together ; thus 

(^+8) (a7+7)=^ + ar+'7^+56 
=^ + 15^+56. 

(j?-8)(j?-7)=:p8-8^-7a; + 56 

=0^2-15^+66. 
(a7+8)(^-7)=^+8a7-7a;-56 

(a;-8)(^ + 7)=^-8^+7^-56 
=^-^-56. 

In each of these results we notice that : 

1. The product consists of three terms. 

2. The first term is the product of the first terms of the two 
binomial expressions. 

3. The third term is the product of the second terms of the 
two binomial expressions. 

4. The middle term has for its coefficient the sum of the 
numerical quantities (taken with their proper signs) in the second 
terms of the two binomial expressions. 

The intermediate step in the work may be omitted, and the 
products written down at once, as in the following examples : 

(a?+2)(^+3)=^ + 5jF+6. 
(.r-3)(^+4)=a?a+a;-12. 
(a;+6)(:ir-9)=a?a-ap-54. 
{x - 4y) {x - lOy) =x^- 14^ + 40^2. 
{x-Qy){x+Ay)^a^-^-2Ay\ 

By an easy extension of these principles we may write down 
the product of any two binomials. 

Thus {2x-\-Zy){x '-y) = ^a^+Zxy -^ -2ky^ 

= 2^+^-3y2. 

(3ar-4y)(2ar+y) = 6^-8^+3^-4y« 
^Qa^-bxy-A^. 
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45. These examples will be STif&cient, but there are two 
cases to which it is desirable to direct the student's attention 
before leaving this part of the subject : their full importance will 
be developed in later chapters. 

Case I. (^+4) (a? -4)=^ + 4a? -4a? -16 

= 472-16. 

(2a?+5y)(2a?-5y)=4a78+10:pv-10^-26y2 
=4^72-26/. 

Case II. (a;+^f={a:+3){a; + 3) 

(3a7-4y)2=(3a7-4y) (3a;-43^) 

= 9^ - 12a;3^ - 12aw + 16^2 

=9«a-24i?y + 16/. 





: 


EXAMPLES V. f. 




Write down the yalues of the following products : 


1. 


(x+S)(a;-6). 


2. 


(:i;+6)(^-l). 


3. 


(:»-3)(x+10). 


4. 


{s-\){x+h). 


5. 


(^+7) (^-9). 


6. 


{x-\0){x-S). 


7. 


(^-4) (^+11), 


& 


{x-2){x-\-4,). 


9. 


(^+2)(;r-2). 


10. 


(a-l)(a+l). 


11. 


(a+9)(a-5). 


12. 


(a-3)(a+12). 


13. 


(a-8)(a+4). 


14. 


(o-8)(o+8). 


15. 


(a-6)(a+13). 


16. 


(o+3)(a+3). 


17. 


(a -11) (a +11). 


18. 


(a -8) (a -8). 


19. 


(a!-3a)(«+2a). 


20. 


{x+^){x-5a). 


2L 


(x+3a)lic-3a). 


22. 


ix+4y){x-iy). 


23. 


{x + 'ly){3!-ny). 


24. 


{x-Zy){x-Zy). ■ 


25. 


(a+36)(a+36). 


26. 


(a-56)(a+106). 


27. 


(a -96) (a -86). 


28. 


(2^-5) (^+2). 


29. 


(2^-5) (*-2). 


30. 


(2a:+3)(x-3). 


31. 


(3^-l)(«+l). 


32. 


{ix+b){^-\). 


33. 


(3«+7)(2x-3). 


34. 


(4«-3)(2ji;+3). 


35. 


(3ar+8)(3a7-8). 


36. 


(2:r-5)(2ar-5). 


37. 


(ai;-2y)(a«r+y). 


38. 


(3;p+2y)(3:i;+2y). 


39. 


{^x+'ly){^-by). 


40. 


{bx+Za){t,x-Za). 


41. 


{^-5a)lx+ba). 


42. 


(2a;+a)(2a;+a). 




H. A. 







CHAPTER VI. 
Division. 



46. The object of division is to find out the quantity, called 
the qnotient, b^ which the divisor must be multiplied so as to 
produce the dividend. 

Division is thus the inverse of multiplication. 

The above statement may be briefly written 

quotient x divisor = dividend, 

or dividend -=- divisor = quotient. 

It is sometimes better to express this last result as a frac- 
tion; thus 

dividend .. . 

-jT—. =*= quotient. 

divisor ^ 

Example 1. Since the product of 4 and a; is 4a^ it follows that 
when 4x is divided by x the quotient is 4, 
or otherwise, 4a;-T-a;=4. 

^ 7 ^ A» II rw • 27a" 27aaaaa „ v • * 

Example 2. 27a* ^ fta* » -^ = —^ = 3aa, by remoying from 

the divisor and dividend the factors common to both, just as in 
Arithmetic. 

Therefore 27a'' -i- 9a^ = 3a'. 

^^amp^3. 36a»W-h7fl6V=:?^^ 
= 5a2c. 

47, Rule. To divide one simple expression hy another, divide 
the coefficient of the dividend hy that of the divisor, and svhtract the 
index of any tetter in the divisor from the index of thai letter in 
the diwdend. 
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Example 4. 84aV-^12a^=7a»-V-i 
= 7a«». 

Example 5. 77ah?y^-v-7ax*y=llaxi/^. 

Note. If we apply the rule to divide any power of a letter by the 
same power of the letter we are led to a cnrioas oondusion. 

Thus, by the rule a*-r-a«=a'-»=o«; 

a* 
but also a'-f-a'=-s =1, 

.-. aO=l. 

This result will appear somewhat strange to the beginner, but its 
full significance will be explained in chap. zzz. 

48. It is easy to prove that the rule of tignB holds for 

division, 

mi. r . ah axh , 

Thus ao-2-a= — = =6. 

a a 

-ad-T-a= = = -0. 

a a 

, ah -ay, -h , •. 

aJb-r- -a= = = -6. 

-a -a 

- h^- —Z^ — Z^L^—h 
^ -a" —a ~ ' 

Hence in division as well as multiplication 
like si^ns prodttce + f 
unlike signs produce - • 

Examples. (1) 6a5-^2a=^5. 

(2)-15aJy-^3a5=-5y. 
<3)-21a«6»-^-7a»6»=36. 

(4) 45a«6V^-9a82a2=-6a8Jaj2. 

(5) - ia*¥(^ -r - {«»6V=4a52, 

49. Rule. To divide a compound expression by a single 
factor, divide each term separately by that factor. 

This follows at once from Ai-t. 34. 

Examples. (1) (9a5-12y+32;)-r— 3 = -3a;+4y-«. 

(2) (36a»62 - 24a266 _ ^Oa^h'') -^4a% = 9aJ - 66* - 5aH. 

(3) (2aj»-5a^+fa;V)^-ia5=-4a; + 10y-3ajj^. 

3—2 
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EXAMPLES VI. a. 


] 


Divide 






1. 


Sa^ by ^. 


2. 


27^ by -9^. 


3. 


-35^ by W. 


4. 


aha^ by -ax. 


5. 


aiy by a^. 


6. 


a^a^ by —oi?s(^» 


7. 


4a262c3 by ab^(^. 


8. 


12a«5«c6 by -Za^h^c. 


9. 


-a^<P by -ac3. 


10. 


Iba^fs^ by ba^y^z\ 


11. 


-16a;3y2 by -40^2. 


12. 


-48a» by -Sa^. 


13. 


35aii by Ta^. 


14. 


63a768c3 by gaSftSc^. 


15. 


7a26c by -la^bc. 


16. 


28a*63 by -4a^h, 


17. 


16%^ by -24?3^. 


18. 


-bOfa^ by -5^y, 


19. 


^-24?y by :ir. 


20. 


:i;3-3^+^ by x. 


21. 


a;«-7a^+4a?* by ^. 


22. 


10^7 _ 8^+3^ by ^. 


23. 


15a;5_25^ by -6ip3. 


24. 


27^-36a;5 by 9a;6. 


25. 


-24a;«-32a7* by -Sa^. 


26. 


34^2 _ 51^^ by l^ixy. 


27, 


a^-ab-ac by -a. 


28. 


a^-M-a^b^ by a^. 


29. 


3^-9a^^-12^2 by -3^. 






30. 


4iX!^-^a^^+Qxf' by -2:py. 




31. 


~3a2+|a6-6ac by -fa. 


32. 


i^j^2-3^/ by -f:p3y2 


33. 


-f^+f^+¥^ by -f^. 






34. 


-2a6^+|flf*^ by Ja^^. 






35. 


Ja^jr — ^^yoftor-'laca; by %aa; 







50. To divide one compound expression by another. 

Rule. 1. Arrange divisor and dividend in ascending or 
descending powers of some cornmon letter, 

2. Divide the term on the left of the dividend by the term 
on the left of the divisor^ artd pvi the result in the qiwtietU, 

3. Mvhiply the whole divisor by this quotient j and pat the 
prodmt under the dividend. 

4 Subtract and bring dovm from the dividend as many tenm 
as may be necessary. 

Repeat these operations till all the terms from the dividend are 
hrotcght down. 
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Example U Dmde a^ + llir+30 by a;+6. 
Arrange the work thus: 

divide o^, the first term of the dividend, by x, the first tenn of the 
divisor; the quotient is x. Multiply the whole divisor by x, and ptit 
the product s^+Qx under the dividend. We then have 

x-\-e)a?-\-llx+dO{x 
fls»+ 6x 
by subtraction 5a; + 30. 

On repeating the process above explained we find that the next 
term in the quotient is + 5. 

The entire operation is more compactly written as follows : 

x+6)x^+llx+BO(x-\-5 
a;*+ 6x 

5aB+30 
5fl;+30 



The reason for the rule is this : the dividend mav be divided 
into as many parts as may be convenient, and the complete 
quotient is found b^ taking the sum of all the partial quotients. 
Thus fl;2+ 11^+30 IS divided by the above process into two parts, 
namely a^ + 6^, and 5a; + 30, and each of these is divided by ^ + 6 ; 
thus we obtain the complete quotient a; +5. 

Example 2. Divide 243i^ - 65a:y + 21^ by 8a; - By. 

8x-3y)2ix^-65xy + 21y^(fix-7y 
24a!?- 9xy 

-66xy + 21y« 
-56'xy+21y^ 



EXAMPLES VI. b. 

Divide 

1. a^+Sa;+2 by 07+1. 2. a^-1a;+12 by ^-3. 

3.. a?-lla+30 by a-5. 4. a^- 49a +600 by a -25. 

5. 3a;2+10a;+3 by a+S. 6. ar«+lla?+6 by 2^+1. 

7. 6a?2+ 1107+2 by ^+2. 8. 2o72+l'7o?+21 by 2o7+3. 

9. 5jc«+ 1607+3 by 07+3. 10. 3o;«+34a?+ll by 3o?+l. 

11. 4a^+2^+l5 by 4o7+3. 12. 6a^-'7a;-3 by 2o7-3. 
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13. Sa^+a;-U by ^-2. 14, Za^-x-U by a?+2. 

15. 6^-31^+35 by 2^-7. 16. 4a^+a;-U hj a;+2, 

17. 12a2-7cw?-12a72 by 3a-4^. 

18. 15a2+ 17007 -4^72 by 3a+4^. 

19. 12a2-iiac-36c* by 4a-9(?. 

20. 9a2+6ac-35c2 by 3a+7c. 

21. 60^:2 _4j;y_45y2 by 10^- 9y. 

22. -4x2/-'15^^+96x^ by 12^-5y. 

23. 7^+96a;2_28^ by 7j?-2. 

24. 10ac«^3^-13^ by 3+25ar. 

51. In the examples given hitherto the divisor has been 
exactly contained in the dividend. It is a good exercise for the 
beginner to work cases in which the accurate value of the re- 
mainder is required. 

Example. Find the remainder when x*- 73^ + 90^-1105+ 16 is 
divided by 05-5. 

«-6Ja;*-7x»+9aB»-llaj+16(a:»-aa!=-ar-16 

-2a?+ fe' 
-2g8 + 10 g^ 

- af^-lU 

- a^+ 5x 



.16a;+15 
-16a;+80 



-66. 
And the remainder is - 65. 

EXAMPLES VI. c. 

Find the remainder when 

1. a^-6a^+llx+2 is divided by .r-2. 

2. a/^-6j^+l2a;-l7 07-3. 

3. 2a;3+5>p2_4^_7 ^^2. 

4. .3a?3-7^-9 or+l. 

5. 4i^+ 7072-3^ -33 ....; 4a;-5. 

6. 27^+9o?2-3or-6 3^f-2. 

7. 16a7S-19+39^-46o?2 8a7-3. 

8. ap-8o72+5o7»+7 5a7--3. 
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9. 21a3 - 27a + 15 - 26a« is divided by 3a - 5. 

10. 3ap*+lla?8- 820^8-507+3 2a?-4+3o?«. 

11. 6o?-5o;»+12o?*+20-3ara a;+4jfl-6. 

12. 3037+9 -71or3+2&p*- 36072 4a7*-13o?+6. 

52, We add a few harder oases worked out in full. 

Example 1. Diyidea:*+4a*by a5' + 2aw+a'. 

«>+2a»+2aVaj*+4a* ^a?-2a»+2a« 

g*+2g»o+2g»o» 

-2aJa-4jegg«~4ga» 

2fl5«a«+4aw* + 4a* 
2g»o'+4ga»+4a* 

Example 2. Divide o'+i'+c* - 3a6c by a+6+c. 

- d^b-a^c-fkbbe 

- a%- ab^'- abc 

■^afcValP-^abc 
-a^c - abc—ac^ 

fl6^ + y+yg 

- abc + ac^-b^c 

- abe -h ^ e-ie 

Note. In the above example the dividend and sacoesBive re- 
mainderB are arranged in descending powers of a. 

The result of this division is very important and will be retired 
to later. 

53. Sometimes it will be found convenient to arrange the 
expressions in ascending powers of some common letter. 

Example. Divide 2a» + 10 - 16a - 39a» + 16a* by 2 - 4a - 5a«. 

2-4a-6aajl0-16a-39a8 + 2a3 + 15a4V5 + 2«-3a« 
10-20a-2 5a^ 

4a-14i2+ 2a3 
4o~ Soa-lO tt' 

- 6a2+12a3+16a* 

- 6a2 + 12a» + 15a< 
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54. When the coefficients are fractional the ordinary process 
may still be employed. 

Example. Divide Ja^ + ^x^ + ^y^ by Ja? + Jy . 

55. The following examples in division may be easily verified; 
they are of great importance and should be careftdly noticed. 



I. 






gj^-t^ 



=x^+al^+an/^+y^, 



11. 



L a?-y 

and so on; the divisor being ^-y, the terms in the quotient all 
podtive^ and the index in the dividend either odd or even. 

and so on; the divisor being a?+y, the terms in the quotient 
(xUemcUelv positive and negative, and the index in the oividend 
yaodd. 

x+y ^ 

L x+y 

and so on; the divisor being x+y, the terms in the quotient 
alternately positive and nogative^ and the index in the dividend 
altpaya even. 



III. 



;=^-^» 



=afi-a!h/ + jfiy^-j^+xy*'-y^, 
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IV. The expressions a^-\-y\ 4r*+y*, ^+^... (where the 
index is even^ and the terms both positive) are ^lever diyisible by 
a+1/ ov x-y. 

All these different cases may be more concisely stated as 
follows : 

a?* -y" is divisible by ar -y if n be any whole number. 

a:* +y* is divisible by :ir + y if n be any odd whole number. 

^ - y" is divisible by a: +y if n be any even whole number. 

^+y" is never divisible oy x-k-y or x-y^ when n is an 
even whole number. 






EXAMPLES VL d. 

Divide 

1. 14:p*+45a;^ + 78a?^2 + 45^^^14y4 ^y 2a^+6xy+7y^. 

2. x^-lia^ + 9x^-6x^'-x + 2 by a^-3x+2, 

3. afi'-4a/^+3x^+3x^-Sx + 2hj x^-x-^. 

4. afi-a^+a^—a^-y^ by a^-x—y, 

5. a^+a^-a^+a^-Zxi^+y^ by x^+xy—y*. 

6. ^-2^-4a?5+19^-31:ir+15 by a;»-7^ + 5. 

7. 2^-aF+^+12-7:r2 by :c8+2-3^. 

8. 14a^ - 45a85 + 78a252 - 46ah^ + 146* by 2a^ - 5a6 + 762. 

9. 4m3+9m2+w6 + 2wi*-31m + 15 by fn^ + 2m-3. 

10. a3+63 + 3a6c-cS by a+b-c. 

11. 8a^-4r2-128^ + ^-192 by i»3-16. 

12. cX*+6a3 + i3a2+12a + 4 by a2 + 3a + 2. 

13. a»-6» by a3-63. 14. :»»-y» by x^ + xy+y\ 

15. a7''-2yi*-7a^y*-7a?yi2+i4^ by ^-2y2. 

16. a?+3a26 + 63-l + 3a6« by a+6-1. 

17. jfi-y^hy x^+a^+xy^+y^, 18. a^-b^ by a^-l^. 

19. a^+2a«6«+6i2 by a*+2a262+6*. 

20. 6«+d»+666c+66c6 + 156*<j2+1562tf«+2063cS by 6 + c 
Find the quotient of 

21. ^^-ia^x+s^i^ix^-27x^ by ^a-Zx. 

22. ^^-f2a«+iV«-A:l>y i«-i- 

23. ia^(^ + Th^^ by ^a^+iac 

24. ^-la^-ia^ + ia+^ by f«2-|-a. 

25. 36^ + Jy2 + J-4^-6ar+Jy by 6^-Jy-i 

26. ^'^-itfo^by §a-J^. 



CHAPTER VII. 
Removal and iNBEttnoN of Brackets. 



56. We frequently find it necessary to enclose within brackets 
part of an expression already enclosed within brackets. For 
this purpose it is usual to employ brackets of different forms. 
The brackets in common use are ( )» { }i [ J Sometimes a line 
called a " vin culum ^^ is drawn over the symbols to be connected; 
thu3 a-b +c i s used with the same meaning as a-{b+c\ and 
hence a — b+c=a-b-c, 

b*J. To remove brackets it is usually best to be^n with the 
inside pair, and in dealing with each pair in succession we apply 
the rules abready given in Arts. 21, 22. 

Example 1. Simplify, by removing brackets, the expression 

a_26-[4a-66-{3a-c+(5a-26-3o-c + 25)}]. 
Bemoving the brackets one by one, we have 

o-26-[4a-66-{3a-c+(6a-26-8a+(?^26)}] 
=o-26-[4a-66-{3a-c+ 5a-26-8a+(J-26}] 
=a-26-[4a-66- 3a+c- 6a+26+3a-<J+26] 
=a-.26- 4a+66+ 3a-c+ 6o-26-8a-»-c-26 
=2a, by coUeoting like terms. 

Example 2. Simplify the expression 

-[-2x-{3y-(2a-3y) + (8x-2y)}+2!i;]. 

Theexpression=-[-2a;-{3y-2a5+3y + 3a;-2yJ +2.c] 
= -[-2a:-3y + ar-3y-3d;+2.v + 2«] 
:=2a; + 3y - 2x+3y + 3a; - 2// - 2^ 
=x+4y. 
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EXAMPLES Vn. a. 

Simplify by removing brackets 

1. a-{b-c)+a+(b'-c) + b-(c+a). 

2. a-[b+{a-{b+a)}l 

3. a -[2a -{36 -(4c -2a)}]. 

4. {a-(6-c)}+{fc-(c-a)}-{c-(a-6)}. 

5. 2a-(56+[3c-a])-(5a-[6+c]). 

6. -{-[-(a-b^c)]}, 

7. -[a-{6-(c-a)}]-[6-{c-(a-6)}]. 

8. -(-(-(-^)))-(-(-y)). 

9. -[-{-(6+c-a)}] + [-{-(c+a-6)}l. 

10. -ba:-[S2/-{2a:- (2y - x)}]. 

11. -.(-(-a))-(-(-(-^))). 

12. 3a-[a+6-{a+6+(?-(a+6+c+c0}]- 

13. -2a-[3a?+{3c-(4y+34?+2a)}]. 

14. 3a7-[5y-{62-(4:ir-7y)}]. 

15. -[5a7-(lly-3a;)]-[5y-(3a;-62^)]. 

16. - [1507 -{I4y- (152+ 12y)-(10:ir-152)}]. 

17. 8a7-{16y-[ai?-(12y-:ir)-8y]+j7l. 

18. -[a:-'{z+{x-z)-{z-a;)--z}-'a!]. 

19. -[a+{a-(a — a7)-(a+a7)-a} — a]. 

20. -[a-{a+(^-a)-(^-a)-a}-2a]. 

58. A coefficient placed before any bracket indicates that 
evei^ term of the expression within the bracket is to be multi- 
plied by that coef&cient. 

Note. The line between the numerator and denominator of a 

x — 5 
fraction is a kind of vinoolum. Thus — r— is equivalent to i (as - 6). 

Again, an expression of the form \/{x+y) is often written ij»+y, 
the Ime above being regarded as a vinculum indicating the square 
root of the compound expression x+y taken as a whole. 

Thus V25 + 144=^169 = 13, 

whereas V26+V144=5+12 = 17. 
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59. Sometimes it is advisable to simplify in the course of the 
work. 

Example. Find the value of 

84-7[-lla;-4{-17a; + 3(8-9^r5F)}]. 

Theexpres8ion=84-7[-lla;-4{-17a;+3(8-9 + 6fl;)}] 
= 84-7[-ll:r-4{-17aJ+3(5aj-l)}] 
= 84-7[-lla;-4{-17a;+15a;-3}] 
=84-7[-lla5-4{-2jr-3}] 
= 84-7[-lla; + 8a;+12] 
= 84-7[-3a;+12] 
= 84+21a;-84 
= 21a;. 

When the beginner has had a little practice the number of 
steps may be considerably diminished. 

EXAMPLES Vn. b. 

Simplify by removing brackets 

1. a-[2fc + {3c-3a-(a+6)} + 2a-(6+3c)]. 

2. a + b-{c-\-a-[b + c-(a-^b-{c+a-(b+c-a)})]). 

3. a-(b-c)-[a-b-c-2{b+c-3(c-a)''(i}'], 

4. 2^-(3y-42;)-{2:ir-(3y+4?)}-{3y-(42;+2^)}. 

5. b-{-c-{a+b-[c+a-{b+C'-{a+b-(c+a-b)})]), 

6. 35-{5a-[6a+2(10a-5)]}. 

7. a-(b-'C)-[a-b-c-2{b+c}l 

8. 3a2-[6a2-{852-(9c2-2a2)}]. 

9. 6-(c-a)-[6-a-c-2{c + a-3(a-6)-rf}]. 

10. -20(a-cO+3(6-c)-2[6+c + c?-3{c+c?-4(<f-a)}]. 

11. ■'4{a + d) + 2^lb-c)-2[c+d+a-3{d + a-4k(b+c)}]. 

12. -I0{a+b)-[c+a+b-3{a+2b-(c + a-b)}']+4c, 

13. a-2(b-c)-['-{-{4a^b-c-2{a+b+c})}], 

14. S{b-c)-[-{a-b-S(c-b+a)}]. 

15. 2(36-5a)-7[a-6{2-5(a-6)}]. 

16. 6{a-2[6-3(c+cO]}-4{a-3[6-4(c-rf)]}. 

17. 5{a-2[a-2(a + ^)]}-4{a-2[a-2(a+^)]}. 

18. - 10{a - 6[a - (6 - c)]} + 60{6 - (c + a)}. 
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19. -3{-2[-4(-a)]}+6{-2[-2(-a)]l. 

20. -2{-[-(*-y)]}+{-2[-(x-y)]}. 

21. i(.-5(.-.))-|{l(6-|)-i[.-|(54)]}, 

22. 35[?^^-A{3^-f(7a;-4y)}]+8(y-2a;). 

23. i{4(a-&)-8(6-c)}- |^^-^---?| -i{c-a-§(a-6)}. 

24. i^-i(«y-i^)-[^-{i^-(J^-i^)}-(|y-i^)]. 



Insebtion of Brackets. 

60. The converse operation of inserting brackets is im- 
portant. The rules for doing this have been enunciated in Arts. 
21, 22 ; for convenience we repeat them. 

1 . Any part of an expression may be enclosed within brackets 
and the sign + prefixed, the sign of every term within the 
brackets remaining imaltered. 

2. Any part of an expression may be enclosed within brackets 
and the sign - prefixed, provided the sign of every term within 
the brackets be changed. 

Ezan^Us, a-b+c-d-e=a-b-^{e-d-e), 
.a-h+e-d-e=a-{b-c)-'{d+e), 
sfi ^ ax+hx- ab={3p —ax) + {bx - db). 
xy - ax -by +ab= (xy -by) - {ax- ah), 

61 The terms of an expression can be bracketed in various 
ways. 

Example, The expression ax-bx+cx-ay+ly-cy 
may be written {ax-bx)-{^{cx-ay)+{by^qf), 
or (ax-bx+cx)-{ay-by+cy), 

or {ax-ay)-(bx-by) + {cx-cy). 

62. Whenever a factor is common to every term within a 
bracket, it may be removed and placed outside as a multiplier of 
the expression within the bracket. 
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Example 1. In the expression 

bracket together the powers of x so as to have the sign + before each 
bracket. 

The expression= {ca? - da;*) + (ftar* - da^) + {bx - ex - 2a5) + (7 - c) 

= {a-'d)x^ + (b-d)a^ + {b-c-2)x+7-c. 
In this last result the compound expressions a-d,b-d, h-c-2 
are regarded as the coefficients of x^, x^ and x respectively. 

Example 2. In the expression - a^a; - 7a + aV + ^ - 2a: - o6 bracket 
together the powers of a so as to have the sign - before eacli bracket. 

The expression = - (a«a5 - ah/) - (7a + oft) -^ (2a; - 3) 
= -a2(a.^y).a(7 + 6)-'(2x-3) 
= -(a;-y)a2-(7 + 6)a-(2a;-3). 

EXAMPLES Vn. c 

In the following expressions bracket the powers of a; so that 
the signs before all the brackets shall be positive : 

1. cw7*+6^+6 + 26a?-5^+2a;*-3ar. 

3. 2-7^+6aa72_2{j^+9<3WF3+7^-3^2, 

4. 2cafi-Zaba;+4da;-3ba:i^-a^a;^ + af^, 

In the following expressions bracket the powers .of a so that 
the signs before all the brackets shall be negative : 

5. aa^+5aj^-a^af^-2ba!^''3j^-ba^. 

6. 7x^ - Sc^a? ~ ahafi + 5cm7 + 7x^—dbc3^. 

7. ax^+a^a!^-bx^-6a^-ca!^, 

8. 362^-6a?-a^-ftir*-5c2a?-7^. 

Simplify the following expressions, and in each result re- 
group the terms according to powers of x : 

9. aa^-2ca7-[6a;8_{ciF-c^a?-(6a;3+3aF2)}_(cip2_6a7)]. 

10. bcuv^-1(bx^ca^--{6ba!''-(^aa^+2ax)-4ca!^}. 

11. a^-3{-aa;3+36a?-4[JaF3_|.(aa7-6a;2)]}. 

12. :F6_45^_l|^i2aa?-4{36:p*-9^^-6^^-far*}]. 

13. a!{x -b- x{a - 6a?)} +ax- ic{a -x(ax- b)}. 
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63. In certain cases of addition, multiplication, &c., of ex- 
pressions which involve literal coefficients, the results may be 
more conveniently written by grouping the terms according to 
powers of some common letter. 

Example 1. Add together aa" - 2&b" + 3, to - csc* - a' and 

Thesum=aa5'-2&B»+8+J«j-«!»-a9»+«^-a«»+G» 
= oflB^ - caj» + OB* - ««• - 2fta^ - iB* + 6« + CK + 3 
= (a-c+l)a:'-(a + 26+l)a? + (6+c)a5+3. 

Example 2. Multiply aa? - 2bx + 3c by |xc - 5. 

The product = (a*" -2bx+3c){p»^q} 

= ajMB* - 28»|Mf* + 3cpfl5 - ogsc' + 365« -- 3<5gr 
= opsB* ' (2ftp + Off) «• + (8cp + 265) as - 3og. 

EXAMPLES Vn. d. 

Add together the following expressions, and in each case 
arrange the result according to powers of x : 

1. aa^-2ca;, ha^-ca^ and ca^-x. 

2. 3fi-x-\, aa^-'ha^, hx + jfi, 

3. a^a^-bx, Qaa^-l^aa^j 2a^-ha^-<ix, 

4. ax^ + bx-Cy qx-r-pa^y x^+2x + 3. 

5. pa^ - qx, qx^ -px, q-a^, ps^ + q3?. 

Multiply together the following expressions, and in each case 
arrange the result according to powers of x : 

6. aa?»+6^+l and car+S. 7. ca;2-247+3, and cm?-6. 
8. aa^-hx-G m^ px+q. 9. ^Ji^-^^x-^l and hx-^c. 

10, aa^-2hx+Zc and a?-l. U, pa^-2x--q and cm?- 3. 

12. x^ + ax^-bx-c and x^-a^-ft^+c 

13. aa^-x^ + Sx-b and a^+^+3a?+6. 

14. ;ic*-a;a:3_5^^.^,p^.^ q^^^ x*-^aafi-bji^-cx + d. 



CHAPTER VIII. 

Simple Equations. 

64. An eqnation asserts that two expressions are equal, but 
we do not usually employ the word equation in so wide a sense. 

Thus the statement a?+3+^ + 4= 2^7+7, which is always 
true whatever value x may have, is called an identical equation, 
or briefly an identity. 

The parts of an equation to the right and left of the sign 
of equality are called members or sides of the equation, and 
are distinguished as the right side and left side, 

65. Certain equations are only true for particular values of 
the symbols employed. Thus 3j7 = 6 is only true when x—2, 
and is called an equation of condition, or more usually an 
equation. Consequently an identity is an equation which is 
always true whatever be the values of the symbols involved; 
whereas an eqiiation (in the ordinary use of the word) is only 
true for particular values of the sj^mbols. In the above example 
3a? =6, the value 2 is said to satisfy the equation. The object 
of the present chapter is to explain how to treat an equation of 
the simplest kind in order to cUscover the value which satisfies it. 

66. The letter whose value it is required to find is called 
the unknown quantity. The process of finding its value is 
called solving the equation. The value so foimd is called the 
root or the solution of the equation. 

67. The solution of equations, and the operations subsidiary 
to it, form an extremely important part of Mathematics. All 
sorts of mathematical problems consist in the indirect determi- 
nation of some quantity by means of its relations to other 
quantities which are known, and these relations are all expressed 
by means of equations. The operation in general of solving a 
problem in Mathematics, other than a transformation, is firstly 
to express the conditions of the problem by means of one or 
more equations, and secondly to solve these equations. For 
example, the problem which is expressed by the equation above 
given is the very simple question, "What is the number such that 
if multiplied by 3, the product is 6 ?" In the present chapter, 
it is the second of these two operations, the solution of an equa- 
tion, that is considered. 



8IMPLS EQUATIONS. 49 

68. An equation which involves the unknown quantity in 
the first degree is called a simple eqnation. It is usual to 
denote the imknown quantity by the letter a?. 

69. The process of solving a simple equation depends only 
upon the following axioms : 

1. If to equals we add equals the sums are equaL 

2. If from equals we take equals the rem9,inders are equaL 

3. If equals are multiplied by equals the products are equal 

4. If equals are divided by equals the quotients are equal. 

70. Consider the equation 7a: = 14. 

It is required to find what niunerical value x must have 
consistent with this statement. 

Dividing both sides by 7 we get 

x=2 (Axiom 4). 

Similarly, if |=^~^» 

multiplying both sides by 2, we get 

a?= — 12 (Axiom 3). 

Again, in, the equation 7x - 2.i?- 0?= 23 + 15 — 10, by collecting 
terms, we have 4^7=28. 

/. x= 7. 

71. To solve 3a7-8=a?+12. 

This case differs from the preceding in that the unknown 
quantity occiUTS on both sides of the equation. We can, however, 
transpose any term from one side to the other by simply 
changing iU sign. This we proceed to shew. 

Subtract x from both sides of the equation, and we get 

3^7-07-8=12...... (Axiom 2). 

Adding 8 to both sides, we have 

3r-a7=12 + 8 (Axiom 1). 

Thus we see that +07 has been removed from one side, and 
appears as —or on the other ; and — 8 has been removed from one 
side and appears as + 8 on the other. 

It is evident that similar steps may be employed in all cases. 
Hence we may enunciate the following rule : 

BuLE. Any term may he transposed from one side of the 
equation to the other by changing its sign. 

H. A. 4 
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It appears from this that we may change the sign of every 
term in an equation; for this is equivalent to transposing all the 
terms, and tnen maldng the right and left hand members change 
places. 

Example, Take the equation -3a; -12 s as -24. 

Transposing, - fl;+24=8x+12, 

or 8a;+12=-a;+24, 

which is the original equation with the sign of every term changed. 

72. To solve f-3=f + f. 

2 4 5 

Here it will be convenient to begin by clearing the equation 
of fractional coefficients. This can always be done by multiplying 
both sides of the equation by the least common multiple of the 
denominators. 
. Thus, multiplying by 2Q, 

10a7-60=5a? + 4a7; 
transposing, lOo? - 5iP — 4r = 60 ; 

.-. ^=60. 

73. We can now give a general rule for solving any simple 
equation with one imknown quantity. 

Rule. First, if necessary, clear of fractions; then transpose 
all the terms containing the urJcnovm quomtUy to one side of the 
eqrmtion, and the knotmi quantities to the other. Collect the terms 
on each side; divide both sides by the coefficient of the unhumn 
quamtity, amd the value required is obtained. 

Example 1. Solve 6(a;-8)-7 (6-aj)+3=24-3(8-x). 

Bemoving braokets, 59:-15-42 + 7fl;+3=24-24 + 3a;; 
transposing, 6»+7a5-3aj=24-24+16+42-3; 

.-. ftB=64; 

.'. x=e. 
Example 2. Solve 6aj-(4a;-7) (3fl5-6)=6-3(4«-9) (oc-l). 
Simplifying, we have 

6«-(12a:»-41a!+35)=6-3(4««-13aj+9). 
And by removing brackets 

6«- 12a«+41a;- 36=6- 12jc"+39a;-27. 
Erase the term - 12x* on each side and transpose ; 

thus 6a;+41aj-39x=6-27+36; 

.-. 7a;=14; 
.% «=2. 
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KoTE. Since the - sign before a bracket affects every term within 
it, in the first line of work of Ex. 2, we do not remove the brackets 
until we have formed the products. 

Example 3. Solve 7x - 6 [a? - {7 - 6 (a; - 3)}]=3x + 1. 
Removing brackets, we have 

7a;-5[a;-{7-6a;+18}] = 8a? + l, 
7x-6[x-25 + 6x] = 3aj + l, 
7aj - 6a; + 125 - SOsc = 3aj + 1 ; 
transposing, 7a5 - 5a; - 30a; ~3x= 1-126; 

.-. -31a;=-124; 
a;=4. 

74. It is extremely useful for the beginner to acquire the 
habit of occasionally verifying, that is, proving the truth of his 
results. Proofs of this kind are interesting and convincing ; and 
the habit of applying such tests tends to make the student self- 
reliant and conficfent in his own accuracy. 

In the case of simple equations we have only to shew that 
when we substitute the value of a; in the two sides of the equation 
we obtain the same result. 

Example, To shew that x=2 satisfies the equation 

5a;-(4a;-7)(3a;-5)=6-3(4a;-9)(a-l) Ex. 2. Art. 73. 

"When xt=2, the left side 6«-(4a;-7) (3a;-5) = 10~(8-7) (6-6) 

=10-1 
=9. 
The right side 6-3(4a;-9)(a!-l) = 6-3 (8-9)(2-l) 

=6-3(-l) 
= 9. 

Thus, since these two results are the same, a; = 2 satisfies the 
equation. 

EXAMPLES Vni. a. 

Solve the following equations : 

1. ap + 15=i?+25. 2. 2i?-3=3a?-7. 

3. 3iC + 4=5(a?-2): 4. 2a7+3 = 16-{2a?-3). ' ' ' 

..6. a(;i?-l)+n(^-3)=4(4a?-9) + 4. 

6. 16(a7-l) + 4(ar + 3)-2(7+^).. ■• -- 

4—2 
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7. 5j?-6(a;-5) = 2(^+5) + 5(^-4). 

8. 8(a;-3)-(6-2a?)=2(a7 + 2)-5(5-a7). 

9. 7(25-^)-2a?=2(3ar-25). 

10. 3(169-a7)-(78 + a7)=^29x 

11. 5j7- 17 + 307-5=607-7-807+115. 

12. 7o7-39-10or+15 = 100-33o7+26. 

13. 118-6507- 123=r 15or+35 - 120o7. 

14. 157-21(o7 + 3) = 163-15(2o7-5). 

15. 179 -18 (07- 10) = 158 -3 (07 -17). 

16. 97-5(or+20) = lll-8(or+3). 

17. 07-[3 + {or-(3+07)}]=5. .. 

18. 5o7- (307-7)- {4-207- (6o7^3)} = 10. 

19. 14o7-(5o7-9)-{4-3o7-(2:c-3)} = 30. 

20. 2507- 19-[3-{4o7-5}]=3o7- (607-6). 

21. <07+l)(2o7+l) = (07 + 3)(207 + 3)-14. 

22. (07+1)2- (o^»-l)=o^(2074-l)-2(07+2)(074-l) + 20. 

23. 2(o7+l)(07 + 3) + 8 = (207+l)(or + 5). 

24. 6(o^»-307 + 2)-2(x2-l)=4(07+l)(or+2)-24. 

25. 2(o7-4)-(o^+07-20)=4o72-(5or+3)(or-4)-64 

26. (o7+15)(or-3)-(o^-6o7+9)=30- 15(07-1). 

27. 2i7-5{3o?-7(4o7-9)}=66. 

28. 20(2-o7)+3(o7-7)-2[or+9-3{9-4(2-o7)}]=22. 

29. 07+2-[o7-8-2{8-3(5-o7)-o7}]=0. 

30. 3(5-6o7)-6[or-5{l-3(or-5)}]=23. 

31. (07+l)(207+3)=2(or+l)2+8. 

32. 3(or- 1)2-3(072^ l)=or- 15. 

33. (3o7+l)(2o7-7) = 6(o7-3)2+7. 

34. :i;2-8or+25=o;(o7-4)-25(or-5)-16. 

35. 07(or+l) + (07+l)(O7+2) = (07+2)(07 + 3)+^(07 + 4)-9. 

36. 2(o7+2)(o7-4)=or(2o7+l)-21. 

37. (27+ 1)2+2(07 + 3)2=3o7(o7+2)+35. 

38. 4(o7+5)2-(2o7+l)2 = 3(o7-5) + 180. 

39. 84+(or+4)(or-3)(07+5) = (o7+l)(or+2)(07+3). 

40. (07+1)(07 + 2)(07 + 6) = 07S + 90^» + 4(707-1). 

75. The following examples illustrate the most useful methods 
of solving fractional equations. 
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ExampU 1. Solve ^-^^=^ - 2* 

Multiply by 88, which is the least common multiple of the denomi- 
nators, and we get 

852-11 (x-9) = 4x-44; 
removing brackets, 352 - 11a; + 99 = 4a; — 44 ; 
transposing, - 11a: - 4a; = - 44 - 352 - 99 ; 

collecting terms and changing signs^ 15a; =495; 

.-. a;=33. 

a;-9 
Note. In this equation — — is regarded as a single term with 
o 

the minus sign before it. In fact it is equivalent to -q(x-9), the 

o 

line between the numerator and denominator having the same effect 

as a bracket. 

76. In certain cases it will be found more convenient not to 
multiply throughout by the l.c.m. of the denominator, but to 
clear of fractions in two or more steps. 

^ , o a 1 «-4 23;-3 5a?-32 x+9 

ExampU 2. Solve — + --- = -^ - ^^- . 

First multiply throughout by 9, and we have 

18a;-27 9ar + 81 ^ ^^ 
transposmg, — ^ — + ,^^ = 2a; - 20. 

Now clear of fractions by multiplying by 5 x 7 x 4 or 140, and we 
have 

72a: - 108 + 45a; + 405 = 280a; - 2800 ; 
.-. 2800-108 + 405 = 280a;-72a;-45a;; 
.-. 3097 = 163a;; 
.-. a; = 19. 

77. To solve equations whose coefficients are decimals, we may 
express the decimals as vulgar fractions, and proceed as before ; 
but it is often found more simple to work entirely in decimals. 

Example 1, Solve •6a; + '25-^3;= 1*8 - •75a; -~. 

Expressing the decimals as vulgar fractions, we have 
-Ja; + J-Jx=lf-ia;-J; 
clearing of fractions, 24a; + 9 - 4a;= 68 - 2?x - 12 ; 
transposing, 24a; - 4a; + 27a; = 68 - 12 - 9, 

47a; = 47; 
.-. a; = l. 
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Example 2. Solve -STSac- 1-876 = -1205 +1*185. 

transposing, -3750; - '1205= 1-186 + 1-876 ; 

eoUeoting terms, (-376- -12) x= 3-06, 
that is, -2660;= 3-06; 

3-06 
•*• ^--256 
= 12. 



EXAMPLES Vm. b. 



^-2^+10_ ^±25=3+? 

_ :r-4 J7-10 ^ 07-1 _ , ^+1 

5. -^ = — -. 6. -8-=l + T8 • 

4(07+2) 5^ 07+4 07-4__ 

^- "~5~~^"^13- ^' "ir"^"~6""^- 

^ 07+20 , 3o7 _ _^ 07-8 , 07-3 , 5 ^ 

9. -9- + y=6. 10. _+— +^=0. 

07 + 5 07+1 07+3 4-507 1-207 ^13 

"•6 9 ~ 4 • ^^'6 3 42* 

17. ,^(.-l)-,^(.-4) = ?(.-6) + A. 

18. x+^(x-7)-^(x-8)=3x-Ul. 

21- K=K^-I)-^K"-l)• 
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22. 
23. 
21 
25. 

26. 

28. 
30. 
31. 

32. 
33. 
35. 



1/^ ow4+dP^-J._^ 



23 -:r 



K1-) 



7 ' 5 
6x 5a? _ a?- 12 ^+3 

4 



+ -H---T=- 



6 



('--¥) -i<^-«>- 



3 
5 
3- 



4 6 +^""^ ^ 3 • 



•5ar-'iir= -2507-1. 



27. 






2-25^--125=3a74-3-75. 
•Gr- •7a?+-75a7- •875a?+15=0. 
12 {3a; - '25 (a? - 4) - 'S (5a: + 14)} = 47. 
•25(ar-3) + '^(j:-4) 
•125 



•2a7--l&p='6--3. 



-^ = 6a?-19. 



ar+-75 a?~-25 



= 15. 



•125 -25 

•5a7-'Sr=-Sa?-l-5. 



34. ^ a? + •26a7 - '&ff:=>af - 3. 



6 



36. 



1.5 = .,-- 



•09a?- -18 
•9 ' 



78. Before concluding this chapter it will be worth while to 
draw attention to the following cases which occur so frequently 
in solving equations that the beginner should learn to write down 
the solution at sight. 

7a; 4 

Case L Suppose fi" ~ ^ ' 

Multiplying both sides by 5, we have 



Case 11. Suppose 



4x5 
• ^""3x7; 

3a;""7' 

Multiplying both sides by 3a?, we have 
^ 9x3a? 

6x7=*9x3a7 
8x7_ 



.(1). 



.(2). 
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By a careful examination of the results in (1) and (2), the 
truth of the following pribciples will be evident : 

Any factor of the numerator of one side of an eqtiation may 
he transferred to the denominator of the other side, and any fa^or 
of the denominator of one side may he transferred to the numerator 
of the other side. 

The ready application of these principles will be found very 
usefuL 



Example 1. If 
then 




8a; 9 
14 ""36' 

9x14 ,, 
^=35x3=^^- 


Example 2. If 




!=-• 


then 


2 
6~ 


2 

-*' •••^=-5 



Aft^ a little practice the arithmetic should be performed mentally , 
and the intermediate steps omitted. 



EXAMPLES Vm. c. 

Write down the values of x which satisfy the following equa- 
tions: 

1. '-=-. 



2 3 

X 4* 


2. 


3 X 
7"l4- 


3. 


3 6 

5 x' 


-i.. 


5. 


X 29 
17 51' 


6. 


2x 8 
15 45 


3 1 

2x 8' 


8. 


4^7 1 

3 2* 


9. 


5 25 
Sx 27' 


5 10 
2a;~ 3 ' 


11. 


13 6507 
21 " 84 • 


12. 


7 1 
2 Sx 


3 X 

8""4* 


14. 


8 _ 4 
210?^ 7* 


15. 


36 9 
35 5a?" 


6 15 
8 2a?' 


17. 


X 9 
18 42' 


18. 


4 16 
Sx 27' 


49 7 
15 ""ac* 


20. 


56 Sx 
16 3 • 


21. 


19a7 57 
7 49 



13. i= 

19. 



CHAPTER IX 

Symbolical Expression. 

79. In solving Algebraical problems the chief difficulty of 
the beginner is to express the conditions of the question by 
means of symbols. A question proposed in algebraical symbols 
will frequently be found puzzling, when a similar arithmetical 
question would present no difficulty. Thus, the answer to the 
question " find a number greater than a? by a " may not be self- 
evident to the beginner, who would of course readily answer an 
analogous arithmetical question, " find a number greater than 50 
by 6." The process of addition which gives the answer in the 
second case supplies the necessary hint ; and, just as the number 
which is greater than 50 by 6 is 50 + 6, so the number which is 
greater than a? by a is x+a, 

80. The following examples will perhaps be the best intro- 
duction to the subject of this chapter. After the first we leave 
to the student the choice of arithmetical instances, should he 
find them necessary. 

Example 1. By how much does x exceed 17? 

Take a nmnerical instance; "by how much does 27 exceed 17?" 

The answer obviously is 10, which is equal to 27 - 17. 

Hence the excess of x over 17 is aj - 17. 

Similarly the defect of x from 17 is 17 - a:. 

Example 2. If x is one part of 45 the other part is 45 - x. 

45 
Example 3. If x is one factor of 45 the other factor is — . 

Example 4. How far can a man walk in a hours at the rate of 4 
miles an hour? 

In 1 hour he walks 4 miles, 

In a hours he walks a times as far, that is, 4a miles. 

Example 5. If £20 is divided equally among y persons, the share 

20 
of each is the total sum divided by the number of persons, or £ — , 
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Example 6. If 17 be divided by 6 the quotient is 2, and the 
remainder 5, 

that is, T"^"*"!' 

So if N be divided by p, and the qnotieni be Q and the remainder 
B, we have 

or N=QD+R, 

Thus, if the divisor is Xt the quotient y^ and the remainder z^ the 
dividend is scy+ 2!. 

Example 7. A and B are playing for money; A begins with £p 
and B with g shillings: after B has won £x, how many shillings has 
each? 

What B has won A has lost, 

.'. A has 20(p-x) shillings, 
B has g + 20a; shillings. 



EXAMPLES IZ. a. 

1. What must be added to x to make y ? 

2. By what must 3 be multiplied to make a? 

3. What dividend gives 5 as the quotient when 5 is the divisor? 

4. What is the defect of 2c from 3d? 

5. By how much does 3* exceed k? 

6. If 100 be divided into two parts and one part be x what is the 
other? 

7. If a be one factor of 5, what is the other? 

8. What number is less than 20 by c? 

9. What is the price in pence of a oranges at tenpence a dozen? 

10. What is the price in pence of 100 oranges when x cost. six- 
pence? . 

11. If the difference of two numbers be 11, and if the smaller be 
X, what is the greater? 

12. If the sum of two numbers be e and one of them is 20, what 
is the other? 

13. What is the excess of 90 over xf 

14. By how much does x exceed 30? 

15. If 100 contains x five times, what is the value of a?? 

. 16. What is the cost in pounds of 40 books at x shillings each ? 
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17. In X years a man will be 36 years old, what is his present age? 

18. How old will a man be in a years if his present age is x years? 

19. If X men take 5 days to reap a field, how long will one man 
take? 

20. What value of x will make 5x equal to 20? 

21. What is the price in shillings of 120 apples, when the cost of 
a score is x pence? 

22. How many hours will it take to walk x miles at 4. miles an 
hour? 

23. How far can I walk in x hours at the rate of y miles an hour? 

24. In OS days a man walks y niiles, what is his rate per day ? 

26. How many minutes will it take. to walk x miles at a miles 
an hour? 

26. A train goes x miles an hour, how long does it take to go 
from Bristol to London, a distance of 120 miles? 

27. How many miles is it between two places, if a train travelling 
p miles an hour takes 5 hours to perform the journey? 

28. What is the velocity in feet per second of a train which 
travels 30 miles in x hours? 

29. A man has a crowns and b florins, how many shillings 
has he? 

80. If I spend x shillings out of a sum of £20 how many shillings 
have I left? 

31. Out of a purse containing £a and 5 shillings a man spends 
e pence; express in pence the sum left. 

82. By how much does 2x - 5 exceed a; + 1 ? 

83. What number must be taken from a - 25 to leave a-Bb? 

34. If a bill is shared equally amongst x persons and each pays 
3f. 4(2., how many pence does the biU amount to? 

35. If I give away c shillings out of a purse containing a 
sovereigns and b florins, how many shillings have I left? 

36. In how many weeks will x horses eat 100 bushels of oats if 
one horse eats y bushels a week? 

87. If I spend x shillings a week, how many pounds do I save 
out of a yearly income of £yf 

38. A bookshelf contains x Latin, y Greek, and z English books : 
if there are 100 books, how many are there in other languages? 

89. I have x pounds in my purse, y shillings in one pocket, and 
z pence in another: if I give away half-a-crown how many pence 
have I left? 

40. In a class of x boys, t^ work at Classics, z.&t Mathematics, 
and the rest are idle : what is the excess of workers over idlers? 
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81. We subjoin a few harder examples worked out in fiilL 

Example 1. What is the present age of a man who x years hence 
will be m times as old as his son now aged y years? 

In X years the son's age will hey + x years ; hence the father's age 
will be m (y+ac) years; therefore now the father's age is m{7/+x)-x 
years. 

Example 2. Find the simple interest on £^ in n years at / per 
cent. 

Interest on £100 for 1 year is £/, 



^^ ^ifo' 

^* ^100' 



nkf 
,•. Interest on £k for n years is £ —: . 

Example 3. A room is x yards long, y feet broad, and a feet high; 
find how many square yards of carpet will be required for the floor, 
and how many square yards of paper for the walls. 

(1) The area of the floor is Bxy square feet ; 

••. the number of square yards of carpet required is - -- = -^ . 

(2) The perimeter of the room is 2 (3a; +y) feet ; 
.•. the area of the walls is 2a (3x + y) square feet ; 

.'. number of square yards of paper required is — ^- — — . 

Example 4. The digits of a number beginning from the left are 
a, 5, c ; what is the number? 

Here c is the digit in the units' place ; 5 standing in the tens' place 
represents b tens ; similarly a represents a hundreds. 

The number is therefore equal to a hundreds -h^ tens +c units 

= 100a + 10 6 + c. 
If the digits of the number are inverted, a new number is formed 
which is symbolically expressed by 

100c + 106 + a. 

Example 5. What is (1) the sum, (2) the product of three con- 
secutive numbers of which the least is n? 

The numbers consecutive tonaren + l,n+2; 
.'. the sum=n+(» + l) + (n + 2) 
= 3n + 3. 
And the product = n (n + 1) (n + 2). 



SYMBOLICAL EXPRESSION. 61 

We may remark here that any even number may be denoted 
by 2/1, where n is any positive whole number ; for this expression 
is exactly divisible by 2. 

Similarly, any odd number may be denoted by 27i+ 1 ; for this 
expression when divided by 2 leaves remainder 1. 

Example 6. How many days will a men take to mow h acres if c 
boys can mow a acres in h days, and each man's work equals that of 
fi boys? 

Since c boys can mow a acres in h days ; 
•*. 1 boy he days, 

,•, n boys, or 1 man, — days, 

^ A 

•*. a men — days, 

an 

.•. a men i .... 1 acre . . -^ days ; 

therefore a men can mow 5 acres in -=- days. 

EXAMPLES IX. !)• 

1. Write down fonr oonsecative nmnbers of which x is the least. 

2. Write down three consecutive numbers of which y is the 
greatest. 

8. Write down five consecutive numbers of which x is the middle 
one. 

4. What is the next even number after 2n? 
6. What is the odd number next before 2x + 1? 

6. Find the sum of three consecutive odd numbers of which the 
middle one is 2n+ 1. 

7. A man makes a journey of x miles. He travels a miles by 
coach, h by train, and finishes the journey by boat. How far does the 
boat cany him? 

8. A horse eats a bushels and a donkey & bushels of com in a 
week; how many bushels will they together consume in n weeks? 

9. If a man was x years old 5 years ago, how old will he be j^ 
years hence? 

10. A boy is x years old, and five years hence his age will be half 
that of his father. How old is the father now? 

U. What is the age of a man who y years ago was m times as 
old as a child then aged x years? 

12. A's age is double £'s, B*s is three times (78, and C is a; years 
old: find^'s age. 

13. What is the interest on £1000 in h years at c per cent.? 
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14. What is the interest on £a; in a years at 5 per cent.? 
16. What is the interest on £50a in a years at a per cent. ? 

16. What is the interest on £24ay in x months at y per cent, per 
annum? 

17. A room is x yards in length, and y feet in breadth ; how many 
square feet are there in the area of tiie floor? 

18. A square room measures x feet each way; how many square 
yards of carpet will be required to cover it? 

19. A room is p feet long and x yards in width ; how many yards 
of carpet two feet wide will be required for the floor? 

20. What is the cost in pounds of carpeting a room a yards long 
b feet broad with carpet costing c shillings a square yard? 

21. How many yards of carpet x inches vdde will be required to 
cover the floor of a room y feet long and z feet broad? . 

22. A room is a yards long and b yards broad; in the middle 
there is a carpet c feet square; how many square yards of oil-cloth 
will be required to cover the rest of the floor? 

23. How many miles can a person walk in 45 minutes if he walks 
a miles in x hours? 

24. How long will it take a person to walk 5 miles if he walks 
20 miles in c hours? 

26. If a train travels a miles in b hours, how many feet does it 
move through in one second? 

26. A train is running with a velocity of x feet per second ; how 
many miles will it travel in y hours? 

27. How long will x men take to mow y acres of com, if each man 
mows z acres a day? 

28. How many men will;^be required to do in ^ hours what y 
men do in xz hours? 

29. What is the rate per cent, which will produce £y interest 
from a principal of £1000 in r years? 

30. Find in how many years a principal of £a will produce £p 
interest at r per cent, per annum. 

*82. In Example 6, Art 80, we proved 

a result which gives in a single statement a general relation 
expressing the connection between a mmiber, its divisor, and the 
resulting quotient and remainder. 

This is an example of a very important class of Algebraical 
statements known oaformvlae^ and it may be worth while briefly 
to foreshadow their use and application, not only in Algebra, 
but also in other branches of Mathematics and elementary 
Physies. 
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Definition. A fomiQla is a relation established by reason- 
ing among certain quantities, any one of which may in turn be 
reg^ed as the unlmown. 

Thus in the formula above mentioned, if Q, R, and I) are given 
quantities, we have an equation to find the corresponding value 
of ^, Or, a question may be proposed as follows: "By what 
must 96 be divided so as to give a quotient 5, and a remainder 
11?" Here we have given iV^=96, ^=5, /2=11, and therefore 
from the formula we obtain 

whence i>=17, the required divisor. 

*83. A formula, it must be observed, includes all particular 
cases in one general statement; and so by the use of a single 
algebraical formula we are enabled briefly to express a whole 
class of results in a form at once simple, easily remembered, 
and easily applied. Experience will convince the student how 
much of the power and utility of Algebra lies in its formulae, 
and their ready application to all kinds of problems of every day 
occurrence. 

It would be out of place here to make more than a passing 
allusion to other branches of Mathematics, or to Physical Science ; 
but on account of the interest and importance of the subject, it 
may be useful to draw the reader^s attention to a few of the 
more elementary formulae he is likely to meet with in his other 
studies. 

(1) If a triangle on a base &, has a height k, its area (A) is 
given by the formula -4=JA6. 

(2) If a pyramid of height h stands on a base whose area is 
a^, its volume ( F) is given by the formula 

F=Ja2A. 

In these cases any linear unit, inch, foot... being chosen, the 
superficial and solid units will be respectively the square and 
cubic inch, foot, ... ; and in each of these formulae if two of the 
three quantities be given, the third is easily obtained by Arith- 
metic. 

Example. The Great Pyramid of Egypt stands on a square base 
each side of which is 764 feet; and its height is 480 feet. Find the 
number of cnbio feet of stone used in its construction. 

From the formula, F= J x (764)2 x 480 
= 160x764x764 
=93391360 cubic feet. 
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*84. We have in this chapter given several examples involving 
space, velocity, and time ; and all these can be solved without 
difficulty by common sense reasoning. At the same time we 
may remark that they are only particular cases of the general 
formula s^vt^ in which s denotes the space described by a body 
which moves with uniform velocity v for a time L 

In this formula, if t denotes the number of seconds the body 
has been in motion, and v the number of feet passed over in one 
second, then s is the space (in feet) described in t seconds. 

Example. If a train has a velocity of 75 feet a second, how long 
will it take to cross a viaduct which is 300 yards in length? 

Substituting the values of s and v (expressed in feet) in the formula, 
we get 

900= 75t, 
900 
75 
= 12. 

Therefore the time is 12 seconds. 

*85. Another very interesting case is that of a body falling 
vertically under the action of gravity. 

It is proved in works on Dynamics that if a body fall freely from 
rest, and if s denote the space (in feet) described in t seconds, 

In this formula g denotes the number of feet by which the 
velocity is increased in each successive second in consequence of 
the earth's attraction, and it is foimd by experiment that ^=32*2 
nearly. 

Example, 1. A stone dropped from the Clifton suspension bridge 
takes 4 seconds before it reaches the water. Find the height of the 
bridge above the river. 

from the above formula, 

«=ix32-2x(4)» 
=267-6, 
and the height is therefore 257*6 feet. 

Example 2. How long will it take a stone to reach the bottom of 
a well 144-9 feet deep? 

From the formula, 

144-9=ix32-2xt»; 

••'-161-^' 
.-. t=3. 
Therefore the time is 8 seconds. 



CHAPTER X. 

Problems leading to Simple Equations. 

86. The principles of the last Chapter may now be employed 
to solve various proolems. 

The method of procedure is as follows : 

Represent the unknown quantity by a symbol x, and express 
in symbolical language the conditions of the question ; we thus 
obtain a simple equation which can be solved by the methods 
already given in Chapter vm. 

Example 1. Find two numbers whose sum is 28, and whose 
difference is 4. 

Let X be the smaller number, then a; + 4 is the greater. 

Their sum is x + (a? + 4), which is to be equal to 28. 

Hence a;+a: + 4 = 28; 

2a;=24; 

.-. a; = 12, 

and a; + 4= 16, 

so that the numbers are 12 and 16. 

The beginner is advised to test his solution by proving that 
it satisfies the data of the question. 

Example 2. Divide 60 into two parts, so that three times the 
greater may exceed 100 by as much as 8 times the less falls short of 
200. 

Let X be the greater part, then 60 - a; is the less. 

Three times the greater part is So;, and its excess over 100 is 

3ar-100. 
Eight times the less is 8 (60 - x), and its defect from 200 is 

200 -8 (60 -a;). 
Whence the symbolical statement of the question is 
3a? -100=200 -8 (60 -a;); 
8a;-100=200-480+8a;, 
480-100-200=8a;-3«, 
6x=180; 
.•. a: =36, the greater part, 
and 60 - a; = 24, the less. 

H. A. 5 
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Example 3. Divide £47 between Ay B^C, bo that A may have £10 
more than B, and B £8 more than C, 

Suppose that C has x pounds; then B has x-\-S pounds, and A 
has x -f 8 + 10 pounds. 

Hence x + (a: + 8) + (a; + 8 + 10) = 47; 

x + x + 8 + a; + 8 + 10=47, 
3a;=21; 
.% x=7; 
so that G has £7, B £15, A £26. 

Example 4. A person spent £28. is, in buying geese and duoks; 
if each goose cost 78., and each duck 3«., and if the total number of 
birds bought was 108, how many of each did he buy? 

In questions of this kind it is of essential importance to have all 
quantities expressed in the same denomination; in the present in- 
stance it will be convenient to express the money in shillings. 

Let X be the number of geese, then 108 -x is the number of 
ducks. 

Since each goose costs 7 shillings, x geese cost 7x shillings. 

And since each duck costs 3 shillings, 108 - x ducks cost 3 (108 - x) 
shillings. 

Therefore the amount spent is 

7x + 3 (108 - x) shillings, 
but the question states that the amount is also £28. 4^., that is 564 
shillings. 

Hence 7x + 3(108-x) = 664; 

7x + 324-3x=664, 
4x=240, 
.'. x=60, the number of geese, 
and 108 - x = 48, the number of ducks. 

Example 5. A is twice as old as £, ten years ago he was four 
times as old; what are their present ages? 

Let ^'s age be x years, then ^'s age is 2x years. 
Ten years ago their ages were respectively, x-10 and 2x-10 
years ; thus we have 2x - 10 = 4 (x - 10) ; 

2x-10 = 4x-40. 
2x = 30; 
.-. x = 15, 
so that B is 15 years old, A 30 years. 

Note. In the above examples the unknown quantity x represents 
a number of pounds, ducks, years, &c.; and the student must be 
careful to avoid beginning a solution vdth a supposition of the kind, 
"let x=il's share" or "let x=the ducks", or any statement so vague 
and inexact. 



PROBLEMS LEADING TO SIMPLE EQUATIONS. 67 

EXAMPLES X. a. 

1. One number exceeds another by 5, and their sum is 29 ; find 
them. 

2. The difference between two numbers is 8 ; if 2 be added to 
the greater the result will be three times the smaller: find the 
numbers. 

3. Find a number such that its excess over 50 may be greater by 
11 than its defect from 89. 

4. A man walks 10 miles, then travels a certain distance by 
train, and then twice as far by coach. If the whole journey is 70 
miles, how far does he travel by train? 

6. What two numbers are those whose sum is 58, and difference 
28? 

6. If 288 be added to a certain number, the result will be equal to 
three times the excess of the number over 12 : find the number, 

7. Twenty-three times a certain number is as much above 14 as 
16 is above seven times the number: find it. 

8. Divide 105 into two parts, one of which diminished by 20 shall 
be equal to the other diminished by 15. 

9. Find three consecutive numbers whose sum shall equal 84. 

10. The sum of two numbers is 8, and one of them with 22 
added to it is five times the other : find the numbers. 

11. Find two numbers differing by 10 whose sum is equal to twice 
their difference. 

12. A and B begin to play each with £60. If they play tiU A' a 
money is double £'s, what does A win? 

13. Find a number such that if 5, 15, and 35 are added to it, the 
product of the first and third results may be equal to the square of 
the second. 

14. The difference between the squares of two consecutive num- 
bers is 121 : find the numbers. 

16. The difference of two numbers is 3, and the difference of their 
squares is 27 : find the numbers. 

16. Divide £380 between A, B, and C, so that B may have £30 
more than A, and G may have £20 more than B. 

17. A sum of £8. 17a. is made up of 124 coins which are either 
florins or shillings: how many are there of each? 

18. If silk costs six times as much as linen, and I spend £9. Ss. 
in buying 23 yards of silk and 50 yards of linen ; find the cost of each 
per yard. 

19. A father is four times as old as his son : in 24 years he will 
only be twice as old ; find their ages. 

20. A is 25 years older than B^ and ^'s age is as much above 20 
as jB's is below 85: find their ages, 

5—2 
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21. A*B age is six tinij^s B's, and fifteen years hence A will be 
three times as old as B : find their ages. 

22. A sum of £4. Bs, was paid in crowns, half-crowns, and 
Hhillings. The number of half-crowns used was four times the num- 
ber of crowns and twice the number of shillings; how many were 
there of each? 

23. The sum of the ages of A and B is 30 years, and five years 
hence A will be three times as old as B : find their present ages. 

24. In a cricket match the byes were double of the wides, and the 
remainder of the score was greater by three than twelve times the 
number of byes. If the whole score was 138, how were the runs 
obtained? 

25. The length of a room exceeds its breadth by 3 feet; if the 
length had been increased by 3 feet, and the breadth diminished by 
2 feet, the area would not have been altered: find the dimensions. 

26. The length of a room exceeds its breadth by 8 feet; if each 
had been increased by 2 feet, the area would have been increased by 
60 square feet: find the original dimensions of the room. 

87. We add some problems which lead to equations with 
fractional coefficients. 

Example 1. Find two numbers which differ by 4, and such that 
one-half of the greater exceeds one-sixth of the less by 8. 
Let X be the smaller number, then 2+4 is the greater. 

One-half of the greater is represented by -(a; +4), and one-sixth 
1 ^ 



^ 1. . 1 



of the less by -^x. 

Hence |(^ + 4)-^a;=8; 

multiplying by 6, 3a; + 12 - a; = 48 ; 

.-. 2a;=36; 

.*. x = 18, the less number, 
and a; + 4 = 22, the greater. 

Example 2. ^ has £9, and B has 4 guineas; after B has won 
from A a certain sum, A has then five-sixths of what B has; how 
much did B win? 

Suppose that B wins x shillings^ A has then 180 - x shillings, and 
B has 84+a; shillings; 

Hence 180 -a:=g (84+a;); 

1080-6a:=420 + 6x, 
11a; =660; 
.-. a; =60. 
Therefore B wins 60 shillings, or £3. 
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EXAMPLES Z. }). 

1. Find a number snch that the smn of its sixth and ninth parts 
may be equal to 16. 

2. What is the number whose eighth, sixth, and fourth parts 
together make up 13? 

3. There is a number whose fifth part is less than its fourth part 
by 3 : find it. 

4. Find a number such that six-sevenths of it shall exceed four- 
fifths of it by 2. 

6. The fifth, fifteenth, and twenty-fifth parts of a number together 
make up 23 : find the number. 

6. Two oonsecutiye numbers are such that one-fourth of the less 
exceeds one-fifth of the greater by 1 : find the numbers. 

7. Two numbers differ by 28, and one is eight-ninths of the other; 
find them. 

8. There are two consecutive numbers such that one- fifth of the 
greater exceeds one-seventh of the less by 3 : find them. 

9. Find three consecutive numbers such that if they be divided 
by 10, 17, and 26 respectively, the sum of the quotients will be 10. 

10. A and B begin to play with equal sums, and when B has lost 
five-elevenths of what he had to begin with, A has gained £6 more 
than half of what B has left : what had they at first? 

11. From a certain number 3 is taken, and the remainder is 
divided by 4 ; the quotient is then increased by 4 and divided by 5 and 
the result is 2 : find the number. 

12. In a cellar one-fifth of the wine is port and one-third claret: 
besides this it contains 16 dozen of sherry and 30 bottles of spirits. 
How much port and claret does it contain? 

13. Two-fifths of ^'s money is equal to JB's, and seven-ninths of 
B^B is equal to Cs: in all they have £770, what have they each? 

14. A, By and G have £1285 between them: ^'s share is greater 
than five-sixths of 5's by £26, and Cs is four-fifteenths of £'s : find 
the share of each. 

16. A man sold a horse for £35 and half as much as he gave for 
it, and gained thereby ten guineas : what did he pay for the horse? 

16. The width of a room is two-thirds of its length. If the 
width had been 3 feet more, and the length 3 feet less, the room 
would have been square ; find its dimensions. 

17. What is the property of a person whose income is £430, 
when he has two-thirds of it invested at 4 per cent. , one-fourth at 
3 per cent., and the remainder at 2 per cent.? 

18. I bought a certain number of apples at three a penny, and 
five-sixths of that number at four a penny ; by selling them at six- 
teen for sixpence I gained Z\d. ; how many apples did I buy? 



CHAPTER XI. 

Highest Common Factor. Lowest Common Multiple. 

Simple Expressions. 

88. Definition. The Mghest common factor of two or 
more algebraical expressions is the expression of highest dimen- 
sions [.£^. 10] which divides each of them without remainder. 

The abbreviation H.C.F. is sometimes used instead of the 
words highest common factor. 

89. In the case of simple expressions the highest common 
factor can be written down oy inspection. 

Example 1. The highest common factor of a*, a', a', a* is a'. 

Example 2. The highest common factor of a^ft*, aWc^f o^lPc is a&*; 
for a is the highest power of a that will divide a^, a, €? ; &* is the 
highest power of h that will divide 6*, &*', IP ; and c is not a common 
factor. 

90. If the expressions have numerical coefficients, find by 
Arithmetic their greatest common measure, and prefix it as a 
coefficient to the algebraical highest common factor. 

Example. The highest common factor of 21a^a;5y, S5a^x^, 2Sa^xy* 
ia 7a^xy ; for it consists of the product of 

(1) the numerical greatest common measure of the coefficients ; 

(2) the highest power of each letter which divides every one of 
the given expressions. 

EXAMPLES XI. a. 

Find the highest common factor of 
1. 4ab^, 2a^b, 2. 3a^^ a^K 3. ^% %xh^z\ 

4. ahc, '^db^c. 5. ha^l^y Idabc^. 6. 9x^^'z\ \lxfz, 

7. ^a%^<?, %a^h^<?. 8. la^V^i^, \^a\^(?, 

9. \hs^ifz\ \^vhjz\ 10. 8a2^, Qahxy, \Oaha^\ 

11. 49cw2^ 63oj^2^ r^Qaz\ 12. VJaU^c, 34a26c, blahc^. 
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13. a^s^\ l^xy\ ^a^. 14. 2^^}^^, Uo^l^(^, 4^^l>^c^, 

15. 2bxy\ lOOoT^^, V2,bxt/, 16. c^bpxy^ ^qxy^ a^han\ 

17. \b€fil^(?, 60a367c«, 25a*65c2. la SSa^cSft, 42aScft2, SOocSjs, 

19. 24«362c3^ 16a36*c2, 40a2&3c5. 20. 66a*62c3, 44a36*c2, 24a22^c<. 

Lowest Common Multiple. 

91. Definition. The lowest common multiple of two or 
more algebraical expressions is the expression of lowest dimen- 
sions which is divisible by each of them without remainder. 

The abbreviation L.C.M. is sometimes used instead of the 
words lotpest common multiple, 

92. In the case of simple ejcpressions the lowest common 
multiple can be written down by inspection. 

Example 1. The lowest common multiple of a*, a^, a\ a^ is a^. 

Example 2. The lowest common multiple of a'&^, a5^, a^lF is 
a^V\ for a' is the lowest power of a that is divisible by each of the 
quantities a^, a, a^; and h^ is the lowest power of h that is divisible by 
each of the quantities 6*, 6^, 6'. 

93. If the expressions have numerical coefficients, find by 
Arithmetic their least common multiple, and prefix it as a co- 
efficient to the algebraical lowest common midtiple. 

Example. The lowest common multiple of 21a*xhft SSo^x^y, 
28a'a?y* is 420a^x*y*; for it consists of the product of 

(1) the numerical least common multiple of the coefficients ; 

(2) the lowest power of each letter which is divisible by every 
power of that letter occurring in the given expressions. 



EXAMPLES XI. b. 

Find the lowest common multiple of 

1. ahcy 2a2. 2. a^\ xyz. 3. 307^2, 407^^3. 

4. 5a26c3, 4m1^c. 5. 30*62^3^ ba^l^<^, 6. 12a6, ^. 

7. ac, hcy ab, 8. a% b<^, cl^. 9. 2ab, 36c, 4ca. 

10. 2a:, 3y, 4z, 11. Zx^, \y\ Zz\ 12. 7a2, 2a6, 361 

13. a26c, 62ca, <?aK 14. ha\ Gcft^, 36c2. 

15. 2a;y , Zxy, '4^f, 16. 7a?V, 8.ry«, 2j^f, 

17. 35a2c36, 42a3c62, 30ac263. 13^ 66a*62c3, 44a364c2, 24a26-V, 

19. 7a26, 4ac2, i^^, 216c. 20. 8a262, 24a*62c2, 18a6c3. 
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EXAMPLES XI. c. 



Find both the highest 


common factor and the lowest common 


multiple of 




1, 2a6c, Sea, 4hca, 


2. 2a?y, 4^2, 62w?y. 


3. 9a6c, Zb^Cy cab. 


4. \Sa%c, 39a36c2. 


5. I7an/z^, 51^. 


6. 15^2r, ^hanj^zK 


7, Sab, 26c, 6cab, 


8. l7mHy, 51my. 


9. s^y\ y'z^, ^!^. 


10. 5m?ip, 472^2', 3m;>2'. 


11, 29wyi^, 87w^. 


12. 39a262^ 62(^aK 


13. 21a263c, 28j^2». 


14. 35a^, 45.t3^r. 


15. lltnWf, 81w2^. 


16. 32a*b\ 48a6c6, 16a*c3. 


17. 57a2a^, 7663^. 


18. 49&C', 21a262, "SBcaS. 



19. 15jE?3^, 20m2;?V, SOmj^, 20. 72)t2;»3^*, 108>fc»w2n6. 



CHAPTER XII. 

Elementary Fractions. 
Simple Expressions. 



94. In this Chapter we propose to deal only with the easier 
kinds of fractions, where the numerator and denominator are 
simple expressions. 

Their reduction and simplification will be performed by the 
usual arithmetical rules. The proofs of these rules we reserve 
for a later chapter where the subject of fractions will be treated 
more fully. 
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95. Rule. To reduce a fraction to its lowest terms: divide 
nuTnerator and denominator by every factor which is common to 
them bothy that is by their highest comm>on factor. 

Dividing numerator and denominator of a fraction bj a com- 
mon factor is called cancelling that factor. 

Examples. (1) 



9ac«~8c' 
(2) 1^1- r- 



(3) - 






labile 



4xx 

6a*6 

1 



=:~=5a*b. 



EXAMPLES Xn. a. 



Reduce to lowest terms 



12. 



15. 



18. 



3a 
eab' 

12mn^ 
Idmhip^' 

hxyH^ ' 
mn*pq 

S9a^b*c^ 
f>2a?9d^' 



2. 



6. 



4a« 

16a6' 

\bab 

10. 
13. 
16. 
19. 



4m^n^]o^ 

38kYm^ 
67k^pm^ ' 



2^ 

5j7^* 
21^ 
28yh'^ • 



11. 



11 



17. 



20. 



8. 



3abc 
I6a^l^c' 

1262c' 
a6c* 

5a362c* 
16a6*c ' 
15flw;'y* 
26^^* 



Multiplication and Division of Fractions. 

96. Rule. To multiply algebraical fractions: as in Arith- 
vnetiCj mvltiply together all the numerators for a new numerator, 
and all the denominators for a new denominator. 

Example 1. - x - -,- x — = ^^^^^^^^^ = - , 
by oanoelllng like factors in nnmeraior and denominator. 



Example 2. 
all the factors cancelling each other. 



3a«6 7hc 6ca_ 
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97. Rule. To divide one fraction 
dioisor and proceed as in multiplication. 



another: invert the 



Example, 



7a» 6c»a; 28a«c« 



4a:V 5a68 * IBb^xy^ 
__ 7a«_ 6c^ 1562xy« 

_9c 
"So;* 
all the other factors cancelling each other. 

EXAMPLES Xn. b. 

Simplify the following expressions : 



8. 



10, 



11. 



13. 



2ah AP 
Scd'^ ab^* 
7a^b^ ISa^c 

X 



I2a^bc 24a62 



9a^y I5ac*' 

^' iSmn^ ^ 28/>fc3 • 

2^ 5^^21^y^ 
Si/z *Jxy^ ' ^^xyH ' 

20^1-* 



8ab^ 366c»* 

_ 8m W 15x1/!^ 



d^bc 



hyz 



bxhjz 16»in* ' 
3a26 20* 6a<; 



26d&2j0» 207^ 



58mp* r3/?itm * 87my ' 

1562 27^ ^ oftc 

40c ^81c^3 • 14^' 

8flwc2 49^ 

76y ^64c^:f3- 

45a263c4 243^2^3 
^^* 27a7V^iJ^180a26c3* 
-_ m2 36jP^9'2 ^ Ibmpj^ 

8n Slmn ' 27n^x^t/ 



" 4&3c ^ 8a3 • 1662a7- 
17^ 21jo27i • p^z ' 



19 ^ 4c2 . 16a262c2 

15aftc 128a%2g2 
• 16a;y« ^ 100a-^6c * 
^ 104a?y2^jo 56y^jo 
^'*' '2&xfkf' ^ 2^y^7^h ' 



18. 



a^ ^2 p62 ^ op 
6^ a6 ax ' b^' 



Reduction to a common denominator. 

98. In order to find the sum or diflference of any fractions, 
we must, as in Arithmetic, first reduce them to a common 
denominator; and it is most convenient to take the lowest com- 
mon multiple of the denominators of the given fractions. 
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Example. £ xpress with lowest common denominator the fractions 
a "b c 

Bxy * 6xyz * 2yz ' 
^6 lowest common multiple of the denominators is ^xyz. Multi- 
plying the numerator of each fraction by the factor which is required 
to miDce its denominator ^xyzy we have the equivalent fractions 
2az h Scj; 
6xyz ' ^xyz ' ^xyz * 
KoT«. The same result would clearly be obtained by dividing the 
lowest common denominator by each of the denominators in turn, 
and multiplying the corresponding numerators by the respective 
quotients. 

EXAMPLES XII. c« 

Express as equivalent fractions with common denominator : 

1. 

4. 

7. 
10. 
13. 

Addition and Subtraction op Fractions. 

99. Rule. To add or subtrdct fractions : express all the 
fractions with tkeir lowest common denominator ; form the sum or 
difference of the numerators, and retain the common denominator. 

, . «. ,.* 6a; 3 7x 
Example 1. Sunplify "o" + 7 ^ ~ "g" • 

The least common denominator is 12. 

„, . 20a: + 9a; -14a: 15a; 5x 

The expression = 1-^ ~ T2 ~ T ' 

^ , « «. ,.. 3a6 ah 1 ah 

Example2. Smiphfy — - ^^ - j^ . - . 

6a6-5a6-a6 . 
The expression = ^ =ioi=^' 



2x y 
a' 2a' 


2. 


\x y 
Zy' x^' 


3. 


a h 
26' ~c' 


a c 
6' 5' ^• 


5. 


2a 6 
~h' 3c- 


6. 


m p 
An' bn' 


1, ;>_. 

1x' Zx 


8. 


m n 
Zx' &f' 


9. 


a h 
he' ca' 


a b 
x' x^' 


11. 


2 3 

5' y' 


12. 




2x 3y 
3y' 2a;* 


14. 


4a 3a 
56' 10c' 


15. 


3a 56 
76' 21c' 
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KxampU 3. Simplify ^, - g~8 • 

The expresdon = , ^-- , and admits of no further simplification. 

KoTS. The beginner mnsfr be careful to distinguish between 
erasing equal terms with different signs, as in Example 2, and 
cancelling equal factors in the course of multiplication, or in 
reducing fractions to lowest terms. Moreover, in simplifying frac- 
tions he must remember that a factor can only be removed from 
numerator and denominator when it divides each taken at a whole. 

QcLX — CV 

Thus in — q-y^- 1 c cannot be cancelled because it only divides cy 

and not the whole numerator. Similarly a cannot be cancelled be- 
cause it only divides 600; and not the whole numerator. The fraction 
is therefore In its sunplest form. 

When no denominator is expressed the denominator 1 may be 
understood. 

, « a* 3x a^ i2jrM-a« 

Example. 3x-t- = -:;--t-= — i • 

4y 1 4y 4y 



EXAMPLES Zn. d. 

Simplify the following expressions ; 

1. 

6. 

9. 
13. 
17. 
20. 



27. 





2. 


4 5* 


a a 
^' 3"4- 


4. 


2x 5 
3 x' 


2^5' 


6. 


a b 
4 6' 


m n 
'• 8 12' 


8. 


2m n 
15 5* 


7 21' 


10. 


^+1 
13^39 


■ "• f«-^- 


12. 


5m n 
12 ""sis' 


2.r , 4x 


14. 


bx Ax 


■ »• ?-S- 


16. 


2a 46 


3- + T' 


4 5 ' 


5 15 • 


a a a 
2 ~ 3 5 


• 


18. f- 


8 + 12- ^®' 


3^6 9 


2x X 
3 6"*" 


3a' 

"4 • 


21. ^. 


--^-+?. 22. 
12^9 ^ 


7^ 

8 


^12 4' 


X y 

a y 


24. 


Zx iy 
¥ + 36- 


26. a + \. 


1 


26. x-^. 
z 


a 62 
3 a' 


28. 


a 


29. ""--^ 


30. i>^-^| 



CHAPTER XIII. 

Simultaneous Equations. 

100. Consider the equation 2a; + 5^ = 23, which contains two 
unknown quantities. 

From this we get 5y = 23 - 2a:, 

XI. i. ' 23-207 ,,. 

that 18, y=____ (1). 

From this it appears that for every value we choose to give to 

X there will be one corresponding value of y. Thus we shall be 

able to find as many pairs of vsdues as we please which satisfy 

the given equation. 

21 
For instance, if x=l, then from (1) y== v- • 

D 

27 
Again, if a?= -2, then y=-^ ; and so on. 



But if also we have a second equation of the same kind, such 
as 3a;+4y=24, 

we have from this y= — -r — (2). 

If now we seek values of x and y which satisfv both equa- 
tions, the values of y in (1) and (2) must be identical 

rm- r 23-2a? 24-307 

Therefore — - — = — -. — . 

o 4 

Multiplying up, 92 - &f= 120 - 1507 ; 

.-. 707=28; 

07 = 4. 

Substituting this value in the 'first equation, we have 
8+5y=23; 
.-. 5y=15; 

.-. y=3, 1 

and 07=4. J 

Thus, if both equations are to be satisfied by the same values 
of 07 and y, there is only one solution possible. 
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101. Definition. When two or more ejjuations are satis- 
fied by the same values of the unknown quantities they are called 
siniTiltaneous equations. 

"We proceed to explain the different methods for solving simul- 
taneous equations. In the present chapter we shall confine our 
attention to the simpler cases in which the unknown quantities 
are involved in the first degree. 

102. In the example already worked we have used the 
method of solution which best illustrates the meaning of the 
term simultaneous equation; but in practice it will be foimd that 
this is rarely the readiest mode of solution. It must be borne 
in mind that since the two equations are simultaneously true, 
ani/ equation formed by combining them will be satisfied by the 
values of x and y which satisfy the original equations. Our 
object will always be to obtain an equation which involves one 
only of the unknown quantities. 

103. The process by which we get rid of either of the im- 
known quantities is called elimination, and it must be effected 
in different ways according to the nature of the equations pro- 
posed. 

Example 1. Solve Sx + 7y=27 (1), 

5x + 2y=16 (2). 

To eliminate x we multiply (1) by 6 and (2) by 3, bo as to make 
the coefficients of x in both equations equal. This gives 

15j; + 352/=135, 

15x+ 6y=48; 

tuhtracting^ 29y = 87 ; 

.-. y = 3. 
To find Xy substitute this value of y in either of the given 
equations; 

Thus from (1) 3ar + 21 = 27 ; 

.% x=2, 
and y 



:J} 



Note. When one of the unknowns has been found, il; is immate- 
rial which of the equations we use to complete the solution. Thus, 
in the present example, if we substitute 3 for j^ in (2), we have 

6a; + 6=16; 
.'. a:=2, as before. 
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Example 2. Solve 7x + 2y=^7 (1). 

5a;-4y= 1 (2). 

Here it will be more convenient to eliminate y. 
Multiplying (1) by 2, 14x + 4y = 94, 
and from (2) 6a; - 4y = 1 ; 

adding, 19a; = 96; 

.-. j;=6. 
Substitute this value in (1), 

.-. 36 + 2« = 47; 



a; = 5.J 



and 

Note. Add when the coefficients of one unknown are equal and 
unlike in sign; gubtract when the coefficients are equal and like in 
sign. 

Example 3. Solve 2x = 5y-\-l (1), 

24-7a;=32/ (2). 

Here we can eliminate x by substituting in (2) its value obtained 
from (1). Thus 

24-|(6y + l) = 3y; 

.-. 48-35y-7=6y; 
.-. 41=41y; 

and from (1) x=3.J 

104. Any one of the methods given above will be found 
suffiicient ; but there are certain arithmetical artifices which will 
frequently shorten the work. The most useful of these will be 
shewn in the following examples. 

Example 1. Solve 171a; -213y = 642 (1), 

114x-326i/ = 244 (2). 

Noticing that 171 and 114 contain a common factor 67, we shall 
make the coefficients of x in the two equations equal to the least 
common multiple of 171 and 114 if we multiply (1) by 2 and (2) by 8. 
Thus 342a; -426y= 1284, 

342a; -978y = 732; 
subtracting, 552^ = 652; 

that is, y^^A 

wheace x^o,S 
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Example 2. Solve 127a: + 69y = 1928 (1), 

69a: + 127y= 1792 (2). 

By addition, 186a: + 186y = 3720 ; 

.•. a:+y=20 (3). 

Snbtraoting (2) from (1), 68a: - 68y = 136 ; 

.-. ^-y=2 (4). 

Thus, by an easy combination of (1) and (2), the problem ig 
reduced to the solution of the equations (3) and (4). From these we 
obtain by addition 2a: =22, and by subtraction 2^=18. 
Therefore a: = 11, and y = 9. 



EXAMPLES Xm. a. 

Solve the equations : 

1. 3a?+4y=10, 2. d7+2y=13, 3. 4a?+7^=29, 

4r+y=: 9. 3a7+y=14. a?+3y=ll. 

4. 2a7-y= 9, 5. 5a?+6y=17, 6. 2a7+y=10, 
3d7-7y=19. &r+5y=16. Va7+8y=63. 

7. 8a7-y=34, 8. 15a7+7y=29, 9. 14ar-3y=39, 
07+8^=53. 9a:+15y=39. ai:+l7y=35. 

10. 28a?-23y=33, 11. 35:c+17y=86, 12. 15a:+77y=92, 
63a:-25y=101. 5&r-13y=17. 55a?-33y=22. 

13. 5a7-7y=0, 14. 21a? -503^= 60, 15. 39a7-8y=99, 
7a?+5y=74. 2&F-27y=199. 52a7-15y=80. 

16. 5^=7y-21, 17. 6y-5a:=18, 18. aF=5y, 

21a7-S^=:76. 12a?-9y=0. 13a?=8y+l. 

19. 3a7=7y, 20. 19^+l7y=0, 21. 93^+15y=123, 
12y=5x-l. 2a?-y=53. 15jf+9^=201. 

105. We add a few cjases in which, before proceeding to solve, 
it will be necessary to simplify the equations. 

Example 1. Solve 6 (a: + 2y)-(3a: + lly) = U (1), 

7a:-9y-3(a;-4y)=38 (2). 

From(l) 6x+10y-3a:-lly=14; 

.'. 2a:-y=14 (3). 

From (2) 7x - 9y - 3a; + 12y=38; 

.-. 4a:+3y=38 (4). 

From (3) 6a?-8y=42 

and hence we may find a; =8, and y=2. 
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E^ampU 2. Solve 3x-?^ = ^^l? (1), 

^^-1(2.-6)=,..: (2). 

Clear of fractions. Thns 
from (1) 42a;-2y + 10=28a:-21; 

.-. 14x-2y=-31 (3). 

From (2) 9y + 12-10a;+25=15y; 

.-. 10x + 6y=37 (4). 

Bliminating y from (3) and (4), we find that 

_JL4 

^~ 13* 

Eliminating x from (3) and (4), we find that 

_207 

2^— 26* 

Note. Sometimes, as in the present instance, the valne of the 
second unknown is more easily found by elimination than by substi- 
tuting the value of the unknown already found. 



EXAMPLES Xm. b, 

1. ^^.,=16, 2. f .-1=5, 3. 1-y^Z. 

ar+f=14. ^-y=4. x--^'=S. 

4. «-y=6, 5. |+f=10, 6. «=3^, 

1-1=2. |H.y=60. |+y=34. 

4*-y=20. ia:+iy=3. iy-3*=8. 

10. f+|=i?, 11. a*-7y=o, 12. f-|=o, 

;r+|=4f. f*+|y=7- 3*+iy-17. 

H. A. 6 
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15. £+3^8^^3(^)_ jg_ ^-1=6.-1(^-8=0. 
O 4 o io t 

106. In order to solve simultaneous equations which contain 
two unknown quantities we have seen that we must have two 
equations. Similarly we find that in order to solve simultaneous 
equations which contain three unknown quantities we must have 
three equations. 

Rule. Eliminate one of the unknovms from any pair of the 
equations, and then diminafe the same unknown from another pair. 
Two equations involmng two wiknowns are thus obtained, which may 
be solved by the rules already given. The remaining unknoivn is 
then found by substituting in any one of the given equations. 

Example 1, Solve &x + 2y-5z = lS (1), 

Sx + dy-2z = 13 (2), 

7a; + 52/-3z=26 (3). 

Choose y as the unknown to be eliminated. 
Multiply (1) by 3 and (2) by 2, 

18a? + 6y-162!=39, 
6a: + 6y- 4;2; = 26; 

subtracting, 12x-llz=13 ..(4). 

Again, multiply (1) by 6 and (3) by 2, 

30x + l%- 25^=65, 
14x + 10y- 6z = 62; 

subtracting, 16a;-19;2;=13 (5). 

Multiply (4) by 4 and (5) by 3, 

48a;-44z=62, 

48j:-57« = 39; 

subtracting, 13z = 13 



« = 1,) 
:r=2, 

y=3.) 



and from (4) 

from (1) y 

Note. After a little practice the student will find that the solution 
may often be considerably shortened by a suitable combination of the 
proposed equations. Thus, in the present instance, by adding (1) and 
(2) and subtracting (3) we obtain 2x-4z=0t or x=2z. Substituting 
in (1) and (2) we have two easy equations in y and z. 
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Example 2. Solve |-l=|+l=^+2, 

3 + 2-^^' 

From the equation ^ ' ^ ^ I "*" ^> 
we have 3x-y=12 , (1). 

Also, from the equation ^ - 1==- + 2, 
we have 7x-2z=42 (2). 

And, from the equation | + « = 13, 

wehave 2y + 3z=78 (3). 

Eliminating z from (2) and (3), we have 
21a? + 4y=282; 
and from (1) 12a; - 4y = 48 ; 

whence a; =10, ^ = 18. Also by Bubstitntion in (2) we obtain z=14. 

Example 3. Consider the equations 

5a:-3y- z = 6 ....'. (1), 

iar-7y+3« = U (2), 

7a;-4y = 8 (3). 

Multiplying (1) by 3 and adding to (2), we have 
28a:-16y = 32, 
or 7a;-4y = 8. 

Thus the combination of equations (1) and (2) leads us to an 
equation which is identical with (3), and so to find x and y we have 
but a single equation 7x-iy = 8, the solution of which is indeter- 
minate. [Art. 100.] 

In this and similar cases the anomaly arises from the fact that 
the equations are not independent; in otiier words, one equation is 
deducible from the others, and therefore contains no new relation 
between the unknown quantities which is not already implied in the 
other equations. 

EXAMPLES X 1 1 r , c. 

1. a;+2y+a?=ll, 2. a7+3y+4?=14, 

2a?+y +z = 7, a?+2y+ «= V, 

ap+4y+2 =14. 207+ y+a?=: 2. 

6—2 
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3. 


a?+4y+32=l'7, 
3a7+3y+ 0=16, 
ar+2y+ «=11. 




4. 


3a7-2y+«==2, 
2a7+3y-«=6, 

^+ y+«=6. 


5. 


ar+ y+ «=16, 
jF+2y+ «=9, 
07+ y+22!=3. 




6. 


a?-2y+32=2, 
2a?-3i3^+ 0=1, 
307- y+22=9. 


7. 


3ar+2y- «=20, 

2j?+%+6i!=70, 

a?- y+62=41. 




8. 


2a7+3iy+42;=20, 
ar+4y+52=26, 
3ar+5^+6s=31. 


9. 


aa?--^=62-16, 
4a?- y- «= 5, 
^=3y+2(a;-l). 




10. 


6ar+2y=14, 
y-62=-15, 
ar+2y+2=0. 


11. 


.-1=6, 




12. 


y+2 0+^ ^+y 
4 ~ 3 "" 2 ' 




,-l-e. 






.r+y+«=27. 




.-1=10. 








13. 


3 2''^ 
y+;?=2a:+l. 


-4a;, 


14. 


2ar+3y=5, 
20- y=i, 
■70?- 92=3. 


15. 


|(a7+0-5)=y-£ 


p 


16. 


07+20=1^+10 




=2a;- 


11 




= 22+5 




=9- 


(ar+22). 




:=110-(y + 2). 



♦lOY. Definition. If the product of two quantities be equal to 
unity, each is said to be the reciprocal of the other. Thus if 
a6=l, a and h are reciprocals. They are so called because 

a=^, and 6=- ; and consequently a is related to h exactly as 

6 is related to a. 

The reciprocals of x and y are - and - respectively, and in 

solving the following equations we consider - and - as the un- 
known quantities. 
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8 Q 

Example 1. Solve ---=1 (1), 

X y 

10 6 

— + -=7 (2). 

X y ^ ' 

Multiply (1) by 2 and (2) by 3; thus 

16 18_ 

30 18 ^^ 
— + —=21; 

« y 

46 
adding, —=23: 

X 

multiplying up, 46 = 23ar, 

x=2; 
and by substituting in (1) , y = 3. 

Example 2. Solve — + i-l = l m 

2a: 4y 3z 4 ^ ' 

i=4 -(2). 

i-4^'=4 (»)• 

clearing of fractional coefficients, we obtain 

from(l) 5 + 3_1^3 (4j 

from (2) ?-i =0.. (6), 

from (3) ^ _ ? + ??=32 (6). 

X y z ^ ' 

Multiply (4) by 16 and add the result to (6); we have 

105 . 42 __ 
— + —=77; 
X y 

dividing by 7 — + -=11 (7); 

X y 

from (6) T-l=°' 

X y 

.'. —=11; 

X 

.". x= 

from (5) y 

from (4) z 



^ 
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* EXAMPLES XUl. 


d. 




- 1-^^' 

M- 


X y ' 
X y 


3. 


L2-f=2, 

?-?=0. 
X y 


4. 5 + 16=79, 

X If 

16 1 AA 

=44. 


^ 21 12 
A* y 

1 i_ 1 

y a?~42' 


6. 


5 + ? = 30, 

^ y 

?-5=2. 

0? y 






9. 


^ + ?^=42, 
X y ' 

14 15 

X y'- ' 


9y-22^=§. 


y 2^ 


12. 


2y-x=4xy, 

1-5=9. 
y a: 


13. i- 1+4=0, 

-^-i+i=o, 

2-+-3=14. 


14. i + i + l= 

l+?_i. 

.V^^^25 


=36, 
= 28, 
=20. 


-- 9 2 6 3 
15. = 

X y z X 


~y + 2«-^- 







CHAPTER XIV. 

Pboblems leading to Simultaneous Equations. 

108. In the Examples discussed in the last chapter we have 
seen that it is essential to have as many equations as there are 
unknown quantities to determine. Consequently in the solution 
of problems which give rise to simultaneous equations, it will 
always be necessary that the statement of the question should 
contain as many independent conditions as there are quantities 
to be determined. 

Example 1. Find two numbers whose difference is 11, and one- 
fifth of whose sum is 9. 

Let X be the greater number, y the less; 

Then x-y = ll (1), 

Also ^=9, 

or a: + y=45 (2). 

By addition 2a; =56; and by subtraction 2y=S4t, 
The numbers are therefore 28 and 17. 

Example 2. If 15 lbs. of tea and 17 lbs. of coffee together cost 
£3. 58. 6d., and 25 lbs. of tea and 13 lbs. of coffee together cost £4. 68. 2d. ; 
find the price of each per pound. 

Suppose a pound of tea to cost x shillings, 

and coffee ... y 

Then from the question, we have 

16aj + 17y=66J (1), 

25x + l^y = 8^ (2). 

Multiplying (1) by 5 and (2) by 3, we have 
75x + 86y=327i, 
75a;+39y=258J. 
Subtracting, 46^=69, 

And from (1) 15a;+25i=65i, 

whence 15x=40; 

.-. a?=2|. 
.-. the cost of a pound of tea is 2} shillings, or 28, Sd., 
and the cost of a pound of coffee is H shillings, or Is, 6d, 
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Example 3. A person spent 15«. 2d, in buying oranges at the rate 
of 3 for twopence and apples at fivepence a dozen ; if he had bought 
five times as many oranges and a quarter of the number of apples he 
would have spent £2. 4/. 2d, How many of each did he buy? 

Let X be the number of oranges, and y the number of apples. 

^2x 
X oranges cost -^ pence, 

y apples cost ~ pence, 

•••|-^g=i«2 w- 

» • r * rr 2 10a? 

Agam, 5x oranges cost 5a; x ^ , or -^ pence, 
o o 

and I apples cost | ^ Tg » ®' ^ pence, 



..i5£ + f|=530 (2). 



3 ^48 
Multiply (1) by 6 and subtract (2) from the result; 

■■•(i-^)-» 
... ».». 

.-. y=192, 
and from (1) x = 153, 

Thus there were 153 oranges and 192 apples. 

Example 4. If the numerator of a fraction is increased by 2 and 
the denominator by 1, it becomes equal to f ; and, if the numerator 
and denominator are each diminished by 1, it becomes equal to i : 
find the fraction. 

Let X be the numerator of the fraction, y the denominator ; then 
the fraction is - . 

y 

From the first supposition, 

— = - (1) 

from the second, 

x-1 1 

y-l = 2 (2). 

These equations give a; = 8, ^ = 15. 

Q 

Thus the fraction is t-= . 

15 
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Example 5. The middle digit of a nnmber between 100 and 1000 
is zero, and the sum of the other digits is 11. If the digits be reversed, 
the number so formed exceeds the original number by 495 : find it. 

Let X be the digit in the units' place, 

y hundreds' place; 

then, since the digit in the tens' place is 0, the number will be 
represented by lOOy + ar. [Art. 81, Ex. 4.] 

And if the digits are reversed the number so formed will be 
represented by lOOar+y. 

.% 100x + y-(100y+x)=A95, 

or 100a; + y-1002/-a:=495; 

.-. 99a:-99y=495, 

that is, x-y=5 (1). 

Again, since the sum of the digits is 11, and the middle one is 0, 

we have x + y = ll (2). 

From (1) and (2) we find x=8, y=3. 
Hence the number is 308. 



EXAMPLES XIV. 

1. Find two numbers whose sum is 34, and whose difference is 10. 

2. The sum of two numbers is 73, and their difference is 37; 
find the numbers. 

3. One third of the sum of two numbers is 14, and one half of 
their difference is 4 ; find the numbers. 

4. One nineteenth of the sum of two numbers is 4, and their 
difference is 30 ; find the numbers. 

5. Half the sum of two numbers is 20, and three times their 
difference is 18; find the numbers. 

6. Six pounds of tea and eleven pounds of sugar cost £1. 38. 8(7., 
and eleven pounds of tea and six pounds of sugar cost £1. 18s. 8^ 
Find the cost of tea and sugar per pound. 

7. Six horses and seven cows can be bought for £250, and thirteen 
cows and eleven horses can be bought for £461. What is the value of 
each animal? 

8. A, Bt Cy D have £290 between them; A has twice as much as 
Ct and B has three times as much as D ; also G and D together have 
£50 less than A. Find how much each has. 

9. A, B, C, D have £270 between them; A has three times as 
much as C, and B five times as much as D; also A and B together 
have £50 less than eight times what C has. Find how much each 
has. 
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10. Four times B*s age exceeds A*6 age by twenty years, and one 
third of A^B age is less than f s age by two years : find their ages. 

11. One eleventh of -4's age is greater by two years than one 
seventh of B% and twice fs age is equal to what A^s age was 
thirteen years ago: find their ages. 

12. In eight hours A walks twelve miles more than JB does in 
seven hours; and in thirteen hours B walks seven miles more than A 
does in nine hours. How many miles does each walk per hour? 

18. In eleven hours C walks 12} miles less than D does in twdve 
hours ; and in five hours D walks d| miles less than G does in seven 
hours. How many miles does each walk per hour? 

14. Find a fraction such that if 1 be added to its denominator it 
reduces to i, and reduces to | on adding 2 to its numerator. 

16. Find a fraction which becomes ^ on subtracting 1 from the 
numerator and adding 2 to the denominator, and reduces to I on sub- 
tracting 7 from the numerator and 2 from the denominator. 

16. If 1 be added to the numerator of a fraction it reduces to -J^ ; 
if 1 be taken from the denominator it reduces to f : required the 
fraction. 

17. If f be added to the numerator of a certain fraction the frac- 
tion will be increased by -gV, and if ^ be taken from its denominator 
the fraction becomes | : find it. 

18. The sum and the difference of a number of two digits and of 
the number formed by reversing the digits are 110 and 54 respectively: 
find the numbers. 

19. The sum and the difference of a number of two digits and of 
the number formed by reversing the digits are 143 and 27 respectively: 
find the numbers. 

20. A certain number of two digits is three times' the sum of its 
digits, and if 45 be added to it the digits will be reversed: find the 
number. 

21. A certain number between 10 and 100 is eight times the sum 
of its digits, and if 45 be subtracted from it the digits will be reversed: 
find the number. 

22. A man has a number of pounds and shillings, and he observes 
that if the pounds were turned into shillings and the shillings into 
pounds he would gain £5. 14«. ; but if the pounds were tum^ into 
half sovereigns and the shillings into half-crowns he would lose 
£1. Ids. 6(2. What sum had he? 

28. In a bag containing black and white balls, half the number 
of white is equal to a third of the number of black; and twice the 
whole number of balls exceeds three times the number of black balls 
by four. How many balls did the bag contain? 
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24. A number consists of three digits, the right hand one being 
zero. If the left hand and middle digits be interdianged the nmnber 
is diminished by 180 ; if the left hand digit be halved and the middle 
and right hand digits be interchanged the number is diminished by 
454. Find the number. 

26. The wages of 10 men and 8 boys amount to £1. 17<. ; if 4 
men together receive Is. more than 6 boys, what are the wages of each 
man and boy ? 

26. A grocer wishes to mix spice at 88. a pound with another sort 
at 58. a pound to make 60. pounds to be sold at 60. a pound: what 
quantity of each must he take? 

27. A traveller walks a certain distance; had he gone half a 
mile an hour faster, he would have walked it in four-fifths of the 
time : had he gone half a mile an hour slower, he would have been 
2^ hours longer on the road. Find the distance. 

28. A man walks 35 miles partly at the rate of 4 miles an hour, 
and partly at 5 ; if he had walked at 5 miles an hour when he walked 
at 4, and vice vers&, he would have cx)vered two miles more in the 
same time. Find the time he was walking. 

29. Two persons, 27 miles apart, setting out at the same time are 
together in 9 hours if they walk in the same direction, but in 3 hours 
if they walk in opposite direotions : find their rates of walking. 

30. A family, consisting of three adults and five children, spends 
in food £1. lis. 6d a week. Distress, however, comes when they can 
afford only £1 per week, and the food of each adult is diminished by 
one-half, and of each child by one-third. Find the cost per week of 
an adult and of a child. 

81. If I lend a sum of money at 6 per cent., the interest for a 
certain time exceeds the loan by £100 ; but if I lend it at 3 per cent., 
for a fourth of the time, the loan exceeds its interest by £425. How 
much do I lend ? 

32. A takes 3 hours longer than B to walk 30 miles ; but if he 
doubles his pace he takes 2 hours less time than B : find their rates of 
walking. 



CHAPTER XV. 

Involution. 

109. Definition. Involution is the general name for multi- 
plying an expression by itself so as to find its second, third, 
fourth, or any other power. 

Involution may always be effected by actual multiplication. 
Here, however, we shall give some rules for writing down at 
tonce 

(1) any power of a simple expression ; 

(2) the square and cube of any binomial ; 

(3) the square of any midtinomial. 

110. It is evident from the Rule of Signs that 

(1) no even power of any quantity can be negative; 

(2) any odd power of a quantity will have the same sign as 
the quantity itself. 

Note. It is especially worthy of notice that the square of every 
expression, whether positive or negative, \r positive. 

111. From definition we have, by the rules of multiplication, 

(a2)3=a2.a2. a2=a2+2+2 ^ ^e. 

(-3a3)4=(-3)*(a3)*=81ai2. 

Hence we obtain a rule for raising a simple expression to any 
proposed power. 

Rule. (1) Raise the coejicient to the required power by Arith- 
metic, and prefix the proper sign found hy Art, 35. 

(2) Multiply the iiidex of every factor of the expresxwn by the 
ea:po7ient of the power required. 
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Examplet, (1) (-2a;«)» =-32a:". 

(2) (-3a63)«=729a«6« 

^^ \3xV ""SlarV' 
It will be seen that in the last case the nnmerator and the denomi- 
nator are operated npon separately. 

EXAMPLES XV. a. 

Write down the square of each of the following expressions : 



1. 


3ai». 


2. 


cfic. 


3. 


5. 


4a«6»««. 


6. 


5:ry- 


7. 


9. 


4aiyA 


10. 


-5„*. 


11. 


13. 


7a6 
3 • 


14. 


3a»6» 


15. 


17. 


5aJ» 
2^' 


1& 


13c»«'. 


19. 



7ah^. 


4 


116203. 


3y3- 


8, 

12. 


4 
3^* 


1 

2a?y' 
1 
4a*' 


16, 
20, 


-2^2. 

3a« 
5^- 



Write down the cube of each of the following expressions : 
21. 2a6a. 22. ar^. 23. 4^7*. 24 -3a36. 

25, -5a62. 26. -fts^a^. 27. -6a«, 28, '-2af<^. 

Write down the value of each of the following expressions : 
33. (3a«6»)*. 34. (-a%)«. 35. i-2x>yY. 36. (^Y. 

^- (v)'- -,©■• "• (-?)'•«•(%■ 

112. By multiplication we have 

(a+6)2=(a+6)(a + 5) 

=a2+2a6 + 62 (1), 

(a-6)3=(a-6)(a-6) 

=a2-2a6+62 (2). 

These results are embodied in the following rules : 

Rule 1. The sqitare of the sum of two qttantittes ts egrual to 

the sum of their sqv/ires increased hy twice their product. 

Rule 2. The square of the difference of two quantities is equal 

to the sum of their squares diminished htf twice their product. 
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Example 1. (x+2y)*=sx'^-\-2.x.2y+{2y)^ 

=x^-k-4xy + ^\ 
Example 2. (2a» - 36«)«= (2a»)» - 2 . 2a» . 362 + (352)1 
' =4a«-12a»6« + 96*. 

113. These rules may sometimes be conveniently applied to 
find the squares of numerical quantities. 

ExampU 1. The square of 1012 = (1000 + 12)^ 

= (1000)« + 2 . 1000 . 12 + (12)« 
= 1000000 + 24000 + 144 
= 1024144. 

Example 2. The square of 98 = (100 - 2)> 

= (100)«-2.100.2 + (2)« 
= 10000-400 + 4 
=9604. 

The work is oonsiderably shortened by the omission of the first 
two steps.. 

114. We may now extend the rules of Art. 112 thus : 
(a+6 + c)2={(a+6) + c}2 

-= (a + 6)2 + 2 (a + 6) o + c2 [Art. 112. Eule 1.] 

= a2+62_,_c2+2a6 + 2ac+26c. 
In the same way we may prove 
(a-6+c)2=a?+&2+c2_2a6 + 2ac-26c 
(a+6+c + fl02=a2_|_52+c2+flF«+2a6 + 2ac+2a<3?+26c + 26c?+2cfl?. 

In each of these instances we observe that the square con- 
sists of 

(1) the sum of the squares of the several terms of the given 
expression ; 

(2) twice the sum of the products two and two of the several 
terms, taken with their proper signs ; that is, in each product 
the sign is + or - accordmg as the quantities composing it 
have like or unlike signs. 

Note. The square terms are always positive. 

The same laws hold whatever be the nmnber of terms in the 
expression to be squared. 

Rule. To find the square of any mtdtinomial: to the sum of 
the squares of the several terms add twice the product {with tne 
proper sign) of each term irUo each of the terms thaifoUow it. 
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Ex. 1. {x-2y-Zzy=x^ + 4y^ + 9z*-2.x.2y-2.x.Bz + 2,2y.dz 
=a?« + 4y« + 9a" - ixy - 6xz + 12yz, 

Ex. 2. (l + 2a?-3ar»)«=l+4x« + ac*+2.1.2a;-2.1.8x»-2.2x.3a:8 
= l+4c2 + 9a:4 + 4x-6a;»-12ar» 
= l + 4x-2a;2_i2a;8 + 9a^, 

by collecting like terms and rearranging. 

EXAMPLES XV. b. 

Write down the square of each of the following expressions : 

1. a+36. 2. a- 36. 3. JF-5y. 4. 2^ + %. 

5. 3a7-y. 6. 3a7+5y. 7. 9a7-2y. 8. 5a6-(7. 

9. pq-r. 10. x-ahc. 11. aar+2i3^. 12. 55^-1. 

13. a-6-c. 14. a + 6-c. 15. a+26+c. 

16. 2a-36 + 4c. 17. a^-y^-z\ 18. a75r+3^;5+2iF. 

19. Sp-2q+4r. 20. a^^-ar+l. 21. 2a?« + 3jF-l. 

22. ^-y+a-6. 23. 2x+3i/+a-2b. 24. m-w-p-gr. 

25. |a-26+|. 26. |-36-|. 27. |^-^+|. 

115. By actual multiplication, we have 

{a+bf=(a+b)(a+b)(a+h) 
=a»+3a26+3a62+63. 

Also {a-bf=a^-3a^b+3ab^-b^. 

By observing the law of formation of the terms in these 
results we can write down the cube of any binomiaL 

Example 1. {2x + y )» = (2a?)8 + 3 (2jc)« y + 3 (2a:) y^ + y^ 

= 8x3 + i2a;2y + 6xt/« + y\ 
Example 2. [Bx - 2a«)» = (3a:)» - 3 {Bx)^ (2a^) + 3 (Bo:) (2a2)« - (2a«)» 

= 27x3 - 64x2a2 + 36xa* - Sa*. 

EXAMPLES XV. c. 

Write down the cube of each of the following expressions : 
1. x+a. 2. x-a. 3. x-2y. 4. 2^+y. 

5. 3x-by. 6. ab^-c. 7. 2a6-3c. 8. 5a -be. 

9. ^17244^2. 10. 4a;2-5y2. 11. 2a3-362. 12. 5^-4/. 

13. a-|^. 14. 1 + 2. 15. ^-3x. 16. |+2^% 



CHAPTER XVI. 

Evolution. 

116. The root of any proposed expression is that quantity 
which being multiplied by itself the requisite nmnber of times 
produces the given expression. [Art. 157] 

The operation of finding the root is called Evolation: it is 
the reverse of Involution. 

117. By the Kule of Signs we see that 

(1) any even root of a positive quantity may be either positive 
or negative; 

(2) no negative quantity can have an even root ; 

(3) every odd root of a quantity has the same sign as the 
quantity itselt 

Note. It is especially worthy of notice that every positiye 
quantity has two square roots equal in magnitude, but opposite in 
sign. 

Example. V(9a*a;«)=±3ax'. 

In the present Chapter, however, we shall confine our atten- 
tion to the positive root. 

JExamples. (1) ^{a*b*)=a^b^. 

(2) ^{-afi)=.-z\ 

(8) i/(c««)=c^. 

(4) Ay(81a;i2)=3a;». 

118. Hence we obtain a general rule for extracting any pro- 
posed root of a simple expression : 

BuLE. (1) Mnd the root of the coeficient by Arithmetic, and 
prefix the proper sign found by Art. 35. 

(2) Divide the exponent of every factor of the expression by the 
index of the proposed root. 

Examples. (1) */{ - 64x«) =-4a^. 

(2) ;/(16a8) = 2a2. 

« ^/(S>S■ 

It will be seen that in the last case we operate separately upon the 
nxmierator and the denominator. 
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EXAMPLES XVL a. 

Write down the square root of each of the following ex- 
pressions : 



1. 4a^bK 
6. 81aW 



2. 
6. 

10. 



13. -~ 



14. 



9. 64tafi^^\ 

324^ 
'l69y« • 

Write down 
pressions : 
17. 27a663c3, 18. 

^12^9 

"125" 



IOOj^. 
36 

81a" 
36612 • 



3. 

7. 

11. 
15. 



a«>6Wc*. 

16 • 
25&cy 
289^1* ' 



4. 
8. 

12. 
16. 



16a*6«c«. 
a86V2. 
28V 
25 • 
400a*06«> 



the cube root of each of the following ex- 



21. 



22. 



-8ai2^,9^ 
8i^ 
V'29y« • 



19. 
23. 



125a36e 



20. 
24. - 



-343a«6«. 



25. 
28. 

31. 



216^/" 
Write down the value of each of the following expressions ; 



4^(729aW6e). 
y 128 



26.. U{x^y^), 
29. 4^(256a8^*). 



27. 
30. 



32 ''A''^ 33 V 

^^- V 6100 • *5. ^^ 



4^(32^^10). 



119. To find the square root of a compound expression. 

Since the square of a+6 is a^+2ah + h\ we have to discover 
a process by which a and 6, the terms of the root, can be found 
when a* + 2a6 + 6^ is given. 

The first term, a, is the square root of a*. 

Arrange the terms according to powers of one letter a. 
The first term is a\ and its square root is a. Set this down as the 
first term of the required root. Subtract a^ from the given 
expression and the remainder is 2ab+b^ or (2a +6) x 6. 

Thus, 6, the second term of the root, will be the quotient 
when the remainder is divided by 2a +6, 

This divisor consists of two terms : 

1. The double of a, the term of the root already found. 

2. 6, the new term itself. 

The work may be arranged as follows : 

a2+2a6 + 62(a + 6 
a2 



2a+6 



2a6+62 
2a6 + 62 



H. A. 



93 . ALGSBRA. . 

Example 1. Find the square root of 9a:' - i2xij + 49y'. 



Oj?* - 42xy + 49y* (3ar - 7y 
9x« 



^x-7y' 



-42j:y+49y* 
-42a:y + 491/2 



Explanation. , The squaxe roo.t of 9a;2 is Sx, and this is the first 
term of the root. - 

By donbling this we obtain 6x, which is the first term of the 
divisor. Divide - 4^xy, the first term of the remainder, by 6a? and 
we get - 7yi the new term in the root, which has to be annexed both 
to the root and divisor. Next multiply the complete divisor by - 7y 
and subtract the result from the first remainder. There is now no 
remainder and the root has been found. 

The iH-ocess can be extended so as* to find the squave root of any 
multinomial. The first two terms of the root will be obtained as 
before. When> we have brought down the second remainder, the first 
part of the new divisor is obtained by doubling the terms of the root 
already found. We then divide the first term of the remainder by 
the first term of the new divisor, and set down the result as the next 
term in the root and in the divisor. We next multiply the complete 
divisor by the last term of the root and subtract the product from the 
last remainder. If there is now no remainder the root has been 
found ; if there is a remainder we continue the process. 

Example 2. Find the square root of 

25x^a^ - 12xa^ + 16x* + 4a* - 24ar8a. 
Rearrange in descending powers of x, 

16a;» - 24a;»a + 25a^a* - 12xa^ + ia* {ix^ - 3xa + 2a« 



8x« - Sxa 
ar2-6xa + 2a« 



16a:* 

24a:»a + 26a:«a* 



-24a:3a+ 9a:*a» 

16x^d^-12xa^ + ia* 
16a;%2_i2xaS + 4a* 



Explanation, When We have obtained two terms in the root, 
4ar* - Sxa, we have a remainder 

16a:9aa-12a;aS + 4a*. 

Double the terms of the root already found and place the result, 
8a;'-6xa, as the first part of the divisor. Divide 16a:V, the first 
term of the remainder, by 8a:*, the first term of the divisor ; we get 
+ 2a« which we annex both to the root and divisor. Now multiply 
the complete divisor by 2a' and subtract. There is no remainder and 
the root is found. 
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EXAMPLES ZVL b. 

Find the square root of each of the following expressions : 



L 


^ + 4a?y+4y2. 


2. 


9a2+12a6+46«. 


3. 


a^-lOanf+25y^, 


4. 


4^-12^+9y«- 


5. 


81^+18fl7y+y2, 


6. 


25a^-Z0an/+9yK 


7. 


a:*-2a7^2+y*. 


8. 


l-2a3+a«. 


9. 


a*-2a3 + 3a2-2a+l. 


10. 


4^- iar3+29a;«-30ar+25. 


11. 


907* -12^ -2^+4^+1 


. 12. 


:r*-4^+&r2-4^+l. 


13. 


4a*+4a3-7a2-4a+4. 


14. 


l-iaF+27^-10a^+:r*. 


15. 


4a;a+9y2 + 25i;2+12^- 


S0yz-20a;z. 



16. l&p64.i6^7_4j;8_4<i4>+^io, 

17. ^-22a7*+34a;3 + 121^ -374^+289. 

18. 25a:* - 30flW73 + 49^2^ _ 24a3^ + 16a*. 

19. 4ir*+4a;y - 12a^«2r3+/ _ tyh^+9^. 

20. ea62c-4a26c+a262+4a2c3+962c2_l2a&c2. 

21. - 662c2 + 9c4 + 64 _ i2c2a2 + 4a* + 4a262. 

22. 4a7*+9y*+13a7y-6^-4:F^. 

23. 67^+49+9a:*-70^-30i7a. 

24. l-4^+10a,^-20a;3 + 25^- 24^6+16076. 

25. 6aca^+462j;4+a2o7io+9c2_i26ca72-4a6a;'.^ 

[Arts. 120, 121, and Examples xyi. c. may be postponed until 
Chap. xxiv. has been read. ] 

*120. When the expression whose root is required contains 
fractional terms, we may proceed as before, the fractional part 
of the work being performed by the rules explained in Chap. xii. 

*121. There is one important point to be observed when an 
expression contains powers of a certain letter and also powers of 
its reciprocal. Thus in the expression 

2o7+-,+4 + 073+5 + 7j^ + -^, 

the order of descending powers is 

073 + 7072 + 207 + 4 + 5 + i+J; 

and the numerical quantity 4 stands between x and - . 

The reason for this arrangement will appear in Chap. xxx. 

7—2 
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IGt/^ Sx z^ \ 
Example. Find the sqnare root of 24 + — ^ + "a " ' 

Arrange the expression in descending powers of y. 
x^ X y y^\x y 






% 



-4 







-i 




8-§? + £ 
o H -« 



^-8 + 

X 



Here the second term in the root, -4, arises from division of 

by — , and the third term, - , arises from division of 8 by — ; 

X '^ X ' y ^ X ' 

thus83=8xi^ = ^. 
X ^y y 

^EXAMPLES XVI. c. 

Find the square root of each of the following expressions : 



1. 


^-3^+9. 

4 








2. 


4-^H-^. 

y y^ 


3. 


25^ 5 ^^• 








4. 


J'' y 


5. 


4y> y+*- 








6. 




T., 


64r» , sac , . 
S^^ + 3y+^- 








8. 


9^ 25 
25^+9^- 


9. 


a* a3 

64 + ^-»+^- 








10. 


4 


U. 


-3a»+^+a«- 


---§ 


a2. 


12. 


"--^-f 


13. 


M-^S-- 


-5 




14. 


:^-2^+^- 


15. 


T*^+T+ 


9 


-20^- 


4aa: 
~3 


• 





2^1(S' 
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9a^ 6a 101 4x 4a^ 
^®- a^ ba?"*" 25" I5a'^ 9a^* 

16 4 4 

17. 16m* + ^m2n+8m2+-w2+- 71+1. 

18. 4r*+32a;8+96 + ?^ + '^. 

[The rest of the Chapter may be postponed until Chap. xxyn. has 
been read.] 

*122. To find the cube root of a compound expression. 

Since the cube of a+6 is a^+Sa^ft + Sa^^+fts, we have to 
discover a process by which a and h, the terms of the root, can 
be found when a^+Sa^ft+Saft^+t^ is given. 

The first term a is the cube root of a\ 

Arrange the terms according to powers of one lettei* a ; then 
the first term is a^, and its cube root a. Set this down as the 
first term of the required root. Subtract a^ from the given 
expression and the remainder is 

3a26+3a62+63 or (3a2+3a6+62)x6. 

Thus 5, the second term of the root, will be the quotient 
when the remainder is divided by Sa^+Saft+ft^. 
This divisor consists of three terms : 

1. Three times the square of a, the term of the root already 
foimd. 

2. Three times the product of this first term a, and the new 
term 6. 

3. The square of 6. 

The work may be arranged as follows : 

a3+3a26+3a62+2>3 (^^^ 
a3 



3(a)2 =3a2 
3xax6= +3a6 

{hf = +^ 

3a2 + 3a6 + 62 



3a26+3a62+6^ 
3a26 + 3a62+6' 



Example 1. Find the cube root of 8a:* - 36x^ + bAxy^ - 27y'. 

8x3 _ 36a.2y + 54^2 _ 27^3 (2a; ^ 3y 
8a;' 

36a;2i/ + 54a;2/'«-27y» 



3(2a:)« =12a;« 

3x2xx(-3i/)= -18a:y 

(-3j^)2= +9y» 

12a;2-18a:y + 9y2 



-3Ca:2y + 54a;y«-27y» 
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I 
4! 



I I 



I 



+ 

1 

i 



+ 

O 



I 
I 



s 



+ 



^41 



I I 



SI 



1! II II 

coco 

X X 

coco 



5 



•^ + I 

+ 

11 II II 



s 



X X 

COO) 



•?s" 



.9 I 



I 
I 



I 



-I 
I 







ml 

fl ^ S p. 

« ©'^ a 









.•m S ■" 
o ° ^ S 



;|§ 



g fl w S^o 
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♦EXAMPLES XVL d. 

Find the cube root of .each of the following expressions : 
1. as+3a2+3a+l. 2, ^+6^+12^+8. 

3. a^a^-Za^xY-^-^^oucf-y^. 4. 8wi3- 12m2+6w-l. 

5. 64a3 - \AAaV) + 108a62 - 27^3. 

6. l+3a:+&c2+7a;3+6^^3^^^ 

7. l-6a7+21^-44r3+63a7*-54r6 + 27^. 

8. aH6a26_3a?c+12a62_i2a5c+3ac«+863-1262c+66c2-c3. 

9. 8a« - 36a« + 66a* - 63a' + 33a2 - 9a + 1. 

10. y»-3y6+6y*-7y3+6y2-3y+l. 

11. 8:c«+ 12^ - 3007*- 35^+45a;2+27:F- 27. 

12. 27a:«-54^a+117^a2- Iiar3«3+ii7^^4_54^a6^27a«. 

13. 27^-27a:«-l&i?*+17a^+6j^-3a?-l. 

14. 24a?*3^2 4.96^^_6^^+^_9g^ys^g4y,_5g^ 

15. 216 + 3420^2+ 171a:* + 27a?«-27j^-109a:3_ 108^. 

*123. We add some examples of cube root where fractional 
terms occur in the given expressions. , 



Example. Find the cube root of 64 - 27ar' + -^ - -^ . 

x^ x^ 

Arrange the expression in ascending powers of x, 

8 



3a; 



©■ 



3x 



2 

3x -g x(-ar) = 



12 



(-ar)« 



18 

X 



+ 9a;2 



s-?*»^ 



-?? + 54-27a;* 
a;* 



•~ + 64-27x» 
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^EXAMPLES XVI e. 

Find the cube root of each of the following expressions 1 

^•8 4^2 - , 27 3 ^*^^°- 

3. 8^_4^h|-/-|;. 4. g^. 2^^9.-8. 

5. ^-9a;+~-^. 6. ^-6^+12a%3_8y«. 

o ^-3 :r8 . 18 27 . 27 

8. ^^---+2^-7+-^---,+^. 

- 3?^ 12^ 54r 108a 48^2 8a3 

,^ 64a3 I92a2 240a ,^^ ^x 12^ . a;» 

10. — » :^- + 160 + r + "3 • 

a? x^ X a a^ a? 



ah ¥ b^ a^ a^ 

-o 60:c* 80^ 90^^&c»^108^ o^^^®^ 

y* yi y2 y6 y y6 

* 1 24. Before leaving the subj ect of Evolution it may be useful 
to remark that the ordinary rules for extracting square and cube 
roots in Arithmetic are based upon the Algebraical methods we 
have explained in the present Chapter. 

Example 1. Find the square root of 5329. 

Since 6329 lies between 4900 and 6400, that is between (70)« and 
(80)^, its square root consists of two figures and lies between 70 and 
80. Hence, corresponding to a the first term of the root in the 
Algebraical process of Art. 119, we here have 70. 

The analogy between the Algebraical and Arithmetical methods 
will be seen by comparing the cases we give below. 

a2 + 2a6 + 62(a + 6 5329(70+3 = 73. 

^ 4900 

2ai-b 



2ab + b» 140 + 3=143 1429 

2ab + 6« 429 
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Example 2. Find the square root of 53824. 

Here 53824 lies between 40000 and 90000, that is between (200)* 
and (300)^ 

a h e 
53824 (200 + 30 + 2 = 232. 
40000 
13824 



2a + b 400 + 30=430 



12900 



2(a + b) + c 460 + 2=462 1924 

924 



Example 3. Find the cube root of 614125. 

Since 614125 lies between 512000 and 729000, that is between (80)< 
and (90)', therefore its cube root consists of two figures and lies 
between 80 and 90. 

a + 6 
614125(80 + 5=85. 
612000 

3a»=3x(80)» =19200 

3 xax 6 = 3x80x5= 1200 

62= 5x5= 25 



20425 



102125 
102125 



In Arithmetic the ciphers are usually omitted and there are 
also several other modifications of the Algebraical rules. It 
would be out of place to discuss these fully here : some reference 
will be made to them in Chap, xxix. 



CHAPTER XVII. 
Resolution into Factors. 

125. Definition. When an algebraical expression is the 
product of two or more expressions each of these latter quantities 
IS called a factor of it, and the determination of these quantities 
is called the resolution of the expression into its factors. 

In this chapter we shall explain the principal rules by which 
the resolution of expressions into their component factors may be 
effected. 

126. When each of the terms which compose an expression 
is divisible by a common factor, the expression may be simplified 
by dividing each term separately by this factor, and enclosing 
the quotient within brackets; the common factor being placed 
outside as a coefficient. 

Example 1. The terms of the expression 3a' - 6a& have a common 
factor 3a; 

.•. 3a«-6a6 = 3a(a-26). 

Example 2. 5a^bx^ - 15abx^ - 20h^x^ = 5bx^ {a^x - 3a - 46«). 

EXAMPLES ZVn. a. 

Resolve into factors : 
1. a^-ax. 2. a^-a^. 3. 2a-2a2. 4. a^-ab\ 

6. Tp^+p* 6. 8^-2a;2^ 7. bas-ba^a^. 
8. Sa^ + a^. 9. a;^ + a:y. 10. aP^-a^y, 11. bx-'^ba^ij, 
12. 15 + 25^. 13. 16a7 + 64ry 14. 15a2-225a*. 

15. 64-81^. 16. 10a;3-25a7*y. 17. Zjfi-a^->fX, 

18. 6^+2a?*+4^. 19. x^-ahf-^-xyK 

20. 3a*-3a36+6a262. 21. 'loth^-^s^y^^'Lvf, 

22. 6a;3_9^2y + i2^y2, 23. bs^ -\^^a? -Xba^aP^, 

24. 7a-7a3 + 14a*. 25. ^a^ofi^b^a^x^. 
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127. Expressions which contain four terms may sometimes 
be resolved into factors by arranging the terms in suitable pairs. 

Example 1. Besolye into factors x^-ax-^-bx- ab. 

Noticing that the first two terms contain a factor x, and the last 
two terms a factor b, we enclose the first two terms in one bracket, 
and the last two in another. Thus, 

x^ - ax + bx - db={x^ - dx) + {bx - ab) 

=x {x - a) + b (x - a) (1) 

= {x-a){x + b), 
since each bracket of (1) contains the same factor x-a. 

Example 2. Besolve into factors Gx^ - 9ax + 4bx - 6a&. 
6ar' - 9ax + ^bx - 6a6 = (Cx' - 9ax) + (46x - 6ab) 
= Sx {2x - 3a) + 26 (2a; - 3a) 
= (2a? -3a) (3a: + 26). 

Example 3. Besolve into factors 12a' - 4ab - 3ax^ + 6a;'. 
12a'-4a6-3aa;» + 6a;'=(12o'-4a6)-(3aa?'-6x') 
=4a(3a-6)-a;»(3a-6) 
= (8a-6)(4a-ar«). 

Note. In the first line of work it is usually sufficient to see that 
each pair contains some common factor. Any suitably chosen pairs 
will bring out the same result. Thus, in the last example, by a 
different arrangement, we have 

12a« - 4a6 - 3ax2 + 6a;« = (12a» - 3aa;«) - (4a6 - 6a:*) 
=3a(4a-a:3)-6(4a-a:») 
=:(4a-a:«)(3a-6). 
The same resiQt as before, for the order in which the factors of a 
product is written is of course immaterial. 

EXAMPLES XVn. b. 

Resolve into factors : 

1. a^ + ab+ac+bc, 2. a^-ac+ab-bc. 

3. a^c^+acd+(d)c + bd, 4. a^+Sa+ac + Sc, 

5. 2x+cx+2c + c^. 6. ai^-ax+bjs-ba. 

7. 5a+a6+56 + &2. 8. ab-by-ay^-y^ 

9. ax-bx-aa->fbz, 10. jor+gr-^-g^*. 

11. mx-my-nx-\-ny, 12. Tox-ma+nx-na. 

13. 2ax+ay + 2ibx + by, 14. 3ax-bx-Zay + by. 
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15. ^3i^-\-Zxy-2ax-dy, 16. nuc-^my-nx + ^ny, 

17. aa^-Zhxy-axy-^ZhyK 18. a^ + mxy-Axy-Amy'^, 

19. aa^+6jc2+2a+26. 20. a^-Zx-xy-^Zy, 

21. 2a,^-4^+4r-2. 22. 3^+5^+307+5. 

23. ;F* + :p3 + 2a7+2. 24. 3^-/+y-l. 

25. axy-\-hcxy-az-hcz. 26. f^x^+g^a^-ag^-af\ 

27. '2,ax^-\-Zaxy-2hxy-Zby\ 28. amx^->rhmxy--an3sy — hny\ 

29. ax-hx+hy + cy-cx-ay, 

30. a2j? + a6a?+ac+a6y+62y+6c. 

128. Before proceeding to the next case of resolution into 
factors the student is advised to refer to Chap. v. Art. 44. At- 
tention has there been drawn to the way in which, in forming 
the product of two binomials, the coefficients of the different 
terms combine so as to give a trinomial result. Thus, by Art. 44, 

. (.r + 5)(a7+3)=a72+8^ + 15 (1),- 

(jp-5)(^-3)=jc2_8a;+15 (2), 

(a? + 5)(a7-3)=jp2+2a?-15 (3), 

(a?-5)(:r+3)=^2_2a?-15 (4). 

We now propose to consider the converse problem ; namely, 
the resolution of a trinomial expression, similar to those which 
occur on the right-hand side of the above identities, into its 
component binomial factors. 

By examining the above results, we notice that : 

1 . The first term of both the factors is x, 

2. The product of the second terms of the two factors is 
equal to the third term of the trinomial; e.g. in (2) above we 
see that 15 is the product of -5 and -3; while in (3) -15 is 
the product of + 5 and - 3. 

3. The algebraic sum of the second terms of the two factors 
is equal to the coefficient of x in the trinomial; e.g. in (4) the 
sum of -5 and +3 gives -2, the coefficient of x in the tri- 
nomial. 

The application of these laws will be easily understood from 
the following examples. 

Example 1. Eesolve into factors x^ + llx + 24. 

The second terms of the factors must be such that their product 
is +24, and their sum +11. It is clear that they must be +8 
and +3. 

.-. a;2 + iiaj + 24 = (a; + 8)(ar+3). 
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Example 2. Besolve into factors x^ - lOx + 24. 

The second terms of the factors mnst be snch that their product 
is +24, and their sum - 10. Hence they must both be negative^ and 
it is easy to see that they must be - 6 and - 4. 

.-, x^ - IOj: + 24= (x - 6) (a: - 4). 

Example 3. a:' - 18a; + 81 = (a: - 9) (a; - 9) 
= {x-9)^. 

Example 4. a:* + 10a:2 + 26 = (a;2 + 6)(a;2 + 6) 
= (a:2 + 6)«. 

Example 5. Besolve into factors x* - lloa; + lOa*. 
The second terms of the factors must be such that their product 
is + lOa^, and their sum - 11a. Hence they must be - 10a and -^ a, 
/. x2-llaa; + 10a2=(a:-10a)(a;-a). 

NoTB. In examples of this kind the student should always verify 
his results, by forming the product {mentally t as explained in Chap, v.) 
of the factors he has chosen. 



EXAMPLES XVU. c. 



Resolve into factors : 

1. a2 + 3a+2. 2. 

4. a2_7a+i2. 5. 

7. 072-1907+90. 8. 

10. o^»-21o:+108. 11. 

13. a^-19x + S4, 14. 

16. 078+20:?: + 96. 17. 

19. 0^ + 2307+102. 20. 

22. aH 30a +225. 23. 

25. a2-14a6+4962. 

27. m2-13mw + 40n2. 

29. o^-23o;2/+132y2. 

31. 0^+8072+7. 

33. o?y-1607y + 39. 

35. 07^2 + 34^+289. 

37. a2-20a6o:+ 7562072. 

39. a2-29a6+5462, 

41. 12-707 + 072, 

43. 132-23o7+o?2. 

45. 130+31o;2^+.t72^2. 

47. 204-29072+07*, 



a2 + 2a+l. 3. a2 + 7a+12. 

072-1107 + 30. 6. 072-1507 + 56. 

072+1307+42. 9. 072-2I07+IIO. 

072-21O? + 80. 12. 072 + 2107 + 90. 

072-1907+78. 15. 072- 1807+45. 
072-2607+165. 18. 0^-2107+104. 
a2-24a + 95. 21. a2-32a+25G. 
a2+54a+729. 24. a2-38a + 361. 

26. a2+5a6+662. 

28. m2-22m7i + 1057i2. 

30. 072-260:3^ + 169/. 

32. 07*+9o;2/+142^. 

34. 072+4907^ + 600/. 

36. a46*+37a262+30O. 

38. 072 +43.ry+ 3903^2. 

40. 07*+162o72+6561. 

42. 20+907+072, 

44. 88 + 1907+072. 

46. 143-24o7a+072a2. 

48. 216+3507+0:2. 
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129. Next Qonsider a case where the third tenn of the tri- 
nomial is negative. 

Example 1. Eesolve into factors a;' + 2« - 36. 

The second terms of the factors must he snch that their product 
is - 35, and their algebraical sum + 2. Hence they must have opposite 
signs, and the greater of them must be positive in order to give its 
sign to their sum. 

The required terms are therefore 4-7 and - 5. 
.-. a;« + 2a;-35=(ar + 7)(x-5). 

Example 2. Besolve into factors x^-3x- 54. 

The second terms of the factors must be such that their product 
is - 54, and their algebraical sum - 3. Hence they must have opposite 
signs, and the greater of them must be negative in order to give its 
sign to their sum. 

The required terms are therefore - 9 and + 6. 
.-. a;2-3a;-54 = (a;-9)(x + 6). 

Remembering that in these cases the numerical quantities 
must have opposite signs, if preferred, the following method may 
be adopted. 

Example 3. Resolve into factors x^y^ + 2Bxy - 420. 

Find two numbers whose product is 420, and whose difference is 23. 
These are 35 and 12 ; hence inserting the signs so t^at the positive 
may predominate, we have 

a;V + 23xy-420 = (ay + 35){ajy-12). 



EXAMPLES ZVn. d. 

Resolve into factors : 

1. a^-a;-2y 2. a;^+a:-2. 3. a;^-x-e. 

4. a^+x-6. 6. .r2-2a?-3. 6. x^+2j:-3. 

7. a^ + a;-56, 8. a!^+3x-40, 9. x^-Ax-\2. 

10. a2-a-20. 11. a2-4a-21. 12. a2+a-20. 

13. a^-Aa-lVl. 14. ^3+907-36. 15. ^+^-156. 

16. x^^x-llO. 17. :c2-9a?-90. 18. x^-x-2^. 

19. a2-12a-85. 20. a*- 11a -152. 21. 47^-5^-24. 

22. ^ + 7ay-602^2. 23. ^+a^-42a2. 24. ^-32^3^-105^2, 

25. a2- ay -2103^2 26. ^ + 18ar-115. 27. ^-20^^-962^2. 
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28. ^+16^7-260. 29. a2-lla-26. 30, ay + 14ay-240. 

31. a*-a262-566^ 32. a!^-l4^-bl, 33. t/*+6x^f-27j^, 

34. a^b^-3ahc-l0(^, 35. a^+l2abx-28b^ar^. 

36. a^-lScuffy-24Za^f, 37. :F* + 13a2^2_3ooa*. 

38. af^-a^a^-l32a\ 39. ^ - a^o^^ - 462a*. 

40. ^+^1^-870. 41. 2+a;-a^. 42. e+^-a;^. 

43. UO-a;-a^. 44. 380-a?-a;2. 45. 120-7<Mr~a2i:>. 

46. 65+8a2^-^/. 47. 98-7^-a?2. 48. 204-5^-;r2. 

130. We proceed now to the resolution into factors of tri- 
nomial expressions when the coefficient of the highest power is 
not unity. 

Again, referring to Chap. v. Art. 44, we may write down the 
following results : 

(3^+2)(^+4) = 3a72 + 14:F+8 (1), 

(3a:-2)(^-4) = 3^-14^+8 (2), 

(aa7-l-2)(a;-4) = 3^2_io^_8 (3)^ 

(3^-2)(a;+4) = 3a72+10x-8 (4). 

The converse problem presents more difficulty than the cases 
we have yet considered. 

Before endeavouring to give a general method of procedure 
it will be worth while to examine in detail two of the identities 
given above. 

CJonsider the result 3^2 _ 14^ ^ g = (3<p - 2) (^ _ 4). 

The first term 3^7^ is the product of 3a; and a;. 

The third term +8 -2 and -4. 

The middle term - 14.r is the result of adding together the 
two products 3^ X - 4 and j? x - 2. 

Again, consider the result Sa^ - 10^ - 8 = (3^7+ 2) (s - 4). 

The first term Sa;^ is the product of 3^ and 47. 

The third term -8 +2 and -4. 

The middle term - 10^ is the result of adding together the 
two products 3^7 X - 4 and 07 x 2 ; and its sign is negative because 
the greater of these two products is negative. 

131. The beginner will frequently find that it is not eajsy to 
select the proper factors at the first trial. Practice alone will 
enable him to detect at a glance whether any pair he has chosen 
will combine so as to give the correct coefficients of the expres- 
sion to be resolved. 
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Example, Resolve into factors 7x^ - 19a: - 6. 

Write down {7x 8) {x 2) for a first trial, noticing that 3 ani 2 
must have opposite signs. These factors give 7x^ and -6 for the 
first and third terms. But since 7x2-3x1 = 11, the combination 
fails to give the correct coefiicient of the middle term. 

Next try (7a? 2){x 3). 

Since 7x3-2x1 = 19, these factors will be correct if we insert 
the signs so that the negative shall predominate. 

Thus 7a;*-19a;-6 = (7a; + 2)(a;-3)- 

[Yerify by mental multiplication.] 

132. In actual work it will not be necessary to put down all 
these steps at length. The student will soon find that the differ- 
ent cases may be rapidly reviewed^ and the unsuitable combina- 
tions rejected at once. 

It is especially important to pay attention to the two follow- 
ing hints : 

1. If the third term of the binomial is positive, then the 
second terms of its factors have both the same sign, and this sign 
is the same as that of the middle term of the trinomial. 

2. If the third term of the trinomial is negative, then the 
second terms of its factors have opposite signs. 

Example h Besolve into factors l^c^ + 29a; - 15 (1 ), 

14xa-29x-15 (2). 

In each case we may write down (7a; 3) (2x 5) as a first trial, 
noticing that 3 and 5 must have opposite signs. 

And since 7 x 5 - 3 x 2= 29, we have only now to insert the proper 
signs in each factor. 

In (1) the positive sign must predominate, 

in (2) the negative 

Therefore lix^ + 29a; - 15 = (7x - 3) (2a; + 5). 

14a;2 - 29x - 16 = (7x + 3) (2a; - 5). 

Example 2. Resolve into factors 5a;2+ 17a; + 6 (1), 

5a;2-17a; + 6 (2). 

In (1) we notice that the factors which give 6 are both positive. 

In (2) negative. 

And therefore for (1) we may write (ox-\- ) {x+ ). 

(2) {5x- )(x- ), 

And, since 5 x 3 + 1 x 2= 17, we see that 

5x2+17x + 6 = (5a; + 2)(a? + 3). 

5a;« - 17a; + 6 = (5a; - 2) (a; - 3). 
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Note. In each expression the third term 6 also admits of factors 
6 and 1; but this is one of the cases referred to above which the 
student would reject at once as unsuitable. 

Example 3. 9x^ -iBxy + 64y^=i{Bx -Qy) {Sx ~Qy) 

= (3x-8y)2. 
Example 4. 6 + 7x'-5x^={B + 5x){2-x), 

EXAMPLES XVIL e. 

Besolve into factors : 



1. 


2a!^ + Sa;+l. 


2. 


3072 + 507 + 2. 


3. 


2072 + 6O7 + 2. 


4. 


3a?2+ 10^+3. 


5. 


2072 + 907 + 4. 


6. 


J072+807+4. 


7. 


2a/^+7a:+G. 


8. 


2o?2+ 1107+6. 


9. 


3o72+llo;+6. 


10. 


5^+1107+2. 


11. 


2o72+3o?-2. 


12. 


3072 + 07-2. 


13. 


4a^+Ua;-3, 


14. 


3072+ 1407-6, 


16. 


2o^»+15o7-a 


16. 


2a^-x--i, 


17. 


3072+707-6. 


18. 


2o72+o?-2a 


19. 


3j;3+iai;-30. 


20. 


6o;2 + 7^_3. 


21. 


6o72-7or-a . 


22. 


3a;«+7a7+4. 


23. 


3072+2307+14. 


24. 


2072-07-15. . 


25. 


3a?2 + 19a;-14. 


26. 


3072- 1907-14. 


27. 


6072 -3107+35. 


28. 


4a^+x-l4. 


29. 


3072-1307+14. 


30. 


3o;2+4i-p+26. 


31. 


4^^+2307+16. 


32. 


2072-507y-3y2, 


33. 


8o72-38o7+35. 


34. 


12a?a-23^+10y2. 


35. 15072+22407-15. 


36. 


15^-77^+10. 




37. 12072 


-31o; 


-15. 


38. 


24^2 + 2207-21. 




39. 72072 


-14507+72. 


40. 


24or«-29oy-V. 


41. 2-3o7-2o7«. 


42. 


3+1107-4^. 


43. 


6 + 5o?-6o72. 


44. 


4-547-6072. 


45. 


5+32o7-21o72. 


46. 


7 + 10o7+ar2. 


47. 


18-3307+5^. 


48. 


8 + 607-5072. 


49. 


20-9o7-20.r2. 


50. 


24+37o7-72o?2. 



133. By multiplying a + 6 by a - 6 we obtaia the. identity . 
(a+6)(a-6)=a2-62, 

a result which may be verbally expressed as follows : 

The product of the sum and the differeThce of any two quantities 

is equal to the difference of their squares. 

Conversely, the diff^ence of the squares of any two quantities 

is equal to the prodiict of the sum and the difference of the two 

quantities. > . 

Thus any expression which is the difference of two st[U4re& 

may at once be resolved into factors. i : 

H. A. ' ' 8 ' 
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Example, Besolye into factors 26a;' - 16y'. 
25a?«-16y2=(5ar)2-(4y)«. 
Therefore the first factor is the sum of 5a; and 4y, 
and the second factor is the difference of 5a; and 4y. 
.-. 26a;»-16y»=(6a; + 4y)(5a;-4y). 

The intermediate steps may usually be omitted. 
Example. 1 - 49c«= (1 + 7c') (1 - 7c»). 

The difference of the squares of two numerical quantities is 
sometimes conveniently found by the aid of the formula 
a2-62=:(a+6)(a-6). 

ExampU. (329)« - (171)'= (329 + 171) (329 - 171) 
=500x158 
= 79000. 

EXAMPLES ZVn. f. 

Besolve into factors : 

1. ^-4. 2. a2-81. 3. y2-100. 4. c«-144. 

5, 9-a2. 6. 49-c8. 7. 121-4^. 8. 400-0*. 

9. xi-9a\ 10. y2-25A'2. 11. 36a^»-2562. 12. 9a^-l. 

13. 36p2-49^8. 14. 41:2-1. 15. 49-lOOifca. 

16. 1-26^. 17. a2-462. 18. 9^-/. 

19. p2^-36. 20. a^h^-4(^. 21. ^-9. 

22. 9a* -121. 23. 25^-64. 

25. afi-26. 26. l-36a«. 

28. 81x«-25a2. 29. ^a2-49. 

31. a^b^-9a/^. 32. a^-4. 

34. 4-^. 35. 9-4a2. 

37. ^-1662. 38. a^»-25y2. 

40. 25-64a;2. 41. 121a2-81^. 

43. 64a;2_252«. 44. 49a;* -16/. 

46. 16a;W-9y^. 47. 36x^-49a}K 

49. 25;rW-i6a«. 50. a^b*<fi-x^^ 

Find by resolving into factors the value of 

51. (576)2 -(425)2. 62. (121)2- (120)2. 53^ (750)2 - (250)«. 

54. (339)2 -(319)2. 55. (753)2 - (253)2. 56. (101)2 - (99)2. 

57. (1723)2- (277)2. 58. (1639)2 -(739)2. 

59, (1811)2 -(689)2. 60. (2731)2 -(269)2, 

61, (8133)2- (8131)^ 62. (10001)2-1, 



24. 


81a*-49j;«. 


27. 


dx^-a*. 


30. 


o«-64««. 


33. 


1-a^l^. 


36. 


9a«-25M. 


39. 


1-1006*. 


42. 


p'q'-e^tc^. 


45. 


81p4«»-256«. 


48. 


l-100a«6<c». 
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134. When one or both of the squapes is a compound quan- 
tity the same method is employed. 

Example 1. Besolve into factors (a + %b)^ - l^x\ 
The sum of a + 26 and ix is a+ 26 +4x, 
and their difference is a + 26 - 4x. 

,-, (a + 26)2-,16a;2==(o + 26 + 4ar)(a + 26-4x). 

Example 2. BesolFe into factors x* ^ (26 - 8c )^. 
The sum of x and 26 - 3c is a;+ 26 - 3c, 

and their difference is a; - (26 - 3c) = x - 26 + 3c. 
.-. x2 ^ (26 - 3c)2= (x + 26 - 3c) (x - 26 + 3c). 
If the factors contain like terms they should be collected so as 
to give the result in its simplest form. 

Example 3. (3x + 7y)' - (2x - 3y)« 

= {(3x + 7y) + (2x - Sy)} {(3x + 7y) - (2x - 3y)} 
=(3x + 7y + 2x-3y)(3x + 7y-2x + 3y) 
= (5x + 4y)(x+10y). 



EXAMPLES ZVn. g. 

Resolve into factors : 



1. 

4. 

7. 
10. 
13. 
15. 
17. 
19. 
21. 
23. 
25. 
27. 
29. 

30. 
33. 
35. 



2. 
5. 



(a+6)2-c«. 

(a7+2y)2-a2. 

(a?+5c)2~l. 

9a^-(2a-36)«. 
c«- (5a -36)2. 
(a-6)2_(^+y)s. 

(6-c)2-(a-ar)2. 

(a+26)2-(3a:+4y)« 

(a-6)2-(^_y)2^ 



(a-6)2-c2. 3. (x+ify-4zK 

(a+36)2-iar2. 6. {x+5ay-9y\ 
8. (a- 2^0* -62. 9. (2a7-3a)2-9c2. 
11. ^-(y+^)2. 12. 4a2-(y-^)«. 
14. l-(a-6)2. 
16. (a+6)2-(c+<^2. 
la (7a;+y)2-l. 
20. (a~n)2-(6+m)2. 
22. (4a+a:)2-(6+y)2. 
24. 1- (7a -36)2. 
26. (a-ar)2-16y2. 
28. (a+6-c)2-(ar-y+^)-. 



(2a -5.17)2-1. 
(3a+26)2~(c+x-2y)2. 
Besolve into factors and simplify : 
(j?+y)2-^. 31. x^-{r/-xf, 32. (^+3y)2-4y2. 
(24rr+y)2-(23^-y)2. 31 (6a?+2y)2-(3:F-y)2 

9^-(ar-5y)2. 36. (7.r+3)2- (5^-4)2, 

8-^2 
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37. (3a+l)2-(2a-l)2. 38. 16a2-(3a + l)2. 

39. (2a+6-c)2-(a-6+c)2. 40. {x-ly+zf-Oy-zf. 

41. {x+y-^)^-{x-^)K 42. {2,x+a-2f-{Z-2xf. 

135. By suitably grouping together the terms, compound 
expressions can often be expressed as the diflference of two 
squares, and so be resolved into factors. 

Example 1. Resolve into factors a* - 2ax +x*- 46'. 
a«-2aa: + ar«-46«=(o«-2ax + ar2)-462 
= (a-a;)«-(26)2 
= (a - a; + 26) (a -X - 26). 

Examiple 2. Eesolve into factors 9a' - c' + 4cx - 4a;'. 
9a2 - c* + 4ca; - 4a;2 = 9a' - (c' - 4ca; + 4x') 
=^(3a)'-(c-2x)' 
= (3a + c - 2a;) (3a - c + 2a:). 

Example 3. Resolve into factors 12a;y + 25 - 4a;' - 9y'. 
12a;y + 25 - 4a;' - 9y'=25 - (4a;' - 12xy + 9y') 
= (5)«-(2a;-3y)« 
= (5 + 2a; ~ 3y) (5 - 2a; + 3y). 

Example 4* Resolve into factors 26«l -o'-c'+6' + d' + 2ac. 

Here the terms 26<2 and 2ac suggest the proper preliminary 
arrangement of the expression. Thus 

26d-a«-(j2 + 6' + d« + 2ac = 62 + 26<f + d'-a2 + 2ac-c' 
= 6' + 26<f + d'-(a'-2ac + c«) 
= (6 + <f)'-(a-c)' 
= (6 + d + a-c)(6 + d-a+c). 

EXAMPLES ZVn. h. 

Resolve into factors : 



1. ^+2a?y+y2_a2. 

3. ^2-6aa?+9a2^1662. 

7. x^-a^-2ah-h\ 

9. l-x»-2ay-y*. 

11. Jr8+y2+2^^4p2y2^ 



2. a2-2a6 + 62-^. 

4. 4a2+4a6+62_9ca. 

6. 2ay+a2+y'-^. 

8. y2-c«+2ca:-a?a. 

10. c«-^-y«+2a3^. 

12. a2-4a6-h462-9a2c2. 



13. a^-h2jty+y»-a2-2a6-6V 14. a«-2a5+6«-c«-2c<^-cis. 
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15. j^-4ax+4a^-h^+2b2f-tfK 

16. y^+2bi/+b^-a^-6ax'-9a^. 

17. a^-2jc + l-a^~4ab-4b^. 

18. 9a2-6a + l-^-8cZa?-16(i2. 

19. ai^-a^+f'-b^~2xi/+2ab, 

20. a^ + b^-2ah-c^-cP-2cd, 

21. Ax^-Uax-c^-k^-^ck+da^. 

22. a2+66a;-962a;2-10a6- 1 + 2562. 

23. a*-25a^+8a2^-9+30d:' + 16a;<. 
21 ;r*-.a72-9-2a2d72+a*+ar. 

136. If we divide a' + 6^ by a + 6 the quotient is a2 - a6 + 62. 
and if we divide a^ - 6^ by a - 6 the quotient is a2+a6+62. 
We have therefore the following identities : 
a3+63=(a+6; '^-ab + b^); 
a^-^b^=(a-b] (a^+ab+b^). 
These results are very important, and enable us to resolve into 
factors any expression which can be written as the sum or the 
difference of two cubes. 

Example 1. 8a;S - 27y3 = (2a;)3 - (3y)» 

= (2a; - 3y) (4c» + 6xy + dy^. 
Note. The middle term &xy is the product of 2x and Sy. 

Example 2. 64a' + 1 = (4a)3 + (l)s 

= (4a + l)(16a8-4a + l). 

"We may usually omit the intermediate step and write down, 
the factors at once. 

Examples, 

(1) 343a« - 27x3= {7a^ - Sx) (49a* + 21a«x + 9x2). 

(2) 8x9 + 729 = (2x»+9)(4x«-18x3^81). 

EXAMPLES XVn. k. 

Resolve into factors : 

1, a^-f, 2. ^+y3. 3. J^-l. 4. l+a\ 

5. Sj^-f, 6. ^+V- 7. 27a;3+i. g. l-8y3. 

9. a363-c3. 10. Sa^+272/K 11. l-34ar3. 12. 64+^. 

13. 125+a'. 14. 216-a». 15. a36«+512. 16. 1000/-1. 



Il8 ALGEBRA. 

17. ^+64/. 18. 27-1000ar3. 19. a^b^+2l6c^. 

20. 343 -ar3. 21. a^+21U^. 22. 21a^-e4f. 

23. 125a;3-l. 24. 216p3-343. 25. .r^'+^l 

26. a^ftV-l. 27. 34.3:p»+1000y3. 28. "72903 -6463. 

29. 8a36H125^. 30. ^y3_216s3. 31. afi-27f, 

32. 64r«+125/. 33. 8:^3 -2^. 34. 216^-63. 

35. a3+34363. 36. a«+72963. 37. 8^-729/. 

38. jr?3(^-27a;3^ 39. 23^64/. 40. ;r^3_5i2. 

137. Before concluding this Chapter we shall draw attention 
to a few miscellaneous cases of resolution into factors. 

Example 1. Eesolve into factors 16a* - Blfe*. 
16a* - 816* = (4a2 + 9b^ (4a2 - 962) 

= (4a2 + 962) (2a + 36) (2a - S6). 

Example 2. Eesolve into factors x^ - y\ 

x^-y^={x^+y^){a^-y^) 

= {x-\-y){x^-xy + y^){x-y)(x^ + xy+y^). 

Note* When an expression can be arranged either as the dif- 
ference of two squares, or as the difference of two cubes, each of the 
methods explained in Arts. 133, 136 will be applicable. It will, 
however, be found simplest to first use the rule for resolving into 
factors the difference of two squares. 

In all cases where an expression to be resolved contains a 
simple factor common to each of its terms, this should be first 
taken outside a bracket as explained in Art. 126. 

Example 3. Eesolve into factors 28a;*y + Qix^y - QOxh/. 
2Sx*y + eixhf - QOx'^y = ixh^ (7x^ + IGx - 16) 
= Ax^(7x-5)(x + 3). 

Example 4. Ee'solve into factors x^ - 8y^p^ - 4xV + 322/3g*. 

The expression =2)2 (x^ - Sy^) - 4g2 {x^ _ Sy^) 
^ (a:3- 82/3) (p2_ 4^2) 

= (a; - 2y) [x^ + 2xy + 4y^) (p + 2q) (p - 2q), 
Example 6. Eesolve into factors 4a;2 - 25^2 4. 2x + 5y. 
^^-25y^ + 2x-^5y=:(2x + 5y){2x-5y) + 2x + 5y 
= [2x + 5y){2x-5y-rl). 
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L 

4. 

6. 

8. 
10. 
12. 
14. 
16. 
18. 
20. 
22. 
24. 
27. 
30. 
32. 
34. 
37. 
39. 
41. 
43. 
45. 
47. 
49. 
51. 
53. 
55. 



EXAMPLES ZVn. L 

Resolve into two or more factors : 
a2-y«-2y0-«2. 2. ofi-'fA 3. fti;«-^-77. 

729/-64a;«. 5. a;«-4096. 

2mw+2a73^+m2+»2-^-y2. 7, 3ar2-16a?-65. 



17. 
19. 
21. 
23. 



(a+6+c)2-(a-6-c)2 
j;2_i0x-119. 

21^:2+82^-39. 

c6(£3_c2-aVflP+al 

0^2 _ 6a? -247. 

aca;2 _ hcx->rodx — bd, 

;r*+4:i?2y222^.4y4^. 25. a353+5i2. 

50O^y-2P3^». 28. as-8a263. 

62+c2_a2-26c. 
14a2a;3_ 35^3-^2+ 14^4^ 

1 — (m2 + 7l2) + 2?71W. 
aF^+52a:y+6()y. 
729a?6-a6^ 
ai2-6i2. 

(a+6)*-l. 
(c+cTyS-l. 
250 (a -6)3 +2. 

a^-h^+a-b. 
a^+b^-^a+b, 
,4(a:-y)3-(j?-y). 



11. 4+4F+2ay+.a72-a2-^. 
13. a2-62_c2+c^-2(a^-6c). 
15. a2 + ^2_(y2+^2)_2(y^«a^). 

l-a2^-62y2+2a&r3^. 
a^afi-ay-b^afi+by. 

d^x — Wx->r d^y - Ihj. 

26. 2a;2+ 17^+35, 

29. a^afi'-X^iifiyK 
31. 5ar*-15^-90d;2. 
33. a^-\. 

35. 750?*- 48a*. 36. 6a*6*-5a6. 
38. 3a;2/+26aa?y+35a2, 

a^ofi-^ay. 

24^y2_ 30^3 _ 36^4, 

44. a*-(6+c)*. 
46. l-(a?-y)3. 

(c + fl?)3+(c_^3^ 

^-4y2+^-2y. 
(a + 6)2 + a + 6. 



40. 
42. 



48. 
50. 
52. 
54. 
56. 



a2-962+a+36. 



CHAPTER XVIII. 

Highest Common- Factor. 

138. Wb have already explained how to write down by 
inspection the highest common factor of two or more simple 
expressions. [See Arts. 89, 90.] An analogous method will enaole 
us readily to find the highest common factor of compound ex- 
pressions which are given as the product of factors, or which 
can be easily resolved mto factors. 

Example 1. Find the highest common factor of 
4ca^ and 2c«'+ 4c%^. 

It will be easy to pick out the common factors if the expressions 
are arranged as follows : 

4ca:'=4cx', 
2ca^ + 4c%2= 2cx» {x + 2c) ; 
therefore the H. C. F. is 2cxK 

Example 2. Find the highest common factor of 
Sa^ + 9ab, a^-9ah\ a' + Ba^ft + Ooi^. 

Besolving each expression into its factors, we have 
3a2+9a6 = 3a(a + 36), 
a8-9a62=a(a + 36)(a-36), 
a' + 6a26 + 9a62=a(a+36} (a + 36); 
therefore the H. 0. F. is a (a + 36). 

139. When there are two or more expressions containing 
different powers of the same compound factor, the student should 
be careful to notice that the highest common factor must contain 
the highest power of the compound factor which is common to 
all the given expressions. 

Example 1. The highest common factor of 

x(a-x)^t a{a-x)\ and 2ax{a-x)^ is {a-x)'. 



HIGHEST OOMMON FACTOR. 121 

Example 2. Find the highest common factor of 

. ax' + 2a^x+a\ 2ax« - 4a** - 6a', d{ax + d^^, 
Besolving the expressions into factors, we have 
ox" + 2a'x + a'* = a (x' + 2aa; + a«) 

=a{x+a)^ (1), 

2ax»-4a»«-6aS=2a(x»-2aa:-3a«) 

= 2a(a; + a)(a:-3a) (2), 

3(aj; + a2)«=3a2(x + a)« (3). 

Therefore from (1), (2), (3), by inspection, the highest common 
factor is a (x+ a). 

EXAMPLES ZVm. a. 

Find the highest common factor of 

1. a^+<ib, a^-h^. 2. {x+y)\ x^-y\ 

3. 2^-2x3r, sfi-a^. 4. 6x2-9xy, Aa^-^yK 

5. ai^+a^, ^+f' 6. a^h-aJb^, a^b^-a^b^. 

7. a^-a^x, a^-ax^j a^-aa^, 8. a^-Ax^, a^+2ax. 

9. a^bx+ah^Xy a^b-b^. 10. 2x^y--exy^, x^-9y^ 

11. a^-A a^-ax, a^x-ax\ 12. 4^+2xy, 12x^-3y». 

13. 20^-4, 50^2-2. 14. 66a7+46y, 9ac+6c3r. 

15. sfi->^Xy {x-\-\)\ 3i?-^\. 16. xy-y, xf^y-xy, 

17. x^-2xy+y\ {x-y)\ 18. a^+a^x, O^-aK 

19. x^+Qy^, a^+xy-'2,y\ 20. x/^-'^la^x, {x-Za)\ 

21. 0:8+347+2,0:8-4. 22. a^-x-^Q, a^-^x+^O.^ 

23. x2-18o:+45, 4;2_9. 24. 2^2-7a:+3, 3^-7o?-6. 

25. 12a;2 + a:-l, 15o:2+8a:+l. 26. 'i^-x-l, Za^-x-% 

27. <^a^-(Pj acx^-bcx+adx-bd. 

28. aP-xy\ x^+x^+xy+y\ 

29. a3o7-a26o?-6a62:F, a26o:2_ 4^^52.^24. 353^2, 

30. 2o;2+9a:+4, 20:2+11^+5^ 2x^-3x-2, 

31. 3o:*+8o:3+4^^ 3o:*+llo7* + 6or3, aa:*-16o:»-12.^. 

140. It will often happen that expressions cannot be readily 
resolved into factors. To find the highest common factor in such 
cases, we adopt a method analogous to that used in Arithmetic 
for finding the greatest common measure of two or more 
numbers. 



122 



ALGEBBA. 



For convenience we here repeat the definition of Art. 88. 

Definition. The highest common factor of two or more 
algebraical expressions is the expression of highest dimensions 
which divides each of them without remainder. 

Note. The term greatest common measure is sometimes used 
instead of highest common factor; but, strictly speaking, the term 
greatest common measure ought to be confined to arithmetical quanti- 
ties; for the highest common factor is not necessarily the greatest 
common measure in all cases, as will appear later. [Art. 145.] 

141. We begin by working out examples illustrative of the 
algebraical process of finding the highest common factor, post- 
poning for the present the complete proof of the rules we use. 
But we may conveniently enunciate two principles, which the 
student should bear in mind in reading the examples which 
follow. 

I. If an expression contain a certain factor, any muLtipLe of 
the expression is divisible hy th/xt factor, 

II. If two expressions have a common factor, it will divide 
their sum and their difference; and also the sum and tlie difference 
of any multiples of them. 

Example. Find the highest common factor of 

4x^-3x^-2ix-9 and Qx^-2x^-5Sx-B9. 



2x 



4x8-3x2-24x-9 
4x^-6x^- 21x 



2a;2- 3a;- 
2x^- 6x 



3a;-9 
3a;-9 



Sx^~2x^'-5Bx-S9 

8j;3-6 j; «-48j-1 8 

4i«- 6a; -21 

4a;«_ 6a; -18 



Therefore the H. C. F. is a; - 3. 

Explanation. First arrange the given expressions according to 
descending or ascending powers of x. The expressions so arranged 
having their first terms of the same order, we take for divisor Ihat 
whose highest power has the smaller coefficient. Arrange the work 
in parallel columns as above. When the first remainder 4a;^ - 5x - 21 
is made the divisor we put the quotient x to the left of the dividend. 
Again, when the second remainder 2a;^ - 3x - 9 is in turn made the 
divisor, the quotient 2 is placed to the right; and so on. As in 
Arithmetic, the last divisor x-d is the highest common factor 
required. 

142. This method is only useful to determine the compound 
factor of the highest common factor. Simple factors of the given 
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expressions must be first removed from them, and the highest 
common factor of these, if any, must be observed and multiplied 
into the compound factor given by the rule. 

Example, Find the highest common factor of 

2ix*-2x*-60x*-S2x and 18a:* - ear* - SQar* - 18a;. 

We have 24x* -2x^- 60x« - 32a; = 2a; (12a;' -x^- 30x - 16), 
and 18x* - 6a;3 _ 39^.8 _ iq^ = 3-^ (q^z _ 2x2 - 13x - 6). 

Also 2x and 3x have the common factor x. Kemoving the simple 
factors 2x and 3x, and reserving their common factor x, we continue 
as in Art. 141. 

2 



-2 



Therefore the H. C. F. is x (3x + 2). 

143. So far the process of Arithmetic has been found exactly 
applicable to the algebraical expressions we have considered. 
But in many cases certain modifications of the arithmetical 
method will be found necessary. These will be more clearly 
understood if it is remembered that, at every stage of the work, 
the remainder must contain as a factor of itself the highest 
common factor we are seeking. [See Art. 141, I & II.] 

Example 1. Find the highest common factor of 

3x5-13x2 + 23x-21 and 6xS+x2-44x + 21. 



2x 


6x3-2x«-13x-6 
6x3-8x«- 8x 


12x3-. x«-30x-16 
12x3-4x«-26x-12 


2 


6x»- 5x-6 

6x2- 8x-8 

3x + 2 


Sx2- 4x- 4 
3x«+ 2x 

- 6x- 4 

- 6x- 4 



3x8-13x2+23x-21 



6x3+ ay^-Ux + 21 

6x3-2 6x^ + 4 6x-4 2 

27x2-"90x+63 



Here on making 27x2-90x+63 a divisor, we find that it is not 
contained in 3x3- 13x2+ 23x-- 21 yfH}^ g^j^ integral quotient. But 
noticing that 27x2 - 90x + 63 may be written in the form 9 (3x2 - lOx + 7), 
and also bearing in mind that every remainder in the coarse of the 
work contains the H. C.F., we conclude that the H. C. F. we are 
seeking is contained in 9 (3x2 _ jqx + 7). But the two original expres- 
sions have no simple factors, therefore their H. C. F. can have none. 
We may therefore reject the factor 9 and go on with divisor 
8x2 - lOx + 7. Besuming the work, we have 
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-1 



3a:8-13x2+23x-21 
3x»-lCx«+ Ix 



- 3x'- + 16x- 

- 3x2 + 10x- 



21 

7 



3x2-10x + 7 X 
3x«- 7x 



- 3x + 7 

- 3x + 7 



-1 



2;6x-14 
3x- 7 

Therefore the highest common factor is 3x - 7. 
The factor 2 has been removed on the same grounds as the factor 
9 above. 

Example 2. Find the highest common factor of 

2x5+ x»-x-2 (1), 

and 3x»-2x2+x-2 (2). 

As the expressions stand we cannot begin to divide one by the 
other without using a fractional quotient. The difficulty may be 
obviated by introducing a suitable factor, just as in the last case we 
found it useful to remove a factor when we could no longer proceed 
with the division in the ordinary way. The given expressions have 
no common simple factor, hence their H. C. F. cannot be affected if 
we multiply either of them by any simple factor. 

Multiply (2) by 2, and use (1) as a divisor: 



-2x 



17x 



14 



2x3+ x«- X- 2 
7 


6x3- 4p2+ 2x- 4 
6x3+ 3^a_ 3a;_ g 


14x^+ V'x^'- 7X-14 
14x3 -10x»- 4x 


- 7x^+ 6x+ 2 
17 


Hx"- 3x-14 

17x«-17x 

14X-14 
14X-14 


-119x2 + 85x+34 

-119x« + 21x + 98 

64;64x-64 

X- 1 



Therefore the H. C. F. is x - 1. 

After the first division the factor 7 is introduced because the first 
remainder - 7x^ + 6x + 2 will not divide 2x3 + x'* - x - 2. 

At the next stage the factor 17 is introduced for a similar reason, 
and finally the factor 64 is removed as explained in Example 1. 

144. From the last two examples it appears that we may 
multiply or divide either of the given expressions, or any of the 
remainders which occur in the course of the work, by any factor 
which does not divide both of the given expressions. 

145. Let the two expressions in Example 2, Art. 143, be 
written in the form 

2^+^2_^_2 = (a?-l)(2a^»+3a?+2), 
3x3-ar2+^-2 = (j7-l)(3ar2+^ + 2). 
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Then their highest common factor is :r - 1, and therefore 2a^ + So? + 2 
and ^+x+2 have no algebraical common divisor^ If, however, 
we put ^=6, then 

2^+^-^-2=460, 
and 3a;3_2x2+^_2 = 580; 

and the greatest common measure of 460 and 580 is 20 ; whereas 
5 is the numerical value of ^- 1, the algebraical highest common 
factor. Thus the numerical values of the algebraical highest 
common factor and of the arithmetical greatest common measure 
do not in this case agree. 

The reason may be explained as follows: when ^=6, the 
expressions 2^ +30? + 2 and Za^-\-x+'2, become equal to 92 and 
116 respectively, and have a common arithmetical factor 4; 
whereas the expressions have no algebraical common factor. 

It will thus often happen that the highest common factor of 
two expressions, and their numerical greatest common measure, 
when the letters have particular values, are not the same ; for 
this reason the term greatest common measure is inappropriate 
when applied to algebraical quantities. 

EXAMPLES ZVm. b. 

Find the highest common factor of the following expressions : 

1. .^+2a^*-13^+10, ^+^2_l0a;+8. 

2. ^-5^-99^+40, ^-6x2-86^+35. 

3. a;3+2472-8x-16, a;3+3a;2_8a7-24. 

4. a^+Ax^-bx-20, 4^3+6^-647-30. 

6. 4^+3d?2-84;-24, a^+^^x^-Zx-^. 

7. a^-ba^x+lax^-Za^, a^-Zax^+^af^. 

8. x^-'3^+x+^, ai^+x^-Zx^-x+% 

9. 2a^-bx'^+nx+l, 4473 -11^:2 +254? + 7. 

10. 24^ + 44^2-7^-14, 64;3_10j;2_2l47 + 35. 

11. 34r*-34:3_2^2_^_l^ 64r*-34;3_^_^_l^ 

12. 24?* -2*3+^^ 3^ _ 6^ 44r*- 24^3+34?- 9. 

13. 3j;3_3ot^+2a247-2a3, 3^+12a4r2+2a247+8a». 

14. "ij^-^ax^+^a^x-la^ 44;3 _ 2004^2 +20a2^-16a3. 

15. 2a^+^aa^+^^x-^\ Aa^:\-Qaa^-'2.a^x-a\ 

16. 6a3+13a24;-9a4;2_ioa;3^ 9a3+12a247-lla4!2-ia»8. 
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17. 24^7^+7^5^2-6^-90^, 60:^2+ 13a;»y»-4jV- 15^- 

18. 4:c«a2+iaF*a3-60^a*+54x2a«, 2^a^+30x^a^-l26aM^, 

20. 72^:3 _i2a»8+72a2^-420a3, l&c3+42aa?2- 2820*07 +270a» 

*146. The statements of Art. 141 may be proved as follows. 

I. If F divides A it will also divide niA, 
For suppose A^^aF, then mA^maF, 
Thus ^ is a foctor of mA. 

II. If F divides A and 5, then it will divide mA ± nB, 
For suppose A=^aF^ B^hF^ 

then niA ±nB= maF ± nhF 

^F{ma±nb). 
Thus F divides mA ± nB, 

*147. We may now enunciate and prove the rule for finding 
the highest common factor of any two compound algebraical 
expressions. 

We suppose that any simple factors are first removed. [See 
Example, Art. 142.] 

Let A and B be the two expressions after the simple factors 
have been removed. Let them be arranged in descending or 
ascending powers of some common letter ; also let the highest 
power of that letter in ^ be not less than the highest power in A, 

Divide Bhy A; let jp be the quotient, and C the remainder. 
Suppose C to have a simple factor m. Remove this factor, and 
so obtain a new divisor 2>. Further, suppose that in order to 
make A divisible by D it is necessary to multiply il by a simple 
factor n. Let a be the next quotient and £ the remainder. 
Finally, divide D by E\ let r be the quotient, and suppose that 
there is no remainder. Then E will be the H.C.F. required. 

The work will stand thus : 

A)B{p 
pA 

D)nA{q 

E)D{r 
rE 
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First, to shew that J^ is a common factor of A and B, 

By examining the steps of the work, it is clear that E divides 
2), therefore also jZ>; therefore qD+E, therefore nA; therefore 
Ay since n is a simple factor. 

Again, E divides 2>, therefore mD, that is, C. And since E 
divides A and C, it also divides pA + C, that is, JS. Hence E 
divides both A and B, 

Secondly, to shew that E is the highest common factor. 

If not, let there be a factor X of higher dimensions than E, 

Then X divides A and B, therefore B - pA, that is, C; there- 
fore 2> (since m is a simple factor) ; therefore nA - qDy that is, E^ 

Thus X divides E\ which is impossible since, by hypothesis, 
X is of higher dimensions than E. 

Therefore E is the highest common factor. 

*1 48. The highest common factor of three expressions A,B,C 
may be obtained as follows. 

First determine F the highest common factor of A and B; 
next find O the highest common factor of F and C; then G will 
be the required highest common factor of A, By C, 

For F contains every factor which is common to A and B, 
and G is the highest common factor of F and C, Therefore G 
is the highest common factor of A^ By C 



CHAPTER XIX. 

Fractions. 

[On first reading the subject, the student may omit the general 
proofs of the rules given in this Chapter.] 

149. In Chapter xii. we discussed the simpler kinds of 
fractions, using the ordinary Arithmetical rules. We here propose 
to give proofs of those rules, and shew that they are applicable 
to Algebraical fractions. 

150. Definition. If a quantity x be divided into 6, equal 
parts, and a of these parts be taken, the result is called the 

fraction r <>/3t. 



If X be the unit, the fraction r of a; is called simply " the 
fraction r"; so that the fraction r represent8 a eqvLoZ parts, b of 



a 

t"; so that the ^ ^' 
which make up the unit, 

--- a ma , . ... 

151. To prove that r = ~t: > '^f^ere a, b, m are positive integers. 

By T we mean a equal parts, b of which make up the unit ... (1) ; 

by — r^ ma mh (2). 

But b parts in (1) = mb parts in (2) ; 

.'. 1 part =:w 

,'. a parts .... =wia . 

.... a ma 

that IS, 5=^. 

^ I ma a 

Conversely, ^ = y 
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Hience we liave the following rule : 

Rule I. The value of a fraction is not altered if we mvltiplij 
or divide the numerator and de^wminator by the same quantity. 

An algebraical fraction may therefore be reduced to an equi- 
valent fraction by dividing numerator and denominator by any 
common factor; if this factor be the highest common factor, the 
resulting fraction is said to be in its lowest terms. 



Example 1. Beduce to lowest terms 



2^a?c^x^ 



ISa^ay^-Via'x^' 



2^a\^x^ 



2Aa^c^x^ 



l%a}^x^ - 12a2a;3 ~ QaH^ (3a - 2x) 
__ 4ac' 
"■3a-2a;* 



Example 2. Beduce to lowest terms 



6x2-6 



9xy-12y2 



6ar»- 



Sxy _ 2a;(3a;- 
3t/(3a:- 






2x 



9xy-12y^~ 

Note. The beginner should be careful not to begin cancelling 
until he has expressed both numerator and denominator in the most 
convenient form, by resolution into factors where necessary. 



EXAMPLES XIX. a. 

Reduce to lowest terms : 



1. 



10. 



13. 



15. 



18. 



2a26-4a62- 

Iba^b^c 
100 {a^-a^by 
a;{2a^ - Zax) 
a{^a^x-'^a^y 

a^ — Ax-h ' 
a^y+2j^y+4xy 

^-2a?2-15* 

aa^+9ax + 20a' 
H. A. 



8. 



11. 



16. 



19. 



abx + bx^ 
acx + cx^' 

a^ - 2xy^ 
47*-4^y+4/* 
ar2+647 



3. 



9. 



12. 



h3^ -^fiicy ■\-hy'^' 
(^y-3yy 
af^y^-21f* 
ha^b+\Oa%^ 



x^+4x+A' 3a262+6a63' 

3a*+9a36 + 6(^ 
^*- a^+o^b- " 
a^-\-xy-2y'^ 



a^-y^ 
3^ + 2ar + 14 
3^24-41j;+26 



17. 



.20. 



2^+17^+21 
a«r2 + 26j;+35* 

27a +a* 
18a-6aH2a3* 
9 
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152. When the fectors of the numerator and denominator 
cannot be determined by inspection, the fraction may be reduced 
to its lowest terms by dividing both numerator and denominator 
by the highest common factor, which may be foimd by the rules 
given in Chap, xviii. 

Example, Beduce to lowest terms —=-^ — ^tt-o — ^ s^i • 

First Method, The H.C.F, of nmnerator and denominator ig 
3«-7. 

Dividing numerator and denominator by 3a; -7, we obtain as 
respective quotients x' - 2a; + 3 and 5a;' - a; - 3. 

^ 3a;a-13a;» + 23a:-21 _ (3a;-7)(a;«-2a;,+ 3) _ a;«-2a; + 8 
^® 15a;»-38a;«-2a; + 21~(3a;-7)(5a;2-a;-3)~5a:2-a;-3* 

This is the simplest solution for the beginner ; but in this 
and similar cases we may often effect the reduction without 
actually going through the process of finding the highest common 
factor. 

Second Method, By Art. 141, the H.C.F, of numerator and 
denominator must be a factor of their sum 18x*-51a;*+21a;, that is, 
of 3a! (3a;- 7) (2aj- 1). If there be a eommon divisor it must clearly 
be 3as- 7; hence arranging numerator and denominator so as to shew 
3x - 7 as a factor, 

the fraction =f l^-'jr'lf "J^«!^"I! 
5a;2 (3a; - 7) - a; (3a; - 7) - 3 (3a; - 7) 

_ (3x-7)(a;«-2a; + 3) 

■"(3x-7)(5a;2-a;-3) 

_ x^-2x + 3 

"Bx^-x-'S' 

153. If either numerator or denominator can readily be re- 
solved into factors we may use the following method. 

x' + 3x* — 4x 
Example, Beduce to lowest terms y^s _ is^,. ^ 6x + 5 ' 

The numerator = x (x^ + 3x - 4) = x (x + 4) (x - 1). 

Of these factors the only one which can be a common divisor is 
X - 1. Hence, arranging the denominator, 

the fraction =,,, .f^t^l^^"^^ .. v. 
7x2 (a; - 1) - 11a; (x - l)-5(x-I) 

x(x +4)(x-l) _ g(x + 4) 

(x-1) (7x2- llx-5) - 7;p2_ iia.^5 • 
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3. 



Keduce to lowest terms : 

a3+3a26 + 3a^+263* 
a3+2a»-13a+10 



9. 



11. 



13. 



15. 



2. 



4^3 + I2a85-a62- 1563 
6a3+ 13^26 - 4a62 - 1563 • 
a;g-2j?+l 
3^+7^-10* 



16jr*-72.y2a«+81a* 
4i;8+12cM:+9a2 * 
5 ^+2^-15^-6 
'74;3_4^_21a7+12' 
3a^ - inax^ + 78a2^ ^ 72^3 
2^+ lOo^ - 4a2a7 - 48a3 



6. 



10. 



12. 



16. 



^-5^+7^-3 



4;3_3a?+2 
2^+ 5j;gy - 3agy2 ^ 27y3 
4t;3 + 5;ry2-21^ * 
1 + 2^^+^734.2^ 

r+352+2F+3^* 
303-3026+06^-63 
4a2-6a6 + 62 ' 
4^j-10a:2+4^2 
3a;*-2a;3„3^+2 • 

6^+^-5^-2 
6a73 + 5A'2-ar-2' 
4r*+lla;2+25 



14. ttT^. 



4a?*-9a;2+30;i._25' 

xf^ - 6cM?3 - 86a2a;a4.35a3^ • 



Multiplication and Division of Fractions, 

154. Rule II. To rmdtiply a fraction hy an integer: multiply 
ths numerator hy that integer; or, if the denominator be divisibie 
by the integer, divide the denominator by it. 

The nile may be proved as follows ; 

(1) J- represents a equal parts, 6 of which make up the imit ; 

-J- represents ac equal parts, 6 of which make up the imit ; 

and the number of parts taken in the second fraction is c times 

the nimiber taken in the first; 

, , , . a ao 

that IS, h^^~l~' 

(2) O ^ ^ ^ O » ^y *^® preceding case, 



bd 



~bd' 

a 

"b' 



[Rule I, Art. 151.] 
9-^2 
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155. Rule III. . To divide a fraction hy an integer: divide 
the numerator^ if it he divisible, hy the integer; or, if the numerator 
he not divisible, mvltiply the denominator hy that integer. 

The rule may be proved as follows : 

(1 ) -T- represents ac equal parts, h of which make up the unit; 

T represents a equal parts, h of which make up the unit. 

The number of parts taken in the first fraction is c times the 
number taken in the second. Therefore the second fraction is 
the quotient of the first fraction divided by c; 

XT. X • ac ^ a 

that.is, ' 'h^^~h* 

(2) But if the numerator be not divisible by c, we have 

a _ac 

a OAi 

= ^ , by the preceding case. 

156. To find the valvs ^Z u </ j • 
By definition, [Art. 150.] 

T of -^ represents d equal parts, 5 of which make up -^ . 

Since h parts = -^ , 

one part —-j-^^^Tj- [Bule III, Art. 155.] 

c ao 

.', a parts = o ^ ^= i^ > [Rule II, Art. 154.] 



h^'^d'^hd' 
c ^a ca 



Similarly, d^H^db' 

a .c c . 
b°^d = d''U- 



Therefore ?ofS = -,of?. 
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157. EuLB IV* To mvltiply together two or more fractions: 
mvltiply the numerators for a new numerator^ and the denominator 
for a new denominator. 

The definition of multiplication, in the strict sense of the 
word, supposes that a quantity is to be added to itself a certain 
number of times. But wjien the multiplier is a fraction this 
definition ceases to be intelligible ; the operation can therefore 
be only understood in some extended sense. To find a meaning 

for 7- X -, , we may consider that to obtain -, times V we must 
b d' ^ *' d h 

perform on r an operation similar to that we perform on the 

c c 

unit to obtain -^ . In this case we take ^ of 1 ; hence in the 

former we take -, of r . 
a 

mi- a c c ^a 

Thus r X J = 1 of r 

odd 

Similarly, r ^ ;/ ^ >•= r^f ^'^^ so for any number of fractions. 

158. Rule V. To divide one fraction hy another : invert the 
divisor y and proceed as in multiplication. 

Since division is the inverse of multiplication, we may define 

'a c ' 

the quotient a, when t is divided by -i , to be such that 

c a ' 

Multiplying by - , we have a;x-yX- = -iX-; 

'_ad 

Tx a c ad ad pa-lt r^ri 

Hence 6-5=5? = 6^c' ^ [Art. 157.] 

which proves the rule. 
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Example 1. Simplify -^^3- x j^^^j^^g • 

2a'+da 4a^--6fl _ a(2a+3) 2a (2a -8) 
'Ta8~ ^ 12a + 18 ~ 4a« ^6 (2a + 3) 
_2a-_3 
" 12a * 

by cancelling those factors which are common to both nmnerator and 
denominator* 

■n , t% a- I't &r'-ax-2a' x-a 2x + a 

E^mpU 2. Sunphfy ^^^— ^ ^^TZ^.-^ ^^^^:^.' 

r,^ . &B»-aa;-2a" x-a Sax + 2a* 

The ezpre88.on= -^--,- x ^^^-^, x ^^^^ 

_ (3x-2 a)(2 a; + a) x-a a(3g + 2 a) 

a(a;-a) ^ (3x + 2o) (3a; - 2a) ^ 2a;+a " 
= 1, 
since all the factors cancel each other. 



Simplify 

' 12a;8+24a;2 • ^+2^- ^- 4^2.1 •2a+l* 

««-4a2 2a . a2-121 a+11 



cm;+2o2 a: '-2a' a^—4t * a+2 * 

163;g-9a' a:-2 25a' -6' ^(3a + 2) 

^- ^-4 ^4^-3a" ^* 9a=«:F2_4aJjX 5^4.5 • 

2a;8+5^+2 0^ + 40' 



9. 
10. 
11. 



««-4 2a^+9a;+4' 

2^+13a?+15 ^ 2^^+1 1^+5 

4a;2-9 ' 4^-1 
^-14^-15 ^ ^-12 ^-45 
ai^4x-45 • jp«-6a?-27"* 
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i^H^nl 4^+^-^4 6^-276 46^-25 

•^^- 2jc2+5a?+2^ 160^-49 ' ^^' 262+56^262-116+15' 



14. 



22. 
23. 



37^-6^ + 360? , :g*+216j? 
a;2_49 • 4?2-a;-42' 



64jpV-g< ( ^-2)2 . ^-4 
^^- ;f2^4 ^ 8p^+z2 • (a7+2)2- 

ifi - =^^-^-20 : gg-a?-2 , ^+1 

: g2-18a?+80 ^-6a?-7 ^+5 
^'' ^-5a?-50 ^ a;2_ 15^+56 X^_l- 

^^' ^-17^7+72^ 072-1 • o^^-. 907+8' 

40^+07-14 4c2 ^^-2^_2^+4^ 

^^- 607y-14y ^072-4 ^407- 7 ' 3072-07-14 

or2+o?-2 072+507+4 ^ /^+3r+2 07+3 



07^-07-20 0?2-07 • V-^-207-15 072 



')• 



4o;2- 1607+15 72-607-7 4o^^-l 

^■^' 2o72+3o7+l ^ 2o;2 _ 17^ + 21 ^4o?2- 2007+25" 



07*-807 072 + 207+1 , 072 + 207 + 4 

072-407-5 07^-072-207' 07-5 

(a+bf-<^ X «» X ("-^)'-'^ . 
a2+a6 — oc (a+c)2-62 ab-h^ — hc* 



a2+2a6+62-c2 a2_2ac+c2-62 
24- «2_52_c2_26c ^ 62-26c+c2-a2- 

0^2-64 072+1207-64 . o?2-16o7+6 4 

^' 072 + 2407+128^ 073-64 • 072 + 407+16' 



CHAPTER XX. 

Lowest Common Multiple. 

159. In Chap. XL we defined the lowest common multiple 
of two or more algebraical expressions to be the expression of 
lowest dimensions which is divisible by each of them without 
remainder. We there shewed how in the case of simple ex- 
pressions the lowest coifimon multiple could be written down by 
inspection. 

The lowest common multiple of compound expressions which 
are given as the product of factors, or which can be easily 
resolved into factors, can be readily foimd by a similar method. 

Example 1. The lowest oominon multiple of 6a:* [a - a;)', 8a' (a - a?)' 
and 12ax (a - xY is 2^a^x^ {a - x)^. 

For it consists of the product of 

(1) the numerical L. C. M. of the coefficients; 

(2) the lowest power of each factor which is divisible by every 
power of that factor occurring in the given expressions. 

Example 2. Find the lowest common multiple of 
3a2 + 9a6, 2a^-lSab^, a^+^% + 9ahK 

3a2 + 9a6 = 3a(a + 36), 
2a8 - 18a62 = 2a (a + 3fe) (a - 36), 
aS + 6a26 + 9ab^ =a(a + 36) (a + 36) 
= a (a + 36)2. 
Therefore the L. C. M. is 6a (a + 36)2 (a- 36). 

EXAMPLES XX. a. 

Find the lowest common multiple of 
1. :r, a^+x. 2. a^, x^-Zx. 3. 3^, 4^2+8^:. 

4. 21^, 7a;2(.v+i). 5, ^^2-1, a^+x. 6. a^+ah, ah + bl 
7. 4.r5^-y, 2^2 + ^, 8^ 6x^-2x, 9^*2-3:17. 
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9. a;^ + 2x, a^+3a;+2. 10. a^-3x+2, a^-1, 

11. ^+4f + 4, 572 + 507+6. 12. ^-5^+4, a:^-ea;+S, 

13. x^-x-G, a^-irX-% :r2-4a7+3. 

14. ira+a7-20, ^2- 10^ + 24, ^-^-30. 

15. ^^+57-42, ^2-1107+30, ^+2^7-35. ' 

16. 2:1^+3^+1, 2:172+507+2, 072 + 3o?+2. 

17. 3072+1107+6, 30:2+8^+4, 072 + 5^+6. 

18. . 5or2+ll07+2, 5072+1607 + 3, 072 + 5o?+6. 

19. 2o72+3o?-2, 2o?2 + 15o7-8, 072+iaz7+16. 
20; 3o?2 - X- 14, 3o72 - 13o7 + 14, 072 - 4. 

21. 12o72+3o7-42, 12073 + 3O072 + 1207, 32072 -4007-28. 

22. 3o7*+ 26073 +35o?2, 6072 +3807-28, 27o73 + 27o;2 _ 30^;. 

23. 60o7*+5o73-5o72, 60o% + 32o7y+4y, 40o73y - 2or^ - 2o?y. 

24. 8o72-38o7y+35/, 4o?2 - o?^ - 5y2, %s^-hxy-ny\ 

25. 12072 -23oy+ 103^2^ 4072-9073^+5/, 3o72-5o?y+2y2.. 

26. 60073 +7a2o;2_ 3^3^^ 3a2o72+14a3o7-5aS 6072 + 39ao7+ 15^2. 

27. 4ao7^2 + Waxy^ - Zay\ Za^y"^ - Ix^y^ - Gxf, 24ax^ - 22ax + 4a. 

160. When the given expressions are such that their factors 
cannot be determined by inspection, they must be resolved by 
finding the highest common factor. 

Example. Find the lowest common multiple of 

2a:4 ^ <p3 _ 20x2 - 7a: + 24 and 2a;4 + 3x3 - 13a;2 - 7a; + 15. . 
The highest common factor is a;^ + 2a; - 3. 
By division, we obtain 

2a;4 + a;8 - 20x2 - 7a; + 24 = {x^+ 2x - 3) (2x2 _ 3^; _ 8). 
2x4 + 3x8-13x2-7x + 15 = (x2 + 2x-3)(2x2-x-6). 
Therefore the L. C. M. i^ (x^ + 2x - 3) (2x2 - 3x - 8) (2x2 - x - 6). 

*161. We may now give the proof of the rule for finding 
the lowest common multiple of two compound algebraical ex- 
pressions. 

Let A and B be the two expressions, and F their highest 
common factor. Also suppose that a and b are the respective 
quotients when A and B are divided by F; then A =aF^ B—hF, 
Therefore, since a and h have no common factor, the lowest 
common multiple of A and B is ahF, by inspection. 
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*162. There is an important relation between the highest 
common factor and the lowest common multiple of two ex- 
pressions which it is desirable to notice. 

Let ^be the highest common factor, and X the lowest common 
multiple of A and B* Then, as in the preceding Article, 

A=aF, B^hF^ 
and X=ahF, 

Therefore the product AB=aF.hF 

=^F.ahF 

-F^ (1). 

Hence ik& product of two expressions is equal to the product of 
their highest common factor arid lowest co^nmon miUtiple, 

Again, from (1) X=^-jr = jtX^ = jiX^I 

hence the lowest comm<m multiple of two expressions may he 
found hy dividing their product by their highest common factor; 
or hy dividina either of them hy their highest comm^on fo/ctor^ and 
multiplying the quotient hy the other, 

*163. The lowest common multiple of three expressions 
A^ By G may be obtained as follows. 

First, find X the L.C.M. of A and B, Next find T the 
L.C.M. of X and G\ then Y will be the required L.C.M. of 
J, By C. 

For Tia the expression of lowest dimensions which is di^'isible 
by X and (7, and X is the expression of lowest dimensions divisible 
by A and A Therefore Y is the expression of lowest dimensions 
divisible by all three. 

EXAMPLES XX. b. 

1. Find the highest common factor and the lowest common 
multiple of x^-bx-\-Qy a^-A, ^-3ar-2. 

2. Find the lowest common multiple of 

ah{x^Jfl)+x{a?+¥) and ab{a^-\)+x{a^-l^). 

3. Find the lowest common multiple oi xy-hx, xy- ay, 
y^-2by + W, xy-2hx-ay+2ahy xy-hx-ay + ah. 
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4. Find the highest common fsucior and the lowest common 
multiple of ^ + a2;«-ar, 2j^+bx^-^. 

5. Find the lowest common multiple of 

6. Find the lowest common multiple of 

^-10^+24, ^-8a;+12, ^^8-6^7 + 8. 

7. Find the highest common factor and the lowest common 
multiple of 6^+x2-5^-2, Qx^+6x^-3a!-2, 

8. Find the lowest common multiple of 

9. Find the lowest common multiple of 

Also find the highest common factor of the first three expressions. 

10. Find the highest common factor of 

&ca-iaa?+6, 2a^+5a?-12, %a^-x-\2. 
Also shew that the lowest common multiple is the product of 
the three quantities divided by the square of the highest common 
factor. 

!!• Find the lowest common multiple of 

12. Find the highest common factor and the lowest common 
multiple of Zx^-^is^+bxy^-f, :^+3xy^^^a^-y^, 

^x^+bxhz+xy^-f. 

13. Find the highest common factor of 

4r8-10a^* + 4x+2, Sa^-2x^-3x + 2, 

14. Find the lowest common multiple of 

15. Find the highest common factor and the lowest common 
multiple of {2x^-3a^)y+{2a^-Sy^)x, (2a^+Zy^)x+(2a^+3a^)y, 

16. Find the highest common factor and the lowest common 
multiple of a:> - 9^ + 26a: - 24, ^ - 12a^* + 47a? - 60. 

17. Find the highest common factor of 

x^-l6ax^+48a^x+64a% x^-lOax+lGaK 

18. Find the lowest common multiple of 

2lx {xy-y^)% 3b {x*y^ - x'y*), lby{a^ + xy)K 
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Addition and Subtraction of Fractions. 

164. Having explained the rules for finding the lowest 
common multiple of any given expressions, we now proceed to 
shew how the addition and subtraction of fractions may be 
effected. 

160. Toprove^ + ^^^-^-. 

We have T — rji and j = r^ • [Rule I, Art. 151.] 

Thus in each ,case we divide the unit into hd equal parts, and 
we take first ad of these parts, and then he of them ; that is, we 
take ad+hc of the hd parts of the unit ; and this is expressed 
ad+hc 



by the fraction — j-j- 



a c _ad+h€ 

" b'^d~'~hd~' 

^. .- , a c ad— be 
Similarly, . ^-^ g^ . 

166. Here the fractions have been both expressed with a 
common denominator hd. But if h and d have a common factor, 
the product hd is not the lowest common denominator, and the 

fraction — j-^-^ will not be in its lowest terms. To avoid work- 
oa 

ing with fractions which are not in their lowest terms, some 

modification of the above will be necessary. In practice it will 

be found advisable to take the lowest common denominator, which 

is the lowest common multiple of the denominators of the given 

fractions. 
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Rule I. To redtice fiactions to their lowest common deno- 
minator : find the L,C.M, of the given denominators^ and take it 
for the common denominator ; divide it by the denominator of the 
first fraction^ and mvltiply the numerator of this fraction by the 
quotient so obtained; and do the same toith all the other given 
fractions, 

Example, Express with lowest common denominator 
bx . ia 

The lowest common denominator is 6aa; {x -a){x+a). 

We must therefore multiply the numerators by 3a; {x + a) and 2 



Hence the equivalent fractions are 

15x!^{x + a) , 8fl 

^ax {x - a) {x + a) 6ax(x-a){x + a)' 



167. We may now enunciate the rule for the addition or 
subtraction of fractions. 

Rule IL To add or stihtrad fractions : reduce them to the 
lowest common denominator; add or subtract the numerators, and 
retain the common denominator. 

Example 1. Find the value of ?^ + ^^^^ . 

3a 9a 

The lowest common denominator is 9a. 

fin, * XT. • 3(2x + a) + 6a?-4a 
Therefore the expression = -^^ ^ 

_ 6x + 3a + 5x - 4g _ 11a? - a 
" 9a ~ 9a * 

Example 2. Find the value of ~ ^ + ^"^ + -^^ ^ . 

xy ay ax 

The lowest common denominator is axy, 

mu Au . a(a;-2«)+a;(3v-a)-y(3a;-2a) 

Thus the expression = — ^ ^ ^-^ — — ^ 

axy 

_ax-2ay-^3xy-<ix^3xy + 2ay 

" axy 

=0, 
since the terms in the numerator destroy each other. 

Note. To ensure accuracy the beginner is recommended to use 
brackets as in the first Une of work above. 
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EXAMPLES XXI. a. 

Find the value of 

- 07-1^+3 07+7 rt 2j?-1 , x-b , ^-4 

5^-1 _ 3^-2 x-b . 2o?-3 _ ^+2 5a?+8 ^ 

^•8 7 ■*" 4' *• 9 6 "^"12"' 

- ar-7 ar-9 07+3 ^ 2o7 + 5 07+3 27 

• 15 "^ 25 45 * '07 2o7 9^' 

a-h h-c c—a a -21) a-56 a+76 

a6 be ca * ' 2a 4a Sa 

^ 6+c c+a a — 6 -^ a-x a+x o^ — a?' 

2a 4o 3c X a 2ax 

x + 2 x-5 x+2 2a^-h^ b^-c^ c^-a^ 

^^' 1707 3407 ^ 5107 • ^^' a2 52 ^2 ' 

13 ^-3^^-9 8-07» ^^ 2 3y«-072 ^ ^+^2^ 

' 5o7 lOoT^ 15o?* * * xy osy^ xh^^ 

15. ^+ + -. 16. 



xy xz x* 'be ac ab * 

■n 7 « cf ,.. 2x-Sa 2x-a 

Example 3. Simpmy , 

x — 2a x — a 

The lowest common denominator is (0: - 2a) {x-a). 
Hence, multiplying the numerators by o; - a and x-2a respectively, 
we have 

the expression = i^-^n--)-^^--)^^-^) 
(x- 2a) (x - a) 

^ 2a^-5ax + Sa^^{2a^-5ax + 2a^) 

~~ (x- 2a) {x - a) 

_ 2x''-5ax+W-2x^ + 5ax-2a^ 

~ {x- 2a) {x - a) 



(x-2a){x-'a)' 

KoTK. In finding the value of such an expression as 
- {2x - a) (a; - 2a), 
the beginner should first express the product in brackets, and then 
remove the brackets, as we have done. After a little practice he will 
be able to take both steps together. 

The work will sometimes be shortened by first reducing the 
fractions to their lowest terms. 
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The expression = .^ ;,. ./ ^ 

— ^+5gy-4 y' - y{x - 4y) 

_ a;^ + 6ary - 4y2 ^xy + iy^ 

_ x^+4xy _ X 
~ x^ — 16y* ~ x-4y* 



EXAMPLES XXL 1>. 



L 
4. 
7. 

10. 

13. 

15. 

17, 

19. 

21. 

23. 



Find the value of 

_3 1_ 

.r-6 ^ + 2* 

^+4 47+2' 

ar-4 ar-7 
^-2 iJF-5* 

1 ^+y 



2. 
5. 
8. 

IL 



2^7- 3y 4r«-V 

4a2 + 62 2a- 6 
4a5«_62"'2a+6' 



1+^" 



;r 



l-;«r2 

^y 

2bx^—y^^bx+y ' 
0^-4^0^ _x+4a 
a^-^ax x+2a' 
1 (a+2xY 

a-2x a3-8a?3 ' 



2 



1 

\r+4' 

a 6 

ar+a ^+6* 

a+x a-x 

a-x a+x' 



a 



a» 



x — a a^-a^' 
x+a 



3. 

6. 

9. 

12. 



J 
a 



1 

— +^. 

x—a x—b 



x+2 
x-2' 

3 



^-2 
x-^2' 

2x 



x-S'^'x'- 



9' 



14. 
16. 
18. 
20. 
22. 
24. 



^±2c^ 

x-2a ^-4a2" 

2x8 2x 

1 



1 






3^+xy+y^ a^-xy-\- y^ 
x+y x-y 



a3+68 



a3-i»s 



a2-a6+62 a2+a6+62' 
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168. Some modification of the foregoing general methods 
may sometimes be used with advantage. The. most useful 
artifices are explained in the examples which follow, but no 
general rules can be given which will apply to all cases. 

1 1 a- vr o, + S a + 4 8 

Example 1. Simplify j ^ — « — T~a • 

a — 4 a^ o a — iQ 

Taking the first two fractions together, we have 

the expression = —. j^. ^ - - ^ ..g 

'^ (a - 4) (a - 3) a* - 16 

• 7 8 



(a -4) (a -3) (a + 4)(a-4) 
^ 7(« + 4)-8(a-3) 

(a + 4)(a-4)(a-3) 
_ 52 -a 

"(a + 4)(a-4)(a-3)' 

ExampU2. SunvUfy ^^^,^ + ^^^^^^^ . 
The expression = 



(2a;-l) (x + 1) ^ {Sx + l) (x+1) 
_ 3j;4-l4-2a;~l 
"(2a;-l)(a; + l)(3a: + l) 

5x 

■"(2a;-l)(x + l)(3a; + l)' 

, o a. vr 1 1 2a: 4x3 

ExampUS. Smiphfy ^-^ - ^^ - ^-^ - ^^-^ . 

Here it should be evident that the first two denominators give 
L. CM. a^-x^y which readily combines with a^+a^ to give L. CM. 
a^-x^y which again combines with a*+ar* to give L. C.M. a^-ofi. 
Hence it will be convenient to proceed as follows : 

„ . a + x-ia-x) 

The expression = — ^ — - - - 

2x 2x 



'a^-x^ ii^+x^ 

4x8 4x8 

~a*-x* a* + x* 
8x7 
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EXAMPLES XXI, c. 

Find the value of 

1 1 2i? ^ 1 1 a^ 



3. 



5 _ ar _ 4-iac 
l + 2a? l-2a? l-4jca' 



. 2g , 36 862 



2a+36^2a-36 4a*-96«' 
K ^^ 2 1 g 5^ 1 . 



7. 
8. 



9-a2 3+a 3-a' 6(a;a-l) 2(^-1) "^ 3(a?+l)* 

1 1 6_ 

2(a-6) 2(a+6) a^-b^' 

2g _ 5 4(3g+2) 

2a -3 6a+9 3 (4^2 -9)' 






12. 



1 1 



^-9^+20"^ 0^2-1107 + 30' 
1 1 



13. 5-^-^ -.- c ^} o * 14. 



15. 
16. 



2iF8-^_l 2^+^-3* 2a;2-a?-l 6a;2-a?-2' 

4 3 

4-7a-2aa 3-a-lOaa* 

5 2 



5+^--18a;2 2+5a:+2x2' 

,- J_ 1 , 1 

^^- ^+1 ~ (;r + l) (^ + 2) ■*■ (a?+l) (;r+2) (j:+3) ' 

5:p 15(^ -1) 9(^+3) 

^^- 2(a?+l)(;r-3) 16(a?-3)(^-2)'"l6(a;^ l)(^-2)' 

a+36 a4-26 «-l-6 

^^' 4(a+6)(a+26) "*" (a+6) (a+36) "" 4(a+26) (a+36) ' 

2 2 1 

^' F=^3^+2'^^-a?-2"'^-l' 

^ 15 12 

^^' a;3+6a?+6"*"^ + 9^+14"a;2+1047+2l' 
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22, 



23. 



30. 
31. 



36. 
37. 



3 4 4r + 2 

0^- 1 "^ 2a:+l "^ 2a:2+3:p+l • 

6(2 a?-3) 73? 12(3r+l) 

11(6^2 + 07-1) ■*'6a;2+7^-3 11 (4a?2+ 8^7+3) * 



^ 07+2 or+3'^or-l' "' 07-4 07+3 072-16" 

_, l + 2a l-2a 8a 



^' l-2a l+2a (l-2a)a-* 

2407 3+207 3-207 

^'* 9-12o7+4o;3 3-2o7^3+2o?* 

28. I- J--JL,. 29. „i^+ ^ ^ 



3-07 3+07 9+072* ''''' 2a+3^2a-3 4a2+9' 

_2_+_J_+__J_ 

4(1+07) ^4 (1 -07) ^2 (1+072) • 
3 1 g-07 

8 (a- a;) "*" 8 {a+a;) " 4 (a2+072) ' 



32 J^ + J^ L_ 33 ^ ^ ^_ 

'*^- 4+072^2-07 2+07* **• 3-607 3+607 2 + 8072* 

34. -^— - ^— + ^ 



2a-8o7 3a2 + 48o^«^2a+8o7' 

1 1 a__ 

6a2 + 54"^3a-9 3^2-27 * 

1 1 . 07 X 



8-807 8 + 8o7^4 + 4o72 2 + 2o7*' 
1 1 1 18 



6a- 18 6a+18 a2+9^a*+81 



169. We have not yet attempted to explain in what sense a 
fraction may be regarded when its numerator and denominator 
are not both positive. The definition of a fraction, Art. 150, is 
no longer applicable ; but it is not difficult to give an inter- 
pretation which is intelligible, and in accordance with the 
principles already laid down. 

Since j-xb=a, the fraction -,- is the quantity which must be 

multiplied by b in order to obtain a; so that the fraction ^ 

may he regarded as the quotient resulting from the divmon of a 
6y b. 
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We may here remind the student that in division, when divisor 
and dividend are not both positive, we perform the division just 
as if they were positive, and afterwards prefix to the quotient 
the appropriate sign given by the rule of signs. 

170. To find a meaning for the symbol — t , we define it as 

the quotient resulting fipom the division of - a by - 6 ; and this 
is obtained by dividmg a by h^ and, by the rule of signs, pre- 
fixing +, 

Therefore ^^^l^l (^^• 

Again, -j- is the quotient resulting from the division of - a 

by h ; and this is obtained by dividing a by 6, and, by the rule of 
signs, prefixing - . 

Therefore -^= - ? (2). 

Likewise — ^ is the quotient resulting from the division of 

a by - 6 ; and this is obtained by dividing a by 6, and, by the 
rule of signs, prefixing - 

Therefore 3^" "f (^^" 

These results may be enunciated as follows : 

(1) Jf the signs of both numerator and denominator of a 
fraction he changed^ the sign of the whole fraction will he un- 
changed, 

(2) If the sign of the numerator alone he changed^ the sign of 
the wJwle fraction wul he changed, 

(3) If the dgn of the denominator alone he changed, the sign 
of the whole Jractian vnll he changed. 

The principles here involved are so useful in certain cases of 
reduction of n^actions that we quote them in another form, 
which will sometimes be found more easy of application. 

1. We mxiy change the sign of every term in the numerator 
and denominator of a fraction without altering its value, 

2. We may change the sign of a fraction hy simply changing 
the sign of every term either in the numerator or denominator, 

10—2 
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Example 1. 



Example 2. 



h-a - h+a 
y-x 



9x 



a- b 

v?-x 

Zx 

4 + jc2 x^-4* 



y+x 
3a; 



The intermediate step may usually be omitted. 
Example 4. Simplify 



2a: a (3a; - a) 
x + a xr-a a*-x* 

Here it is evident that the lowest common denominator of the first 
two fractions is g^ - a\ therefore it will be oonyenient to alter the sign 
of the denominator in the third fraction. 

2x o (3a? - a) 

-a 



Thus the expression = — + - 



!E* — fl2 



a (x - g) + 2a; {x + a) -a (3j? - a) 

X* - a^ 
ga? - a^+ 2a::^ + 2fla; - 3aa; + a' 
a;2-g2 
2a;« 



Example 5. Simplify 
The expression = 



x^-a^' 

5 
3a;-3' 
5 



3a;-l 



1-x* ' 2aj + 2' 
3a;-l . 1 



3(35-1) a;3_i^2(»+l) 
10(a; + l)-6(3a;-l) + 3(g-l) 

6(a;2-l) 
10ar + 10-18a; + 6 + 3a;-3 



6(««-l) 



1. 



Simplify 
1 



13-5a; 
=6(x='-l)- 



EXAMPLES XXI. d. 



1 



1 



4a?-4 6x + 5 l-x^' 



2. 



3 
1+a" 



5a 



1-a a* 



jr-2a 2(a^-4flM?) 3a 
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. x-a a^+^ax x + a _ 1 1 4a? 



6. 



19. 



24. 
25. 



3^ 2 



\-3l^ X- 1 X+\* 



„ 2-bx _^ S + x 2^(2ar - 11) 
'• leW S-x"^ x^-9 • 

3-20? 2x+S . 12 5 3 11 

*• aj7 + 3 3-2^'*"4a;«-9' '*' 26 + 2 46-4'^6-6"6«' 

xif xi/-x^ a^-y^ x+y y-x 

-. .r2+2^+4 ^-2^ + 4 
14, 

15. 



a?+2 2-^ 

1 . 3a . 



2a+56 ^ 2662-.4a2 ^ 2a- 56 ' 
1« 26 -a 3^ (a- 6) 6 - 2a 

17 Q^ + 6 2(6^+a^_aa?2-6 
^'' 2a;- 1 "^ l-4a^ a^ + l 

18. ^— ^+^ ,+ ^^^ 



(a - 6) (^ - a) ^ (6 - a) (a? - 6) * 
a-c b-c 

(a -h){x - a) (6 - a) {b — x)' 



o#j 2a +y a+b+y x+y-a 

^* (x-a) {a-by (x-b) {b-a) (a?- a) {x-b)' 

21. ,_. J,..,^ ^^ ' 



(a2_ 62) (072+62) ^ (62 -a2) (^2+^2) (4^«+a2)(x2+62) 

x + a x^-a^ a-x x^ + a^ 
23. ^-^ + -3_^ 1 



j7+a 07+3a a-.r a? — 3a* 

1 1.1 a* 



4a3(a+ar) 4a3(or-a)^ 2a2(a2+a?2) a^-x^' 

__x y_ 3fi+y^ xy 

a^-y^ a^+y^ y^-a^^ {x+y) {a^+y^ * 



^ h a a*+6* 



a(a«-62) ^ 6(a2 + 62) ^ ab{b^^a*) b^-^a^' 
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♦171. Consider the expression 

1.1.1 



(a-6)(a-c)"^(6-c)(6-a)"^(c-a)(c-6)' 

Here in finding the L.C.M. of the denominators it must be 
observed that there are not six different compound factors to be 
considered; for three of them differ from the other three only in 
sign. 

Thus (a - c) = - (c - a), 

(6-a)=-(a-6), 

Hence, replacing the second factor in each denominator by its 
equivalent, we may write the expression in the form 

1 I L_ .. (1) 

{a-b){c-a) (p-c){a-h) {c-a){h-c) "^ ^' 
Now the L.C.M. is (6 - c) (c - a) (a - 6) ; 

and the expression = — ^77 — -r-r \i — H:^^ — - 

__ —b+c-c-ha — a+b 
"" (b — c){c — a){a-b) 
= 0. 

*172. There is a peculiarity in the arrangement of this ex- 
ample which it is desirable to notice. In the expression (1) the 
letters occur in what is known as Cyclic Order; that is, b 
follows a, a follows c. Thus if a, b, c are arranged round the 
circumference of a circle, as in the annexed 
diagram, if we start from any letter and move 
round in the direction of the arrows, the other 
letters follow in cyclic order, namely abc, bca, 
cctb. 




The observance of this principle is espe- 
cially important in a large class of examples 
in which the differences of three letters are 
involved. Thus we are observing cyclic order 
when we write 6-(j, c-a, a— 6; whereas we are violating cyclic 
order by the use of arrangements such as 6 - c, a — c, a-b, or 
a-c, b-a, b-c. It will always be found that the work is ren- 
dered shorter and easier by following cyclic order from the be- 
ginning, and adhering to it throughout the question. 

In the present chapter we shall confine our attention to a 
few of the simpler cases, resuming the subject in Chapter xxix. 



1. 
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♦EXAMPLES ZXI. e. 

Find the value of 

a . 5 . <? 



(a--b)(a-c)^ {b-c)(b'-a)^ {c--a)(c-b)' 
^ b e a 

^' (a-b){a^c)'^{b-c){b-a)'^(c-a)(c-by 

3 ^ I ^ I y ^ 

(a?-y)(A'-2) (y-«)(y-^) {z-x){z-yy 

4 y + g z+x ^+y 

{x-y){x-z) {y-z){2f-x) {z-xUz-yY 
- b-e c — a a—b 

^•- (a-b){a-cy (b-c)(b-a)'^ (c-a){c-by 
a^z y^z x z^xy 

(x-^y) {X - z) Ty^z){y - x) {z-x){z-y) ' 

7 l+« \+b 1+c 

'' (a-b){a-cy(b'-c)(b-ay{c^a)(c-by 
P p — a q—cb r—a 

{p-q)(j>-r)'^Wr){<Fp)'^{r-p){r-qy 

9 P+q-r ^ q+r-p r+p-q 

(p-q)(p-'r) {q-r){q-p) (r-p){r-qy 



6. 



10. 



gg b^ c8 



(p-^)tp-r) te-r)(2'-^) {r-p)(r-q)' 
12 ?±!1_+ r+y ^+g 

(^-y)(^-^) (y-«)(y^^) («--^)(2-y)' 



CHAPTER XXIL 

' MIBCSLLAKE0U3 FHACTXQNB. 

173. We now propose to consider som^ piiscellaneous queti- 
tions involving fractions of a more oomplicated kind than tnose 
already discussed. 

In the previous Chapters on Fractions, the numerator and 
denominator have been regarded as integers; but cases frequently 
occur in which the numerator or denominator of a fraction is 
itself fractional 

174. Definition. A fraction whose numerator and deno- 
minator are whble numbers is called a Simple Fraction. 

A fraction of which the numerator or denominator is itself a 
fraction is called a Complex Fractio^. 
a a 

Thus «» , - , - are Complex Fractions, 

c d 

In the last of these types, the outside quantities, a and d, 
are sometimes referred to as the extremes^ while the two middle 
quantities, h and c, are called the rneans, 

*176. Definition. If we divide the imit into any number 
of equal parts, ^ach part is called a Sub-Ulit. 

a 
♦176. Consider the fraction - . 



If this is to obey the definition, it must represent r parts, 

c 

-j of which make up the xmit. 

Divide the xmit into he sub-xmits. 

Thus -y parts make up the xmit, and are therefore equivalent 

to he sub-units. 
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Hence c parts are equivalent to bed sub-units ; 
1 partis &e^ sub-units; 

7 parts is ad sub-units ; 

a 

that is the fraction i- represents ad sub-units, be of which make 

d 

up the unit ; but this, by definition, is the fraction t- • 

a 

b __ad 
c'~ be' 
d 

177. From the preceding Article we deduce an easy method 
of writing down the simplified form of a complex fraction. 

MvltiplTf the extremes for a new numerator, and the mmns/or a 
new denominator, 

a + a? 
^ , b ab (a+x) a 

ExampU. ^rp= j^.T^j =^> 

ab 

by cancelling common factors in nmnerator and denominator. 

178. We have proved that- 

ci . c a d ad ta-l iron 

a 
and - = ^; [Art. 176.] 



b _a e 

d 

We have previously shewn that, when the numerator and 
denominator are integers, a fraction may be regarded as repre- 
senting the quotient of the numerator by the denominator. We 
now see that a complex fraction may be regarded in the same 
sense. 
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179. The student should especially notice the following cases, 
and should be able to write down the results readily. 

a a a 



- =a-7-r=a X b=ab. 
1 o 

I 

1 

a I 1 1 b b 



1^ a ' b a 1 
b 



a 



180. We now proceed to shew how complex fractions can be 
reduced by the rules already given. 



%S 



^ , * h d fa e\ fa c\ 

ExampUl. _-= (^- + -j^(^-. -j 



b d 

^ad + hc . ad -he 

'~~bdr ' ~~W 

ad + hc hd 



bd ad -be 
ad+be 



' ad-be* 



Example 2, j =fa? + — j-r-fa;--^j 



'-^ 



X ' a^ 



X sr-c 
a" 

ExampU 3. Simphfy -— j— --^. 
a-6 a+6 
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Thennmerator ^.^--^-^--^-^ 

Similarly the denominator = , — -^— r-, . 

Henoe the fraction = . ..,,...,.. — rrr-r- >— tm / — ^is 
__ la^h' {a+h){a-h) 

ab 



"a^ + b^' 

Note. To ensnre aocnracy and neatness, \vhen the numerator 
and denominator are somewhat complicated, the beginner is advised 
to simplify each separately as in the above example. 

In the case of Continued Fractions, we begin from the 
lowest fraction, and simplify step by step. 

9*" — 64 
Example 4. Simplify • 



The expression = 



x-1 

1- 


1 • 

X 

4 + a: 




9ar«-64 






, 1 




•4+a; 






9a;»-64 






, 4 + rc 




9a;«-64 


9a:»- 

= ■37= 

4 


64 


4a:-4-(4 + a:) 


T 


4 





-'-^#*-*<-*«- 
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EXAMPLES ygTT a. 

Find the value of 
m I 



1. 



n in 

m n 



a + 



-g y 

X y 
3a + 

3o+ 



76 

8c 

8a 



10. 



13. 



h + - 



x+b+~ 

X 

1+-+-' 

X a^ 



m 

X 

n 



3. 



7. 



11. 



a + 



1- 



1 + 



a c 

m k' 
n p 



4. 



8. 



12. 



1 + - 



--1 

X 



1 
c 

1 

X 

X 



14. 



1_2 _ 3 

X x^ a^ 

~9 • 

— X 
X 



15. 



2x^^x-6 



i-^ 



Ifi _^^(_1 L_^ 17 /a^-6^ a^ + ^\ . 4ai 

^'*- 1-072 -Vl-^ 1 + ^A V«-^ a+6/*a2- 

'a2- 027 + ^2 aS + ^jf^^. 



4a6 
62- 



18. 
19. 
20. 

21. 
23. 



^ 



(a2- 027 + ^2^^ 
a — x a+x ) ' a^-a^' 

/ X l-x\ ./ J^^ l-^ \ 

\l+a7 07 / ' \l+07 X ) • 
a+6 a-6 
a-6 a+6 



1- 
1 


a2+62 • 
(a + 6)2 

1 


3a- 


-2 3o7+2 




1 



22. 
24. 


ax 


1 1 •'' 


', . 2x» 






1+07 + 



1- 
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1 



25. „ 26 



27. —2—. 28. 



a- 


all-i • 


a 




:!?- 


-2... ^ 



4d? + 



1 , 2(^+y) 




29. 1^:;^ . 30. 

X 

~x^ 

X 

181. Sometimes it is convenient to express a single fraction 
as a group of fractions. 

5j;gy-10a:y« + 15y» 6ar=y lOgy^ . 15y» 

^^^'^P^- ioiv = ro^"io^« + io^« 

^2y"*a5'*'2a^' 

182. Since a fraction represents the quotient of the nume- 
rator by the denominator, we may often express a fraction in an 
equivalent form, partly integral and partly fractional. 

_ , , a; + 7 (a;+2) + 6 ., 6 

'^ x+6 » + 6 JB+6 a8+6 



JBa;ampl« 3. Shew that 5 — =2aj-l — .. 

<»•— 5 X — o 



In some cases actual division may be advisable. 
2a?-7a;-l „„ ^ 4 

X 

By division «- 3 JSar^ - 7aJ- 1(2«- 1 

2g«~6a; 
^ aJ-1 

Thus the quotient is 2a; - 1, and the remainder - 4. 

Therefore 5 — -=»2« - 1 « . 

05-3 x-Z 
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183. If the numerator be of lower dimensions than the 
denominator, we may still perform the division, and express the 
result in a form which is partly integral and partly fractional. 

Example. Prove that = — ~^ = 2x-6a?+lSsfi-:, — k:^. 
1 + o'jcr 1 + ox> 

By division l + 3a;*;2a; ^2a - 6a? + I8a;« 

2d; + 6ar^ 

-6a?-l8ic5 



18x» 

18ofi + 5ix7 
-64x7 
whenoe the result follows. 

Here the division may he carried on to any number of terms in 
the quotient, and we can stop at any term we please by taking for our 
remainder the fraction whose numerator is the remainder last found, 
and whose denominator is the divisor. 

Thus, if we carried on the quotient to four terms, we should have 
^^ ,=2x-6x3 + 18x5l64x7 + ,^^^^' 



The terms in the quotient may be fractional ; thus if x^ 
is divided by a^-a^j the first four terms of the quotient are 

i + ^ + 57 + ^o> and the remamder is ^. 

184. Miscellaneous examples in multiplication and division 
occur which can be dealt with by the preceding rules for the 
reduction of fractions. 

Example, Multiply a; + 2a - zr — - - by 2a; - a . 

2x + oa x+a 



The product = ( a; + 2a -;r-^-s-) x (2a;- a — 

\ 2a + 3a/ \ x + a 



) 

^ 2iifi+7ax + ea^-a^ 2ix? + ax - a^ - 2a^ 

2a; + 3a aj+a 

- 2^ 7ax + 6a2 2a^ + a x -3a^ 
"" 2x + 3a x + a 

_ (2a; + 5a)(a;+a) (2a; + 3a) (a; -a) 
^ 2x+8a ^ x+a 

= (2«+6a)(a!-o). 
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P.YAMPT.T!a TTTT , |). 

Express each of the foUowmg fractions as a group of simple 
fractions in lowest terms : 

^xy ' " 12aa? 

Perform the following divisions, giving the remainder after four 
terms in the quotient; 

7. ;f-^(1+^). 8. a-T-(a-6). 9.. (l+a:)-r(l-a:). 

10. l-r(l-a? + a?2). 11. ^^(07+3). 12. l-r(l-a:)2. 

13. Shew that , r'_ =a+26+ - , . 

(a — o;f a — o 

14. Shew that a^-xy+y^- -^~ = ^^' . 

•.e au XV. X 60^-17^:8-4^+1 ,„ „^ . 49 

15. Shew that » . ^ 5 = 12r- 25+ — ■ ^ . 

507^ + 9^-2 07+2 

16. Shewthat 1 + — ^-j- = ^ ^g . 

17. Divide ^+___by ^-1+^^-^. 

18. Mxdtaply a*-2c«;+4^-^^ by 3-^^i^^^. 

19. Divide 6'+36-2-j^ by 36+6-^. 

20. Divide a2 + 96«+^, by a+36+i^j. 

«, -.r ,i. 1 A,,-,. . 98X-27 , 1 3a;+29 

21. Multiply 4^+l4^+-^j-^by^-j-^;j^j^j^. 
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185. We add a Miscellaneous Exercise in which most of the 
processes connected with fractions will be illustrated. 



fiZAMPLES yyiT, c. 

Simplify the following fractions : 

^ a(x+a)(x+2a) 0? (47 + a) (2.17+ a) 

^- 6\a-6 a+2bj a« + a6-26a' ** \a:-y; V+y/ ' 
5 2.2 4^ 



7 1 1 ?_+_f_ 

^' l+2a?+2a^* + a?»' ^* 3x3-8U + 162' 

g (0^-5 ^)0? . g(ag-ftg)^ 

"• t^-2<wr+a2 'ri^J ^ aH»+a8 •\a"iy* 

19 o'-^ . \ a) \ a) 

-« 0^-2 x^+1 ^s a»+a(l + o)y+y' 

"• 3^-10a^+15a?-8' ^^ a*-^ 

4 
IK I4. -2 . 3 a 

a 
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Ifi ^+3 1 _1 ^ 

• 2^+9ar + 9"*'2'2^-3 9 

17 _._J 2__ 

18 1-^^ - V ^ I M 

• (l + aa?)2-(a + a:)2 * 2Vl~^ 1+^77 ' 

19. 5 — ^ — —^ — • 20, 



jc^-3x+2 • ^' 4^-21:F5«+r5:r+2d' 

91 ^^ -^-« . 2 

l/oH^N 1 a+^ f ^ Y 
' 2\a^-a^J 2'a-a; \a + a:J ' 

23 ^(J^ 1 V, ^-2/' . 1 

^+y * L2 \x-\-y x-y) xh/ + xy^J 
25. (3.-5-|)(3. + 6-|)^(.-|). 

26 /?__l_+J_Uf^±^-^. 
(o? a + ^ a-a:J \a-a7 a-^xj 

"^l + a6 "^ l-a6 [ . /g 6\ 
(a-6)i'' a{a-h)[ ' \h a)' 



l+a6 l-a6 

30. 'T , xg^^;. 31. -frr^+J- 

1 1 a^+y^ 2^+1 2 

H. A. 11 
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b-a x+y 

32. ""^^p, x-I^^^. 



l + a6 



l-xy 



a+h a—h 

^' a-h a+b^~c^^~' 
a+b a-b 

_a-^(i-5») 



-'^i 






36. 
37. 

38. 

39. 
40. 
41. 
42. 



1 + - 
ri 

\ 

m 



m 



1 
m 



n^ ■{ — w-lH — 



y X X 






y^ y y X 

/ar+^2 9 33-a?g 

\\+^xy . ^2 arHi 

3^-^-1 "' 3 2( ^ + 3) ' 



2 



2 



a2-2 a2-l'*'a2 + l a2+2' 



t;- + 



6w - 2/1 3m + 2?i 6m + 2?i ' 

3 3 1 

4 ( 1 - ^)2 "*" 8 ( 1 - 0?) "^ b (i + a:) "*■ 4 ( 1 +x^) 



^^f^K. 



: + «/- 
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43. 
44. 



^-{y-zY y^-{z-xf z^-{x-yf 
a^-{y-2zf y-(ag-^)2 4^2-(^-j^)8 

4g (^-y)(y-^)+(y-g)(^-^)+(g-^)(^-y) 

47 q~&-g 5-c-a o-g-ft 

' (a-6)(a-c)"^(6-c)(6-a)'^(c-a)(c-6)' 

**• (a-6)(a-c)'*'(6-c)(6-a)"*"(c-a)((j-6)" 
a;g-(2y~3;g)« 4ya~(3^-^ )2 9^2-(^-2y) « 

^ 9ya--(4g-2j?)» 16g2-(2^~3 y)2 4^-(3y-4g)« 
^' (2a? + 3^)2 -1622+ (3y + 4:2)2 -4^2"*' (4s + 2d;)2-9y2' 



52. 



54. 



x + a 



Ol. , +- 



a+x 1 



a a2+^ ^ a2+^ 

(^+a) (:p+ft) -(y+g)(y+^) (^-g) Cv- ft) -{x-h) {y-a) 
x-y a-b 



_„ / _a+x a-x \ , f a^+oc^ a2-:g2 \ 

^' \a^-ax+x^ a^+ax+a^J ' [a^-x^ a^+x^J' 



07-1 ar-1 x+3 x+Z 

3 x-2 . 7 "07+4 
^ + 2 ^ + 2 • 07-2 x-2 ' 

4 ■*"a7-3 3 ■*"a7-l 



11—2 



CHAPTER XXIII. 

Harder Equations. 

186. In this chapter we propose to give a miscellaneous col- 
lection of equations. Some of these will serve as a useful exercise 
for revision of the methods already explained in previous chapters ; 
but we also add others presenting more difficulty, the solution of 
which will often be facilitated by some special artifice. 

The following examples worked in full will sufficiently illus- 
trate the most useful methods. 

, ^ « , 6a;-3 Sx-2 
Example 1. Solve ^^-^ = -^-, 

Multiplying up, we have 

(6jb - 3) (a + 6) = (3a; - 2) (2a5 + 7), 

6«2 + 27a;-16=6iB2 + 17aj-U; 

.-. 10a;=l; 

_ 1 
.-. X-—. 

Note. By a simple reduction many equations can be brought to 
the form in which the above equation is given. When this is the 
case, the necessary simplification is readily completed by multiplying 
up, or "multiplying across"^ as it is sometimes called. 

7 o a 1 8a; + 23 6iC + 2 2jr + 3 , 

Example 2. Solve — ^^ -r . = — = 1. 

^ 20 3x4-4 6 

Multiply by 20, and we have 

OX + 4 

By transposition, 31 = —^ — j-^ , 

Multiplying across, 93a; + 124 = 20 (5*+ 2), 
84=7a;; 
/. a;=12. 
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When two or more fractions have the same denominator 
thej should be taken together and simplified. 

„ , o a 1 13-2a; 23a;+8j ^^"i* 
Example 3. Solve 5- +—; ^ = ;^+4. 

By transposition, we have 

4x+o x + S ' 



"• 4x + 6 a5+3 
Multiplying across, we have 

7a;a-?^+21aj-36=12x+7x2 + 16 + -^^, 
o 4 

__600 
'*' *" 137' 

T, 7 y o 1 i^J-S «-4 «-5 35-7 

Example 4. Solve — — + — ^ = — + - — . 
■^ at- 10 aj-6 a;-7 a;-9 

This equation might he solved by clearing of fractions, but the 
work would be veiy laborious. The solution "mil be much simplified 
by proceeding as follows: 

_, . 05-8 05-6 05-7 05-4 

XranspoBing. —^^-—=-^-—^. 

Simplifying each side separately , we have 
(g-8)(g;-7)-(a;-5)(a;-10) _ (g;-7)(a!-6)-(g-4)(g-9) . 
(aj-10)(a;-7) (x-9)(a;-6) ' 

gg- 15g+56 - (a;« - 15a;+50) _ a;«-l3a; + 42-(ay>-13a;+36) 
(a;-10)(a;-7) " (o5-9)(aj-6) ' 

. 6 6 

•'•(«- 10) (X- 7) (aj-9)(a;-6)/ 
Hence, since the numerators are equal, the denominators must be 
equal; 

that is, (a;-10)(aj-7) = (a;-9)(ic-6), 

a:2-17aj+ 70=3:8 -16aj+ 54; 
.-. 16=2x5 

/• 05 = 8, 
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The above equation may also be solved very neatly by the follow* 
ing artifice. 

The equation may be written in the form 

(a;-10) + 2 (a?~6) + 2 _ (a;-7) + 2 (a;-9) + 2 
ay-lO + flj-6 x-1 ■*" .a:-9 ' 

whence we have 

, . , . 1111 

which gives :r^ + — ^ = — = + — - . 

05-10 x-o x-1 aB-9 

Transposing, 



aj-10 x-1 x-9 a?-6' 
3 3 



•• (a;-10)(a;-7) (ar-9)(a?-6) 
and the solution may be completed as before. 

t;» 1 k o ^ 5ar-64 2af-ll 4a?-65 a;-6 

Example 5. Solve ^^a tt- = =-i in, . 

^ a;-13 x-6 jr-14 x-1 

Wehave 6 + -^ - (2 + ^-^==4+^- - fl + -^); 
a!-13 \ 05-6/ 35-14 \ x-1/ 



•• 05-13 a:-6 a?-14 x-1' 
Simplifying each side separately, we have 
7 _ 1 

(x-13)(a;-6) (ar- 14) (a?- 7)* 
(x-13) (a;-6) = (ar-14)(a:-7)> 
«»- 19a?+78=a;« - 21x+98, 
2a?=20; 
.-. a;=10. 

EXAMPLES XXm. a. 

7-5ar ^ ll-15ar 3 (7jh6^ ^ 35+4^ 

1+A- l + 3a? * 2+9a? 9+2a? * 

5 6^+13 &g+5 2^ 6a?+8 2^+ 38_ 

16 6^-25" 6* ®* 5^+1 :r+i2" 



7. 



12. 



15. 
16. 



18. 



20. 
21. 
22. 
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3x-l 4j?-2 ^1 a?+25 2a?+75 

2J7-1 3ar-l 6' i?-5~2:F-15' 



9 -^_4._i_ = l 10 6^+7_ 1 ■ 5a?-5 

"' a?+2^^+6 • ■'"• 9^+6""l2"*"i2a?+8' 

11 2^-5 a?-3 _ 4j?-3 - 



5 ' 2^-15 10 
4 (or + 3) ^ 8^ +37 7a? -2 9 
9 18 5.r-12' 



(2ar-l)(3^+8) 2£+5_2^+l_. 

"• 6:r(:r+4) ^"''- ^*- 5^+3 5^+2™"- 



4 2 5 2 J 



:i?+3 a?+l 2:r+6 2a7+2' 

_7 60 ^ 10^ 8 

;i?-4 5a?-30 3ar-12 a?-6* 

*'• 4-2a:^8(l-:r) 2-;p^2-2^' 



25-^ 



3 ^ 16a?+4i ^^^ 23 



:f+1 3a?+2 ^+1 



-^ 30+6a: . 60 + 8a? , . . 48 

19. - -7T~"* rT- = l^"^ TT' 



J? ^+l_a?-8 x—9 

x-2 u;^l'~'a;-6 x — 7' 

a;+6 x-Q _ x-A x-\b 

x+A~ x-7~x-6 x-16' 

x-7 x-9 _x-13 07-15 
07-9 "a?- 11 ""^^15 ~ar- 17* 
03 0^4-3 x + 6 ^ x+2 x+6 
^' x+6 x+d^x+ti x+S' 
x+2 x-7 07+3 ^ 07-6 

^' X ■*'07-5 07+1 07-4' 

407-17 1007-13 ^ 807-30 5o?-4 
^- 07-4 "^ 207-3 207-7 ■*■ 07-1 • 

5o7-8 607-44 10o7-8 _07-8 
^- ^^2"*' .r-7 07-1 "■a;-6' 
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^* -307 --4 -0607 --07* -05 '0625 

29. -083 {x - -625) = -09 {x - -59375). 

30. (2^+ 1-5) (ar - 2-25) = (2^ - 1-125) (3a?+ 1-25). 

•ar-l ^ -5 + 1-207 l-l-4:g ^ -7(^-1) 

^^' -5^- -4 207-1 • -2 + 07 -1--507 • 

3^ (■=":j)(:y-') -i(.3,-s)=.4,-s. 



Literal Equations. 

187. In the equations we have discussed hitherto the co- 
efficients have been numerical quantities, but equations often 
involve literal coefficients. [Art. 6.] These are supposed to be 
known, and will appear in the solution. 

Example 1. Solve (a; + a) (a? + 6) - c (a + c) = (x - c) (x + c) 4- db. 
Multiplying out, we have 

a;* + ax + 6x + a6 - ac - c*=a;' - c* + a6 ; 
Whence ax-\-bx = aCt 

{a + b)x=ac; 
_ ^^ 

^ ,««, * & «-& 

Example 2. Solve = . 

■^ x-a x-b x-c 

Simplifying the left side, we have 

a{x-b)-b(x—a) ^a-b 

{x~a)(x-b) " aj - c * 

(a-b)x _ fit - & . 

(a;— a) (a; — 6) ""a;- c' 

X 1 

{x - a) {x - b)~ x- c ' 

Multiplying across, a^-cx=x^-aai-bx+aby 

ax+bx-'CX=ab, 

(a + b-'C)x=ab; 

ab 

a + b-c 
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EXAMPLES XXm. b. 

1. <M?-26=56a7-3a. 2. a^{a:-a) + l^(x-b)=^abji;. 

3. ^4-a2=(6-^)2. 4. (a!-a){x+h) = (x-a+b)^. 

5. a(^-2) + 2a7=6 + a, 6. w2(m-a7)-m7W7=7i2(w+^). 

7. (a+^)(ft+^)=^(a?-c). 8. (a-b)(a;-a) = {a-c){a;-b). 

2a?+3a ^ 2(ag+2a) 2 (a?-5) ^ 2^+& 

a!+a " 3j7+a ' * Sx-c ~3(^-c)' 

11. i-i = i-i 12. |p+l)=|p-l). 

no « / rN . ^ ,. 9a 3^ 46 2^ 
13. -=c(a-6)+-. 14. -r-ir = • 

__ x—a x-b -^ :r-a (x-b)^ 

ID. T = . lb. —X — = ci • 

o — x a — x 2 2x-a 

1,. ^.<.-„-(i«)'.-(.-|). 

18. (a+b) x^-a {bx-\-aF)=^bx {x-a)+ax{x - b). 

b<^ 

19. b{a + x)- {a+x) {b-x)^a^+ — . 

20. b {a-x)-^(b+xy+ab ^^+lY=0. 

21. x^+a{2a-x)-^= L^^\\a^ 

22. (2a;-a)/:F+y^ = 4^^|-^Vi(a-4^)(2a+3^). 

Example 3. Solve ax+by=c (1), 

a'x + b'y=c' (2). 

The notation here first used is one that the student will frequently 
meet with in the course of his reading. In the first equation we 
choose certain letters as the coefficients of x and y, and we choose 
corresponding letters with accents to denote corresponding quantities 
in the second equation. There is no necessary connection hetween 
the values of a and a\ and they are as different as a and h ; hut it is 
often convenient to use the same letter thus slightly varied to mark 
some common meaning of such letters, and therehy assist the 
memory. Q?hus a, a' have a common property as heing coefficients 
oix\ 5, V as being coefficients of y. 

Sometimes instead of accents letters are used with a suffix^ such as 
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To return to the equations ax-{-hy=c (1), 

a'x+b'y=c\„., (2). 

Multiply (1) by 6' and (2) by 6. Thus 
db'x-\-bb'y=b'c, 
afbx+bb'y=bc', 
by subtraction, (a6' - a'b) x=b'c-bc' ; 

••^=^6^7, (^)- 

As previously explained in Art. 104, we might obtain y by substi" 
tuting this value of x in either of the equations (1) or (2) ; but y is 
more conveniently found by eliminating x, as follows : 

Multiplying (1) by a' and (2) by a, we have 
aa^x + a'by=a'c, 
aa'x+aVy^cui\ 
by subtraction, (a'b - ab') y=a'c-ac'; 

_a'c-ac' 

'** ^"^fb:^" 

or, changing signs in the terms of the denominator so as to have the 
same denominator as in (3); 

ac' - a'c - 6'c - 6c' 

^ ab' - ab ab' - a'b 

ExampU^. Solve ^Zf + I^=i m 

^ c-a c-b ^ '* 

?^ + »^« = ? (2). 

c a-b c ^ ' 

From (1) by clearing of fractions, we have 

a5(c-6)-a(c-6) + y(c-o)-6(c-a) = (c-a)(c-6), 
x{c~b)+y{c-a)=ac-'ab-{-bc-ab+c*-ac-bc+ab, 

x{c-b)-\-y{c-a)=c^-ab (3). 

Again, from (2), we have 

x{a-b)+a{a-b)+cy~ca=a{a-b) 

x{a~b)+cy=ac (4). 

Multiply (3) by c and (4) by c - a and subtract, 

aj {c (c - 6) - (c - a) (a - 6)} =0* - abc -ac(c- a), 
X (c' -ac+a^~ab)=c (c^ - a6 - ac + d') ; 
/. x=c; 
and therefore from (4) y=5. 
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EXAMPLES XXni. c. 



1. 


ax + by=^l 2. 
hx-\-ay=m. 


Ix-k-my- 
px-\-qy. 


=r. 


3. ax^hy 
hx-Vay—c, 


4. 


ax+by=a^ 5. 
hx+ay=b^. 


x+ay 
ax-\-a'y 


= a' 
= 1. 


6. px-qy^r 
rx-py=q. 


7. 


^ . y_ 1 « 


a 6 


9. ?? + ¥=3 
a 




X y I 


6:F + ay= 


=4a5. 


a 6 


10. 


qx-rb^p{a-y) 




11. 


m' m 


12. 


px-\-qy^O 
lx+my=n. 




13. 


(a-6)a7=(a+6)y 


14. 


(a-6)a7+(a + 6)y=2a«-262 
(a + 6) a? - (a - 6) y =4a6. 


3a ^66 3' 


16. 






17. 


a 6 
6+a 6- 



19. 6a7+qy=a + 6 

20. (a-6):F + (a+6)y=2(a2-62) 

aa7-6y=a24-6l 



CHAPTER XXIV. 

Harder Problems. 

188. In previous chapters we have given collections of 
problems which lead to simple equations. We add here a few 
examples of somewhat greater difficulty. 

Example 1. A grocer buys 15 lbs. of figs and 28 lbs. of currants 
for £1. 1«. 8(2.; by selling the figs at a loss of 10 per cent., and the 
currants at a gain of 30 per cent., he dears 28. 6<2. on his outlay; how 
much per pound did he pay for each ? 

Let X, y denote the number of pence in the price of a pound of 
figs and currants respectively ; then the outlay is 
15a; + 28^ pence. 
Therefore 15a;+28y=260 (1). 

The loss upon the figs is :7^ x 15a; pence, and the gain upon the 
currants is :77r x 28y pence ; therefore the total gain is 



10 



42y Sx 

6 2 

42y Sx 



Y-yPence; 



••5 -2=^^ <2)- 

From (1) and (2) we find that x=8, and y=5; that is the figs 
cost Sd, a pound, and the currants cost 6d. a pound. 

Example 2. At what time between 4 and 5 o'clock will the 
minute-hand of a watch be 13 minutes in advance of the hour-hand? 

Let X denote the required number of minutes after 4 o'clock; 
then, as the minute-hand travels twelve times as fast as the hour- 
hand, the hour-hand will move over ^^ niinute divisions in x minutes. 

At 4 o'clock the minute-hand is 20 divisions behind the hour-hand, 
and finally the minute-hand is 13 divisions in advance; therefore the 
minute-hand moves over 20+13, or 33 divisions more than the hour- 
hand. 
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Hence x=^+S3, 

.-. aj=36. 

Thus the tiine is 86 minutes past 4. 

If the question be asked as follows : '< At ifvhat times between 4 and 
5 o'clock will there be 13 minutes between the two hands?" we 
must also take into consideration the case when the minute-hand is 
13 divisions behind the hour-hand. In this case the minute-hand 
gains 20 - 13, or 7 divisions. 

Hence a;=^ + 7, 

which gives a: = 7 ^y . 

T 
Therefore the times are 7 yy P^^^ ^» ^^^ ^^' P^^^ ^* 

Example 3. Two persons A and B start simultaneously from 
two places, c miles apart, and walk in the same direction. A travels 
at the rate of p miles an hour, and B at the rate of q miles; how far 
will A have walked before he overtakes JB? 

Suppose A has walked x miles, then B has walked x-c miles. 

A walking at the rate of p miles an hour will travel x miles in - 

P 
X — c 
hours ; and B will travel x-c miles in hours ; these two times 

q 

being equal, we have 

X _ x-c 
p~ q ' 
qx=px—pc't 

whence x=— — • 

p-q 

Therefore A has travelled — — miles. 

Example 4. A train travelled a certain distance at a uniform rate. 
Had the speed been 6 miles an hour more, the journey would have 
occupied 4 hours less; and had the speed been 6 miles an hour less, 
the journey would have occupied 6 hours more. Find the distance. 

Let the speed of the train be x miles per hour, and let the time 
occupied be y hours; then the distance traversed will be represented 
by xy miles. 
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On the first supposition the speed per hour is a; + 6 miles, and the 
time taken lay -4^ hoars. In this case the distance traversed will be 
represented by (aj+ 6) (y - 4) miles. 

On the second supposition the distance traversed will be repre- 
sented by (« - 6) (y + 6) miles. 

All these expressions lor the distance must be equal; 
.-. ajy=(a;+6)(y-4)=(aj-6)fe^+6). 

From these equations we have 

jcy=a;y+6y-4a5-24, 

or 6y-4a;=24 (1) ; 

and xy=xy-6y-^Qx-SQt 

or 6aj-6y=36 (2). 

From (1) and (2) we obtain a; =30, y=24. 

Hence tne distance is 720 miles. 

Example 5. A person invests £3770, partly in 3 per Gent. Consols 
at £102, and partly in Bailway Stock at £84 which pays a dividend 
of 4^ per cent. :• if his income from these investments is £136. 5«. per 
annum, what sum does he invest in each ? 

Let X denote the number of pounds invested in Consols, y the 
number of pounds invested in Bailway Stock; then 

a;+y=3770 (1). 

The income from Consols is £ :r772i i or £^ ; and that from Bailway 
102 o4 

Stock is £^, or£||. 

Therefore |[ + ^=^^^* <2)- 

From (2) a+gg^ =46324 ; 

therefore by subtracting (1) 

|y=862J; 

whence y = 28 x 37 J = 1060 ; 

and from (1) aj=2720. 

Therefore he invests £2720 in Consols, and £1050 in Bailway 
Stock. 

EXAMPT,T!B ZZIV. 

1. A sum of £10 is divided among a number of persons ; if the 
number had been increased by one-fourth each would have received a 
shilling less : find the number of persons. 
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2. I bought a certain number of eggs at four a penny; I kept 
one-fifth of them, and Bold the rest at three a penny, and gained a 
penny: how many did I buy? 

3. I bought a certain number of articles at five for sixpence; if 
they had been eleven for one shilling, I should have spent sixpence 
less : how many did I buy? 

4. A man at whist wins twice as much as he had to begin with, 
and then loses 16«.; he then loses four-fifths of what remained, and 
afterwards wins as much as he had at first: how much had he ori- 
ginally, if he leaves off with £4 ? 

6. I spend £14. 5«. in buying 20 yards of calico and 3Q yards of 
silk; the silk costs as many shjllings per yard as the calico costs 
pence per yard: find the price of each. 

6. A number of two digits exceeds five times the sum of its 
digits by 9, and its ten-digit exceeds its unit-digit by 1: find the 
number. 

7. The sum of the digits of a number less than 100 is 6 ; if the 
digits be reversed the resulting number will be less by 18 than the 
original number : find it. 

8. A man being asked his age replied, " If you take 2 years from 
my present age the result will be double my wife's age, and 8 years ago 
her age was one-third of what mine will be in 12 years." What were 
their ages? 

9. At what time between one and two o'clock are the hands of a 
watch first at right angles? 

10. At what time between 3 and 4 o'clock is the minute-hand one 
minute ahead of the hour-hand? 

11. When are the hands of a dock together between the hours of 
6 and 7? 

12. It is between 2 and 3 o'clock, and in 10 minutes the minute- 
hand will be as much before the hour-hand as it is now behind it : 
what is the time? 

18. At an election the majority was 162, which was three-elevenths 
of the whole numbers of voters : what was the number of the votes on 
each side? 

14. A certain number of persons paid a bill ; if there had been 
ten more each would have paid 28, less; if there had been 5 less each 
would have paid 28. 6d. more: find the number of persons, and what 
each had to pay. 

16. A man spends £5 in buying two kinds of silk at is. 6<2. and 
is, a yard ; by selling it all at 4«. 3d. per yard he gains 2 per cent. : 
how much of each did he buy? 
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16. Ten years ago the sum of the ages of two sons was one-third 
of their father's age : one is two years older than the other, and the 
present sum of iiieir ages is fourteen yearSj less than their father's 
age : how old are they? 

17. A and B start from the same place walking at different rates; 
when A has walked 15 miles B doubles his pace, and 6 hours later 
passes ^ : if ^ walks at the rate of 5 miles an hour, what is jB's rate 
at first? 

18. A basket of oranges is emptied by one person taking half of 
them and one more, a second person taking half of the remainder 
and one more, and a third person taking half of the remainder and 
six more. How many did the basket contain at first? 

19. A person swimming in a stream which runs 1^ miles per 
hour, finds that it takes him four times as long to swini a mile up the 
stream as it does to swim the same distance down : at what rate does 
he swim? 

20. At what times between 7 and 8 o'clock will the hands of a 
watch be at right angles to each other? When will they be in the 
same straight line? 

21. The denominator of a fraction exceeds the numerator by 4 ; 
and if 5 is taken from each, the sum of the reciprocal of the new 
fraction and four times the original fraction is 5: find the original 
fraction. 

22. Two persons start at noon from towns 60 miles apart. One 
walks at the rate of four miles an hour, but stops 2J hours on the 
way; the other walks at the rate of 3 miles an hour without stopping: 
when and where will they meet? 

23. Ay By and G travel from the same place at the rates of 4, 5, 
and 6 miles an hour respectively; and B starts 2 hours after A. How 
long after B must C start in order that they may overtake A at the 
same instant? 

24. A dealer bought a horse, expecting to sell it again at a price 
that would have given him 10 per cent, profit on his purchase ; but 
he had to sell it for £50 less than he expected, and he then found 
that he had lost 15 per cent, on what it cost him : what did he pay for 
the horse? 

26. A man walking from a town. Ay to another, By at the rate of 
4 miles an hour, starts one hour before a coach travelling 12 miles an 
hour, and is picked up by the coach. On arriving at JB, he finds that 
his coach journey has lasted 2 hours : find the distance between A 
andB. 

26. What is the property of a person whose income is £1140, 
when one-twelfth of it is invested at 2 per cent., one-half at 3 per 
cent., one-third at 4) per cent., and the remainder pays him no 
dividend? 
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27. A person spends one-third of his income, saves one-fonrth, 
and pays away 5 per cent, on the whole as interest at 7^ per cent, on 
debts previously incurred, and then has £110 remaining: what was 
the amount of his debts? 

28. Two vessels contain mixtures of wine and water ; in one there 
is three times as much wine as water, in the other five times as much 
water as wine. Find how much must be drawn oft from each to fill a 
third vessel which holds seven gallons, in order that its contents may 
be half wine and half water. 

29. There are two mixtures of wine and water, one of which con- 
tains twice as much water as wine, and the other three times as 
much wine as water. How much must there be taken from each 
to fill a pint cup, in which the water and the wine shall be equally 
mixed? 

80. Two men set out at the same time to walk, one from A to 
B, and the other from jB to ^, a distance of a miles. The former 
walks at the rate of p miles, and the latter at the rate of q miles an 
hour : at what distance from A will they meet? 

81. A train on the North Western line passes from London to 
Birmingham in 3 hours; a train on the Great Western line which is 
15 miles longer, travelling at a speed which is less by 1 mile per hour, 
passes from one place to the other in 3^ hours: find -the length of 
each line. 

82. Coffee is bought at Is. and chicory at Sd. per lb. ; in what pro- 
portion must they be mixed that 10 per cent, may be gained by selling 
the mixture at lid, per lb. ? 

83. A man has one kind of coffee at a pence per pound, and 
another at b pence per pound. How much of each must he take to 
form a mixture of a- 6 lbs,, which he can sell at c pence a pound 
without loss? 

84. A man spends c half-crowns in buying two kinds of sUk at a 
shillings and b shillings a yard respectively; he could have bought 
3 times as much of the first and half as much of the second for tho 
same money: how many yards of each did he buy? 

36. A man rides one-third of the distance from ^ to B at the rate 

of a miles an hour, and the remainder at the rate of 26 miles an hour. 

If he had travelled at a uniform rate of 3c miles an hour, he could 

have ridden from A to B and back again in the same time. Prove 

xt- . 2 11 

that - = - + -. 

cab 

36. Ay B^ G are three towns forming a triangle. A man has to 
walk from one to the next, ride thence to the next, and drive thence 
to his starting point. He can walk, ride, and drive a mile in a, 6, c 
minutes respectively. If he starts from B he takes a+c — b hours, if 
he starts from G he takes b-{-a-c hours, and if he starts from A he 
takes c + b-a hours. Pind the length of the circuit. 

H. A. 12 



CHAPTER XXV. 

Quadratic Equations. 

189. Suppose the following problem were proposed for solu- 
tion: 

A dealer bought a number of horses for £280. If he had 
bought four less each would have cost £S more : how many did 
he buy? 

We should proceed thus : 

Let 07= the number of horses; then — =:the number of 

pounds each cost. 

If he had bought 4 less he would have had x-4 horses, and 

each would have cost j pounds. 

8+— = — • 
a; x-4:' 

whence ^(a7-4)+35(a7-4)=35a:; 

.-. ^-4^7+35^-140=354?; 

.-. ^-4j7=140. 

Here we have an equation which involves the square of the 

unknown quantity; and in order to complete the solution 

of the problem we must discover a method of solving such 

equations. 

190. Definition. An equation which contains the square 
of the imknown quantity, but no higher power, is called a quad- 
ratic equation, or an equation of the second degree. 

If the equation contains both the square and the first power 
of the unknown it is called an adfected quadratic ; if it contains 
only the square of the unknown it is said to be a, pure quadratic. 

Thus 2a^ - 5a? = 3 is an adfected quadratic, 
and 5^72=20 is a pure quadratic. 
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191. A pnre quadratic may be considered as a simple equa- 
tion in whicn the tqyuxre of the unknown quantity is to be found. 

Exarn^U, Solve ^^ = ^j?^. 

Multiplying up, 9a;« - 99 = 26a?» - 676 ; 
.-. 16ar«=576; 
.-. a?=36; 
and taking the square root of these equals, we have 
a;=±6. 
Note. We prefix the double sign to the number on the right-hand 
side for the reason given in Art. 117. 

192. In extracting the square root of the two sides of the 
equation ^ = 36, it might seem that we ought to prefix the 
double sign to the quantities on both sides, and write ±a?= db 6. 
But an examination of the various cases shews this to be im- 
necessary. For =fc a;= ± 6 gives the four cases : 

+a?=+6, +a?=-6, -a?=+6, -^=-6, 

and these are all included in the two already given, namely 
ar=+6, ^=-6. Hence, when we extract the square root of 
the two sides of an equation, it is sufficient to put the double 
sign before the square root of one side. 

193. The equation ^=36 is an instance of the simplest 
form of quadratic equations. The equation (x - 3)^ = 25 mav be 
solved in a similar way; for taking the square root of both 
sides, we have two simple equations, 

a?-3= ±5. 
Taking the upper sign, a? - 3 = + 6, whence 0?= 8 ; 
taking the lower sign, :r - 3 = — 5, whence a? = — 2. 
.*. the solution is :f=8, or -2. 

Now the given equation (^-3)^=25 
may be written ^ - 6^ + (3)^ = 25, 

or a;2--6a?=16. 

Hence, by retracing our steps, we learn that the equation 
^2-6^=16 

can be solved by first adding (3)^ or 9 to each side, and then 
extracting the square root; and the i-eason why we add 9 to 
each side is that this quantity added to the left side makes it a 
'perfect square, 

12—2 
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Now whatever the quantity a tuslj be, 

and a^ — 2€uv+a^=(a:-ay; 

so that if a trinomial is a perfect square, and its highest power^ 
x^, has unity for its coefficie^it, we must always have the term 
without .V equal to the square of half the coefficient of a;. If, 
therefore, the terms in a^ and ^ are given, the square may be 
completed by adding the square of half the coefficient of a?. 

Note. When an expression is a perfect square, the square terms 
are always positive, [Art. 114, Note.] Hence, if necessary, the coeffi- 
cient of x^ must be made equal to + 1 before completing tiie square. 

Example 1. Solve x^ + 14a;=32. 
The square of half 14 is (7)'. 

.-. x«+ 14a; + (7)2= 32 + 49; 
that is, (a; + 7)2= 81; 

.-. a?+7==t9; 
.-. a;=-7 + 9, or -7-9; 
.'. a; =2, or -16. 

Example 2, Solve 7x=a^-8, 

Transpose so as to have the terms involving x on one side, and 
the square term positive. 

Thus a?-'7x=8. 

(7X2 49 

-J =s8 + -j; 

7 ^9 

.*. 85=8, or -1. 
Note. We do not work out f ^ j on the left-hand side. 

EXAMPLES XZV. a. 

1. 5(.t?2+5) = 6a72. 2. 3.v^=4(x^^4), 3. a^+22a:=75. 

4. a;2+24^=25. 5. ;p2=10^-21. 6. (9+^)(9-.r) = 17. 

7, x^+^x=l6. 8. ^+5a?=14. 9. x^-bx-Ze^^O. 
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10. a;«=^+'72, 11. a^-Ul = 20a!. 12. 9a? -a?8+ 220=0. 

13. 68-:i?2=iar. 14. a;+156=^. 15. 187=a;*+6^. 

16. 23a?=120+a:^. 17. 42+^=iaF. 18. 22^+23-^=0. 

19. ^-1^=32. 20. af'+^x^^l. 21. a^-la;-l^O. 
o 10 o 6 2 



19 4 . _ 3 



23. |(x+6)(x-2)=|(62i\,+i|?). 



194. We have shewn that the square may readily be com- 
pleted when the coefi&cient of a^ is imity. AH cases may be 
reduced to this by dividing the equation throughout by the 
coefficient of a^. 

Example 1. Solve 32-3a5*=10aj. 

Transposing, Sa?+10x= 32. 

Divide thronghont by 3, so as to make the coeffident of a^ unity. 

Thus *^"'"y* = '3' 

completmg the square, a:*+ y^+lgf) ^"a' + 'Q"' 

that 18, 1^05 + 3^=-^; 

5 11 

.-. a;=-|±^=2, or-6i. 
Note. We do not add (-^\ but f ^ ) to the left-hand side. 



Example 2. Solve 5iB2+lla;=12. 

11 12 



Dividing by 5, x^+-^ x= ~ 



1 X. XI. 3 11 f^^y 12 121 

completmg the square, x^ + j-x+ ( ^ j = y "^ loo ' 

/ IIV « 
that is, [x + -^^^ =- 



361, 
'lOO' 
11 _ 19 

•'• ''"*"Io"=*=io^ 

11^19 4 
*=-i0^10=6'^'-^- 
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195. We see then that the following are the steps required 
for solving an adfected quadratic equation: 

(1) If necessary, simplify the equation so that the terms in 
ut^ and X are on one side of the equation, and the term without 
X on the other. 

(2) Make the coefl&cient of a^ unity and positive by dividing 
throughout by the coefficient of ^. 

(3) Add to each side of the equation the square of half the 
coefficient of x. 

Take the square root of each side. 
Solve the resulting simple equations. 

196. In the examples which follow some preliminary reduction 
and simplification may be necessary. 

Example 1. Solve ^ ~^ = — -, - 2. 

«. ,.*_. 8a; -2 ar-S 



(4) 
(5) 



uuuj^uxjr aJ^f 


2x-3~ X 


+ 4' 




multiplying acroaa, Sx^ + 10a; - 8 = 6x' - 25a; + 24 ; 


that is, 


-3aia + 36x=32 






Dividing by 


-^. ^-^.. 


32 

3 ' 




completing the i 


, 36 / 
square, a;«--g-a;+^ 


^36V 


1225 
■ 36 


tbatis» 


(- 


36Y 


841 
'' 36' 




.-. 1 


35 
^-6 = 


^29 



32 



.•. a;=10|, or 1. 

Example 2. Solve 7 {x+2a)^+Sa^=5a(7x+2Sa). 

Simplifjring, 7«"+28aaj+28a2+3a«=36aaj+116a2, 
that is, 7x^-7ax^94aK 

Whence g^-ax= 12a^ ; 

completing the square, s^-ax+i^\ = 12a'+ j ; 

., . . / ay 49a« 

that IS, ^a;-^j=-^; 

a . 7a 
.'. x=4a, or ~3a. 
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197. In all the instances considered hitherto the quadratic 
equations have had two roots. Sometimes, however, there is 
only one solution. Thus if^-2a;+l=0, then (or - 1 )* = 0, whence 
a:=l is the only solution. Nevertheless, in this and similar 
cases we find it convenient to say that the quadratic has ttoo 
equal roots, 

EXAMPLES XXV. b. 

1. 5a;3+14a?=56. 2. 3ar2+121=44r. 3. 25^=6a;»+21. 

4. &f2+^=30. 5. aF3+35=22a:. 6. ar+22-6a;8=0. 

7. 15=l7ar+4a:*. 8. 21+^=2^. 9. 9^-143-&ir=0. 

10. 12a;a=2aF-14. 11. 2ac8=12-:r. 

12. 19a7=15-8:F«. 13. 21^+22^+5=0. 

14. 5ac»-15^=27. 15. l&c2_27^-26=0. 

16. 5a;8=&r+21. 17. 15^-2aa?=a«. 

18. 21^=2ar+3a». 19. ^3fi^\\kx'\-W. 

20. iaFa+23^^+10Xr2=0. 21. \2x^-cx-20(?=0. 

22. 2(ar-3)=3(a?+2)(a?-3). 23. (a?+l)(2^+3)=4F«-22. 

24. (3ar-5)(2^-5)=a?8+2^-3. 

25. ;p=3ar+2. 26. — n- = ir- 27. s= — rv • 

ar-l :r+l 2 a:-2 ^+6 

3^-l_ 6 ^ &F-7 ^-5 



4^+7 a?+7* * 7^-5 2^-13' 

^' 207-7 07-3" ^-^^ 1+0? 3-07 35* 

«« ^+4 ^^ 33^ 1 4 1 



•'^' 07-4^07-3 ^' 3-0? 5 9-207* 

34 Jl 5_^3 J_^f__3_ 

07-1 07+2 07* ' 07-2 07 0? + 6' 

198. From the preceding examples it appears that after 
suitable reduction and transposition every quadratic equation 
can be written in the form 

ao72 + 5o7+c=0, 
where a, 5, c may have any numerical values whatever. If there- 
fore we can solve this quadratic we can solve any. 
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Transposing, aa^ + 6^ = - c ; 

dividing by a, a^-\ — ^= — . 

•^ a a 

Completing the square by adding to each side (o-) > 
^+a^+W 4a« a' 

that IS, [x^^) =^^; 

extracting the square root, 



-6=fcVffl-4a<;) 
• """ 2^ • 

199. Instead of going through the process of completing the 
square in each particular example, we may now make use of this 
general formula, adapting it to the case in question by sub- 
stituting the values of a, 6, c, 

ExamyU. Solve 5a5'+ 11a; -12 = 0. 

Here a=5, 6=11, c=-12. 

. ^_-ll=fcV(li F-4.5(-12) 

- 11 =fcV361 -11=1=19 4 
~ lO -~~IQ 6' ''''~^' 

which agrees with the solution of Example 2, Art. 194. 

200. In the result ^^ -6± V(6'-4ac ) 

2a ' 

it must be remembered that the expression ^Jih^-^ac) is the 
square root of the compoimd quantity l^-Aac^ taken as a whole. 
We cannot simplify the solution imless we know the numerical 
values of a, 6, c. It may sometimes happen that these values 
do not make 6^ __ 4^^^ a perfect square. In such a case the exact 
numerical solution of the equation cannot be determined. 



We have 



QUADBATIG EQUATIONS. 185 

Example 1. Solve Sac* -15a; +11=0. 

_ 15d=^(,15)a,4,5.11 
*""" 2.6 

_16±V6 

~ 10 • 
Now ^5 = 2*286 approximately. 

These solutions aie correct only to fonr places of decimals, and 
neither of them will be fonnd to exactly satisfy the equation. 

Unless the numerical valnes of the unknown quantity are required 
it is usual to leave the roots in the form 

15 + V5 15-V5 





10 ' 10 • 


Example 2. 


Solve a:»-3a;+5=0. 


We have 


3±^/(-3)2-4.1.5 
* 2 




3±^9-20 
2 




_3=fcV-ll 



2 

But -11 has no square root exact or approximate [Art. 117]; so 
that no real value of x can be found to satisfy the equation. In such 
a case the roots are said to be imaginary or impossible. 

201. There is still one method of obtaining the solution of a 
quadratic which will sometimes be foimd shorter than either 
of the methods already given. 

7 
Consider the equation a?® + - j7= 2. 

t> ^ 

Clearing of fractions, 3af^+7a!-6^0 (1); 

by resolving the left-hand side into factors we have 

(3ar-2)(a7+3)=a 
Now if either of the factors 3a? — 2, a? +3 be zero their product is 
zero. Hence the quadratic equation is satisfied by either of the 
suppositions 

3ar-2=0, or 07 + 3=0. 
2 
Thus the roots are « , - 3. 
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It appears from this that when a quadratic equation has been 
rnnjpLiilm and brought to the form of equation (1), its solution 
can always be readil^ obtained if the expression on the left-hand 
side can oe resolved into factors. Each of these factors equated 
to zero gives a simple equation, and a corresponding root of the 
quadratic. 

Example 1. Solve 2ai?-ax+2hx=db. 

Transposing, so as to have all the terms on one side of the equatioUy 
we have 

2a^-aa;+26x-a6=0. 
Now 2a;? - ooj + 26a; -a6= a; (2a; -a) + 6 (205 -o) 

=(2ai-a)(a;+6). 
Therefore (2x-a)(x+6)i=0; 

whence 2a;-a=0, ora!+6=0. 

.-. a;=2, or -6. 

Example 2. Solve 2 (a;? - 6) = 3 (a; - 4). 

We have 2a;»-12=3a;-12; 

thatis, 2a;8=3a. (1). 

Transposing, 2a^ - 3a; = 0, 

a;(2a;-3)=0. 
.-. a;=0, or 2a; -3 = 0. 

o 

Thus the roots are 0, ^ . 

Note. In equation (1) above we might have divided both sides 

by X and obtained the simple equation 2x^S, whence x=^, which is 

one of the solutions of the given equation. But the student must be 
particularly careful to notice that whenever an a; is removed by division 
from every term of an equation it must not be neglected, since the 
equation is satisfied by a;=0, which is therefore one of the roots. 

202. There are some equations which are not reallv quad- 
ratics, but which maybe solved by the methods explained in this 
chapter. 

Example 1. Solve a:^-13a^+36=0. 

By resolution into factors, (ob? - 9) (oc' - 4) = ; 
.*. a;*-9=0, or a;*-4=0; 
that is, a?=9, or 4, 

and a;=3:kS, or ±2. 
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ExampU 2. Solve ^+S*"^5X^=®- 
Write y for x'+ 3x, then we have 

or y»-8y-20=0. 

From this qnadratic ^=10, or -2; 

.-. 05^+305=10, or -2. 

Thus we have two quadratics to solve, and finally we obtain 
»= -6,2; or -1, -2. 

EXAMPLES XZV. c. 

Solve by the aid of the formula in Art. 198 : 

ac2=i5_4>p. 2, 2a^+'7:r==15. 3. 2a^+'7-aa?=0. 

a;2=aF+5. 5. 5a;8+4+ 21^7=0. 6. :i?2+ll=7^. 

ac2=^ + 7^ 8. 5a?8=l'7a?-10. 

35+9^-2a;*=0. 10. 3iF»=a?+l. 

3a^*+5^=2. 12. 2a;a+5a?-33=0. 

Solve by resolution into factors : 



1. 
4. 
7. 
9. 
11. 

13. 
15. 

17. 

19. 
21. 
23. 
25. 
27. 
29. 

31. 
33. 



6^=7+a?. 14. 

2607-21 + 11^=0. 16. 

4a;2=-i^+3. 
15 

7o;8=28-9&r. 

25a78=5a?+6. 22. 

12a?2-ll(M?=36a2. 24. 

3562= 9072 +66or. 26. 

a72-2aa7+4a6=26A'. 28. 

3o^*-2flW7-6o7=0. 30. 



21 + 8o?2«26o7. 
5o72+26o7+24=0. 

18. a;2-2=f|o7. 

20. 9&c2=4a7+15. 
22. 35-4o7=4o?2. 

12072 +36a2-=43aa:. 

36o;2_35j2^126^. 

072-2ao7+8o?=16a. 
ao72+2o?=6o7. 



Solve as explained in Art. 202 : 
4=50,-2-07*. 32. 07*+36=13o;2. 

34. o;«- 190^3=216. 

86. 



35. 16 



37. 



0^+70^3=8. 
(^+^)=257. 

o:3(19+o;3)=216. 

72 

0:2-0?+-/=- = 18. 



aJi+?^=a2+62. 



38. (0^2+2)2+198=29 (0^24.2). 



40. 



CHAPTER XXVI. 

Simultaneous Quadratic Equations. 

203. "We shall now consider some of the most useful methods 
of solving simultaneous equations, one or more of which may be 
of a degree higher than the first ; but no fixed rules can be laid 
down which are applicable to all cases. 

Example 1. Solve x+y=15 (1), 

xy=S6 (2). 

' From (1) by squaring, x^+2xy+y^=225; 
from (2) 4txy=lU; 

by Bubtraotion, x* - 2xy + y' = 81 ; 

by taking the square root, x-y=±9. 

Combining this with (1) we have to consider the two cases, 
x+y=16,) x+y= 16,) 
x-y=z 9.) x-y = - 9.J 

from which we find "~ *( ~io f 

y= 3.) y=12.) 

Example 2, Solve x-y=12 (1), 

xy=zS5 (2). 

From (1) x^-2xy+y^= 144 ; 

from (2) 4fl;i/=340; 

by addition, x^ + 2xy -\-y^= 484 ; 

by taking the square root, x-\-y=:di22. 

Combining this with (1) we have the two cases, 
a;+y=22,) a:+y=-22,i 
a;-y=12.J x-y= 12.) 



Whence *="'{ ^=-^'{ 
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204. These are tHe simplest cases that arise, but they are 
specially important since the solution in a large number of other 
cases is dependent upon them. 

As a rule our object is to solve the proposed equations tym- 
metrically J by finding the values of x+y and x-y. From the 
foregoing examples it will be seen that we can always do this as 
soon as we have obtained the product of the imknowns, and either 
their sum or their difference. 

Example 1. Solve a;*+y3=74 (1), 

xy=35 (2). 

Multiply (2) by 2; then by addition and Bubtraction we have 
a;'+2a:y + y'=l44, 
x'^-2xy-\-y^= 4; 
Whence a; + i/=±12, 

x-y==fc 2. 
We have now four cases to consider; namely, 
x + y = 12,) a? + t/=: 12,) ar+y = -.12,) aj + y = -12,) 

x-y=: 2.) x-y = - 2.i x-y= 2.) ar-y = - 2.). 

From which the values of x are 7, 5, - 6, - 7; 
and the corresponding values of y are 5, 7, - 7, - 5. 

Example 2. Solve a?+y^=zlB5 (1), 

aj + y=17 (2). 

By subtracting (1) from the square of (2) we have 
2a?y = 104; 

.-. an/= 62 (3). 

Equations (2^ and (3) can now be solved by the method of Art. 203, 
Example 1 ; and the solution is 

a;=13, or 4,) 
y=i 4, or 13.} 

EXAMPLES XXVI. a. 

Solve the following equations : 

1. x+y=28, 2, x+y=5l, 3. ^+y=74, 
xy=lS7, ^=518. 07^=1113. 

4. x-y=6, 5. x-y=S, 6. ^=1075, 
xy=l26, xy=6l3. x-y^lS. 

7. ^=923, 8. ;p-y=-8, 9. x-y=-22, 
x+y=S4. 072^=1353. ;Fy=3848. 
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10. :i^=-2193, 11. A--y=-18, 12. ^=-1914, 
a?+y=-8. ary=1363. ^+y=-65. 

13. a;*+y2=89, 14. ^+y2^170, 15. ^+^^=74, 
^=40. a?y=13. ^=35. 

la x^+y^^VJS, 17. ^+y=15, 18. a;-y=4, 

19. ^+^2^180, 20. ^+y2=i85, 21. a:+y=13, 
a?-y=6. ^-y=3. .r2+y2=97. 

22. a:+y=9, 23. ^-y=3, 24. ^-a:y+y2^76, 

26. l(.-y)=l, 26. |+i=2, 27. i + i = ^. 

a?8-4a;y+y2==52. ^+y = 2. a^=12. 

28. aa7+iy=2, 29. o^^+^^+yS^^^^g^ 

205. Any pair of equations of the form 

3^±pxy+y^^a^ (1), 

x±y=h (2), 

where p is any numerical quantity, can be reduced to one of the 
cases already considered ; for by squaring (2) and combining with 
(1), an equation to find xy is obtained ; the solution can then be 
completed by the aid of equation (2). 

Example 1. Solve jc^-yS^ggg (Ij^ 

a:-y= 8 (2). 

By division, x^ + xy+y^=2>Z^ (3); 

from (2) a:»-2xy+y*= 9; 

by sabtraotion, 3a^ = 324, 

an/=108 (4). 



From (2) and (4) "'^'o'^^ial 

^ ' ^ ' y= 9, or -12. J 



Example 2. Solve x*+a^^+y*=2eiS (1), 

si^+xy+y^= 67 (2). 

Dividing (1) by (2) a?-xy+y^= 89 (3). 

From (2) and (3) by addition, a?+y*=5d; 
by subtraction, xy=i9; 

Ztim [Art. 204. Ex.1.] 



whence ' ' 



y= 
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Examples. Solve = 5 (1). 

^ X y o 



1 . 1 _5 

■y2-9 

12 11 
From(l)by8quanng, --_+--, = - 

by subtraction, 

adding to (2), 



Combining with (1), 



^■^^. = 1 (2). 




EXAMPLES XXVI. b. 

1. a^+y^^407, 2. ^+y3=637, 3. 07+^=23, 
a7+V=ll. ^+y=13. ^+y3=3473. 

4. ^-^3=218, 5. ^-y=4, 6. ^-y3=2197, 

:r-y=2. ^-y3=988. a?-y=13. 

7. ^+^/+y*=2128, 8. a7*+a:y+3^=2923, 

A'2 + a;y+y2 = 76. ^_a,y+y2 = 37. 

9. ^+^2+3^=9211, 10. .r*+a;22^Hy*=737l, 

„ 1 1 481 ,o 1 . 1 61 .« ^4.2-91 

1 l_29 .ty=30. .r+2^ = 6. 

J"^y~24' 

14. ? + ^=2M, 15. -^2=-, 16. ^-y3=56, 

17. 4(a72+y2) = l7a7j^, 18. ^+^^=126, 

07-3^=6. .r2-a?2^+3^2=:2l. 
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19- i3+p=lTJ., 20. ^-p=91, 

-^l = li. 1-1=1. 

206. The following method of solution may always be used 
when the equations are ofthQ same degree aTid homopeneous. 

[See Art. 12.] 

Example. Solve x«+a:2/ + 2y'=74 (1), 

2a;2 + 2xy + y«=73 (2). 

Put y=mx, and substitute in both equations. Thus 

a?»(l+m+2m2)=74 (3), 

and x2(2 + 2m+m»)=73 (4). 

.„,... l + m + 2m2 74 

^y^^^^^""' 24-2m4-m^ = 73' 

.-. 73 + 73m+146m3=148 + 148m + 74m2; 

.-. 72m«-75ift-75=0, 

or 24wi>-25m-25=0; 

.-. (8m+6)(3m-5)=0; 

6 6 

.-. m=-Q, or^. 

(i) Take m=- - , and substitute in either (3) or (4). 



From (3) ^.^ ^i -| + g)=74; 



64x74^ 

. a;=±8; 

6 
'. y=mx=- -x= TO. 

o 



(ii) Take m=^\ then from (3) 



X' 



(i.|.f)=«, 

.-. a;=±3; 

5 
.'. y = mx=-x=^5. 

o 
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207. When one of the equations is of the first degree and 
the other of a higher degree, we may from the simple equation 
find the value of one of the unknowns in terms of the other, and 
substitute in the second equation. 

Example, Bolye Bx-4y=5 (1), 

8«>-a:y.-3y«=21 , (2). ^^ 

From (1) we have x = ^ ; 

•.5 

and substituting in (2), ^J^' - I^i5+iy)^3y»=21; 

.-. 76+120y+48y«-16y-12y2-27y«=189; 
9j/»+106y- 114=0, 
8y» + 3%-38=0; 
.-. (y-l)(3y + 38)=0; 

. 88 

.-. y=l, or-— ; 

137 
and by substituting in'(l), x=3, or - -^p . 

208. The examples we have given will be sufl&cient as a 
general explanation of the methods to be employed ; but in some 
cases special artifices are necessary. 

Example 1. Solve x»+4a:y + 3a:=40-6y-4ya (1), 

2xy-x^=^^ (2). 

From (1) we have a;*+4ary + 4y« + 3x+6y=40; 
that is, (x + 2y)» + 3 (x + 2y) - 40=0, 

or (a?+2y + 8)(a;+2y-6)=0; 

whence a;+2y=- 8, or 5. 

(i) Combining a; + 2j/ = 5 with (2) we obtain 

2a;«-6a? + 3=0; 

8 
whence a?=l, or^; 

7 

and by substituting in a;+2^:= 5, ^=2, or 7 . 

(ii) Combining 2+ 2^~ - 8 with (2) we obtain 
2xa+8« + 3=0; 

, -4±V10 . -12qRVlO 
whence x= ^ — ; and y= -^ — . 

H. A. 13 
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Example 2. Solve xhf^-6x=U-^y 

dxy + y=2{9+x) 

From (1) arV - 6a; + 3y =34; 

from (2) 9xy-6x+Sy=5M 

by subtraction, xhf^ - 9xy + 20 = 0, 

(art/-6)(xy-4)=0; 

.-. xy=5, or 4. 
(i) Substituting xy = 5 in (2) gives y - 2a;=3. 
From these equations we obtain a; = 1, or -^, 

y=5, or -2. 
(ii) Substituting ary =4 in (2) gives y - 2j:=6. 

, . -3±V17 
From these equations we obtain x= ^ , 

and y = 3=fcV17. 



(1). 
(2). 



EXAMPLES XZVL c. 



1. 5j7-y=17, 



2. :r2+iFy=15, 



3. a?-y=10, 

a;2-2^-32^2^84. 



4. 3r+2y=16, 
a;y=ia 

7. ^+2y=9, 
3y2_5^=43. 



6. ar-3y=l, 

a?2-2^+9y2==i7. 



5. 3^-y=ll, 
3a^«-y2=,47, 

8. ;i;2_^=24, 

10. ^2+4^:3^=133, 11. 2.r2 + 3^=26, 12. ^+«y+y2=3i, 
4a:y + 16^2^228. 3y2+2a;3^=39. 2jF2-ary+2y2=:2j. 

13. 



9. 5a7+y=3, 

2^-3Ay-y2==i. 



.^2-3^+^2 + 1=0, 

3^-^+3y2=l3. 



14. ar2-5a;3^+3/=l, 
3^2-6:12^+2^2=4. 



15. 



18. 



jc2-2a;y=21, 
3^ + 1/^=^18, 

:r2y- ^2=^42. 



16. ^+3ary=54, 17. ^+y3=l52, 
07^ + 4^2=115. ^y+^y2=i20. 



19. /i^-y3«208, 

^(^-y)=48. 



20. ^2+5^=84, 
A-+y=S. 



21. .r2 + 4y2 + 80=:15a7 + 30y, 22. 9a;2+yS^63^._2iy + 128=0, 
J7y=6. a:y=4 



CHAPTER XXVII. 
Problems leading to Quadratic Egt^ATioNs. 

209. We shall now discuss some problems which give rise, 
to quadratic equations. 

Example 1. A train travels 300 miles at a miiform rate; if the rate 
had been 5 miles an hour more, the journey would have taken two 
hours less : find the rate of the train. 

Suppose the train travels at the rate of x miles per hour, then the 

time occupied is — hours. 

300 
On the other supposition the time is — ^ hours; 

(1); 





300 __300 2 




" x + 6~ X 


whence 


ar« + 6a:-750=0, 


or 


(a? + 30)(x-26)=0, 




.-. ar=25, or -30. 



Hence the train travels 25 miles per hour, the negative value 
being inadmissible. 

It will frequently happen that the algebraical statement of the 
question leads to a result which does not apply to the actual problem 
we are discussing. But such results can sometimes be explained by 
a suitable modification of the conditions of the question. In the 
present case we may explain the negative solution as follows. 

Since the values a; =25 and -30 satisfy the equation (1), if we 
write —a; for a; the resulting equation, 

_300_-?09_2 (2), 

will be satisfied by the values x= -25 and 30. Now, by changing 
signs throughout, equation (2) becomes -— = = — + 2; 

and this is the algebraical statement of the following question : 

A train travels 300 miles at a uniform rate ; if the rate had been 
5 miles an hour less, the journey would have taken two hours more : 
find the rate of the train. The rate is 30 miles an hour. 

13—2 
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Example 2. A person selling a horse for £72 finds that his loss 
per cent, is one-eighth of the number of pounds that he paid for the 
horse: what was the cost price? 

Suppose that the cost price of the horse is x pounds; then the 

loss on £100 is £|. 



X 



x^ 



Hence the loss on £x is x ^^^ » or ^^ pounds; 

X* 

,\ the selling price is a? - ^^ pounds. 

Hence "^'m^^^' 

or a;a-800a; + 67600=0; 

that is. (a;-80)(a:-720)=0; 

.-. a; =80, or 720; 

and each of these values will be found to satisfy the conditions of the 
problem. Thus the cost is either £Q0, or £720. 

Example 3. A cistern can be filled by two pipes in BS^ minutes ; 
if the larger pipe takes 15 minutes less than the smaller to fill the 
cistern, find in what time it will be filled by each pipe singly. 

Suppose that the two pipes running singly would fill the cistern 
in X and x-lB minutes. When running together they will fill 

( - + — Ti) of the cistern in one minute. But they fill ^^ , or -^r^ 
\a; x-lbj '' aai 100 

of the cistern in one minute ; 

TT 113 

^^^ i+irr5 = i00' 

100(2aj-16)=3a?(a;-16), 
3a;«-246a: + 1500=0, 
(a;-76)(3«-20)=0; 

.'. a; =76, or6|. 
Thus the sxnaller pipe takes 75 minutes, the larger 60 minutes. 
The other solution 6| is inadmissible. 

Example 4. The small wheel of a bicycle makes 135 revolutions 
more than the large wheel in a distance of 260 yards; if the circum- 
ference, of each were one foot more, the small wheel would make 
27 revolutions more than the large wheel in a distance of 70 yards: 
find the circumference of each wheel. 
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Suppose the small wheel to be d; feet, and the large wheel y feet in 
circomferenoe. 

780 780 

In a distance of 260 yards the two wheels make — and — - 

revolutions respectively. 

' 780 780 ,__ 

Hence = 135, 

X y 



1-1 = 1. 

x' y 52 * 

Similarly from the second condition, we obtain 
x + l y + l"^'* 

_i L_=l. 

x + l y + 1 70 



(1). 



(2). 



From (1) x= 



52+9y* 



whence a;+l= ^^ ^^ ♦ 

9y + 62 



Substituting in (2), 



9y+52 1 9 

61y+52 y + l""70' 

70x9y2=9(61y+62)(y+l), 

9y2-113y-62=0, 

(y-13)(9y4-4)=0, 

4 
.-. y=13, or -^, 

Putting y=13 we find that a? =4. The other value of y is inad- 
missible; hence the small wheel is 4 feet, the large wheel 13 feet in 
circumference. 

Example 5. On a river there are two towns 24 miles apart. By 
rowing one half of the distance and walking, the other half, a man 
performs the journey down stream in 5 hours, and up stream in 7 
hours. Had there been no current, each journey would have taken 
5| hours : find the rate of his walking, and rowing, and the rate of the 
stream. 

Suppose that the man walks x miles per hour, rows y miles per 
hour, and that the stream flows at the rate of z miles per hour. 

With the current the man rows y+z miles, and against the 
current 2^ - ;e miles per hour. 
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Hence we have the following equations: 

12 12 ^ ,,. 

T*fr.=' " <^)' 

?^^.- (^). 

?-?=«! («)• 

From (1) and (3) by subtraction, = ^^ (4). 

Similarly, from (2) and (3) -1- -^ = i (6). 

From (4) lSz=y{y+z) (6); 

and from (5) 9z=y(y-z) ^.. (T)- 

From (6) and (7) by divigion, 2=?^ ; 

whence ff^Sz; 

/. from (4) «=li; and hence y=4J, aj=4. 

Thns the rates of walking and rowing are 4 miles and 4^ miles 
per hour respectiyely; and the stream flows at the rate of H miles 
per hour. 



EXAMPLES XXVn. 

1. Find a number whose square diminished by 119 is equal to 
ten times the excess of the number oyer 8. 

2. A man is five times as old as his son, and the sum of the 
squares of their ages is equal to 2106 : find their ages. 

8. The sum of the reciprocals of two consecutive numbers is 
^ ; find them. 

4. Find a number which when increased by 17 is equal to 60 
times the reciprocal of the number. 

5. Find two numbers whose sum is 9 times their difference, and 
the difference of whose squares is 81. 

6. The sum of a number and its square is nine times the next 
highest number ; find it. 

7. If a train trayelled 5 miles an hour faster it would take one 
hour less to travel 210 miles : what time does it take ? 
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6. Find two numbers the som of whose squares is 74, and whose 
sum is 12. 

9. The perimeter of a rectangular field is 500 yards, and its area 
is 14400 square yards : find the length of the sides. 

10. The perimeter of one sqnare ex&eeds that of another by 100 
feet ; and the area of the larger square exceeds three times the area of 
the smaller by 825 square feet : find the length of their sides. 

11. A cistern can be filled by two pipes running together in 
22) minutes : the larger pipe would fill the cistern in 24 minutes less 
than the smaller one : find the time taken by each. 

12. A man travels 108 miles, and finds that he could have made 
the journey in 4^ hours less had he trayelled 2 miles an hour faster : 
at what rate did he travel ? 

13. I buy a number of cricket balls for £5 ; had they cost a 
shilling apiece less, I should have had five more for the money : find 
the cost of each. 

14.^ A boy was sent out for a shilling's worth of eggs. He broke 
3 on his way home, and his master therefore had to pay at the rate of 
a penny more than the market price for 5. How many did the master 
get for a shilling? 

15. What are eggs a dozen when two more in a shilling's worth 
lowers the price a penny per dozen ? 

16. A lawn 50 feet long and 34 feet broad has a path of uniform 
width round it ; if the area of the path is 540 square feet, find its 
width. 

17. A hall can be paved with 200 square tiles of a certain size ; if 
each tile were one inch longer each way it would take 128 tiles : find 
the length of each tile. 

is. In the centre of a square garden is a square lawn ; outside 
this is a gravel walk 4 feet wide, and then a flower border 6 feet wide. 
If the flower border and lawn together contain 721 square feet, find 
the area of the lawn. 

19. By lowering the price of apples and selling them one penny 
a dozen cheaper, an applewoman finds that she can sell 60 more 
thim she used to do for 5s, At what price per dozen did she sell 
them at first ? 

20. Two rectangles contain the same area, 480 square yards. 
The difference of their lengths is 10 yards, and of their breadths 
4 yards; find their sides. 

21. There is a number between 10 and 100 ; when multiplied by 
the digit on the left the product is 280 ; if the sum of the digits 
be multiplied by the same digit the product is 55: required the 
number. 
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22. A farmer having sold at 75«. a head, a flock of sheep which 
cost him X shillings a head, finds that he has realised z per cent, 
profit on his outlay ; fin^ p;, 

23. A tradesman honght a number of yards of cloth for £5; he 
kept 5 yards an4 sold the rest at 2a. per yard more than he gave, and 
^ot £1 more than he originally spent : how many yards did he buy ? 

24. If a carriage wheel 14| ft. in circumference takes one second 
more to revolve, the rate of the carriage per hour will be 2| niiles less: 
how fast is the carriage travelling ? 

25. A broker bought as many railway shares as cost him £1875 ; 
he reserved 15, and sold the remainder for £1740, gaining £4 
a share on their cost price. How many shares did he buy ? 

26. A and B are two stations 300 miles apart. Two trains start 
simultaneously from A and JB, each to the opposite station. The train 
from A reaches B nine hours, the train from B reaches A four hours 
after they meet : find the rate at which each train travels. 

27. A train A starts to go from P to Q, two stations 240 miles 
apart, and travels uniformly. An hour later another train B starts 
from P, and after travelling for 2 hours, comes to a point that A had 
passed 45 minutes previously. The pace of B is now increased by 5 
miles an hour, and it overtakes A just on entering Q, Find the rates 
at which they started. 

28. A cask P is filled with 50 gallons of water, and a cask Q with 
40 gallons of brandy ; x gallons are drawn from each cask, mixed and 
replaced ; and the same operation is repeated. Find a; when there are 
8} gallons of brandy in P after the second replacement. 

29. Two farmers A and B have 30 cows between them ; they sell 
at different prices, but each receives the same sum. If A had sold his 
at JB*s price, he would have received £320 ; and if B had sold his at 
il's price, he would have received £245. How many had each ? 

30. A man arrives at the railway station nearest to his house 
1^ hours before the time at which he had ordered his carriage to meet 
hun. He sets out at once to walk at the rate of 4 miles an hour, and, 
meeting his carriage when it had travelled 8 miles, reaches home 
exactly 1 hour earlier than he had originally expected. How far 
is his house from the station, and at what rate was his carriage 
driven? 



CHAPTER XXVIII. 

Habdeb Factobs, 

210. In Chapter xvii. we have explained several rules for 
resolving algebraical expressions ihto factors ; in the present 
Chapter we shall continue the subject bj discussing cases of 
greater difficulty. 

211. By a slight modification some expressions admit of 
being written in the form of the difference of two squares, and 
may then be resolved into factors by the method of Art, 133. 

Example 1. Besolve into factors x*+a;y +y*. 

= (x^+y^+xy) {x^+y^-xy) 
= (x« +xy+ y*) {x*-xy+ y«). 
Example 2. Hesolve into factors x* - I5a^* + 9y*, 

X* - 16a?V + V= (^ - 6^V + V) - 9^*2^' 
= (a;2-3y«)«-(3xy)« 
= (ar« - 3y» + Zxy) {x* - 3?/ - 3xy). 

^12. Expressions which can be put into the form ^±^5 
may be separated into factors by the rules for resolving the sum 
or the difference of two cubes. [Art. 136.] 

Example 1. ^z'^'^^=(^^ -^^^)^ 

ft/j2 ft 

Example 2. Besolve a^x^ 3" "" ^' + "3 ^^^ ^^^^ factors. 

= (a«-l)(^-«) •. 

= (a+l)(a-l)(^-|)(.«+^ + i) ; 
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Example 8. Itesolve a9 - 64aS - a« + 64 into six factorg. 
The expression=a» (a« - 64) - (a« - 64) 

= (a«-64)(a»-l) 

=(a»+8)(a»-8)(a»-l) 

= (a+2)(a«-2a+4)(a-2)(a«+2a+4)(a-l)(a2+a+l). 

a(a-l)x«-(a-6-l)xy-6(6 + l)y»={aa;-(6 + l)y}{(a-l)a:+6y}. 

KoTB. In examples of this kind the coefficients of x and y in the 
binomial factors can asnally be gaessed at once, and it only remains 
to verify the coefficient of the middle term. 

213. From Example 2, Art 52, we see that the quotient of 

a^+b^+<?-Babo by a+b+c is a^+b^+c^-bc-ca-ab. 

Thus a3+63 + c'-3a6c=(a+5+c)(a2+62+c2-fc-ca-a6)...(l). 

This result is important and should be carefully remembered. 
"We may note that the expression on the left consists of the sum 
of the cubes of three quantities a, by c, diminished by 3 times 
the product abc. Whenever au expression admits of a similar 
arrangement, the above formula will enable us to resolve it 
into factors. 

Example 1. Hesolve into factors a'-6'+c'+8a&c. 

a»-6»+c» + 3a5c=fl8+(-6)8+c»-3a(-6)c, 

= (a-'b + c){a^'\-b^+c^ + hc''ea'^ab), 
- b taking the place of ( in formula (1). 

Example 2. 

«»-8y»-27-iary=a:» + (-2y)« + (-8)»-ar(-2y)(-8) 

= (a;-2y-3)(a;*+4ya+9-6y + 3a;+2a;y). 



EXAMPLES XXVllL a. 

Besolve into factors : 
1. ^+16^+256. 2. 81a*+9a«62+6<. 

6. a^-6a^^+2/*. 6. 4^+9y*-93iP«j^« 

7. 4»i*+9n<-24m«n«. 8. 9^+4y*+11^2. 
9. ^-19a?«^2+25y*. 10. 16a* + 6*-28a262. 



HARDER FACTORS. 
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11 ^-l 

14. ^^' 1 



12. 216a»- 



63 



13- ^+^- 



15. gf+1000. 



16, 



a^ 64 
512 a^* 



Resolve into two or more factors: 



4mn* - 20n« + Ahnm^ - Qm^. 
y2«8(a?*-l)+:i;«(y*-«<). 
jtw (m* + 1 ) - m ( jt>* + 71*). 
(2a2+3y2)^^_(2^+3o2)y. 



17. a^V+S^'-Sa^-y*. 18. 

19. a6(^+l)+x(a2+62). 20. 

21. a3+(a+5)a^+5.r8. 22. 

23. 66.r(a2+l)-a(4j:*+962). 24. 

25. (2a;«-3a2)y+(2a2-3y2)a?. 

26. a(a-l)a;«+(2a2-l)a?+a(a+l). 

27. 3^-(4a+26)^+a8+2a6. 

28. %i^3fi-2{2h-4c){h'-c)f+ahxy, 

29. (a2-3a+2)a;«+(2a2-4a+l)a7+a(a-l). 

30. a(a+l)a;a+(a+6)ay-5(6-%2. 

31. j3 + c8-l+36(j. 32. a«+8c» + l-6a<J. 
33. .a3 + ft3+8c8-6a6c. 34. a3-276s+c8+9a6c. 
35. a^-V^-i^-^abc 36. 8a8+2753+cS-.i8a6c. 

37. Resolve afi-k-^la^^ 6561 into three factors. 

38. Resolve (a* - 2a«62 - 5*)* - 4a*6* into four factors. 

39. Resolve 4(a6 + ccQ* _ (^ja + 52 _ ^2 _ ^)2 into four factors. 

40. Resolve afi - jr^ into four factors. 
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41. Resolve a?*'—y^' into five factors. 

42. Resolve a^^ -y^ into six factors. 



Resolve into four £a.ctors : 
43. ^-ar-a3+ac3. 

«. ^■»+^+64«s-t-«4. 

' • '72 32 94;«'^4 • 

Resolve into five factors : 
49. ar7+.t?<- 16078- 16. 



44. ^+a:y-&cy-8y». 

46. 4a-96 + ^-?^\ 
48. afi-^ba^+^l-^a^. 



50. 16a77-81a;S- 16^+81. 
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214. The actual processes of multiplication and division can 
often be partially or wholly avoided by a Skilfiil use' of factors. 

It should be observed that the formvlsB which the student 
has seen exemplified in the preceding pages are just as useful in 
their converse as in their direct application. Thus the formula 
for resolving into factors the difference of two squares is equally 
useful as enabling us to write down at once the product of the 
smn and the difference of two quantities. 

Example 1. Multiply 2a+Sb-c by 2a-36+c. 

These expressions may be arranged thus : 

2a+(36-c) and 2a-(36-c). 
Hence the products {2a + (36 -c)} {2a-(36-c)} 

= (2a)3-(36-c)a [Art. 133.] 

=4a2-(962-6&c + c«) 

=4a8-962+6&c-c2. 

Example 2. Multiply {a^+a+l)x-a-l hy (a-l)x-a^+a-l. 
Theproduct={(a»+a + l)a?-(a + l)} {{a-l)x-(a^'-a+l)} • 

= (a»-l)a?«-{(a< + a2+l) + (a«-l)}a? + (a3 + l) 

= (a8-l)a;8-(a*+2a«)a:+a8 + l 

= (a3-l)a;«-a2(a2+2)x+a3 + l. 

Note. The product of a^+a + l and a^-a+1 is a*+a* + l and 
should be written down without actual multiplication. 

ExampU 3. Multiply (3+a?-2a?2)2-(3-a;+2a?«)« (1). 

by (3+a: + 2a:2)«-(3-a;-2a:«)« (2). 

The expression (1) 

= (S + x-2x^+B-x + 2x^{S+x-2x^-3 + x-2x*) 
. =6(2a?-4i«) 
= 12x(l-2x). 

The expression (2) 

= (3+ar + 2x* + 3-ar-2a;2)(3 + a; + 2a;2-3 + a? + 2ar*) 
' =6(2j; + 4a;«) 
= 12a?(l + 2x). 
Therefore the product = 12x (1 - 2x) x 12x (1 + 2x) 
= l44«2(l-4a;«). . 
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Example 4. Divide the product of 2a;« + aj-6, and 6aB» - 6a: +1 
by 3a;«+6a;-2. 

Denoting the division by means of a fr;(iction» the required 
(2a!»+a; -6)(6g«-5a!+l) 
quotient = 3x» + 6«-2 

(2g-8) (a;+2)(3x-l) (2a;^l) 
. (3aj-l)(x+2) 
= (2aj-3)(2aj-l). 

Example 6. Shew that (2a; + 3y-«)»+(3« + 7y+;f)» is divisible 
by 5{x+2y). 

The given expression is of the form -4'+J5', and therefore ha&a 
divisor of the form -4 +B. 

Therefore (2a; + 3y - z)^ + (3a; + 7y + ;b)» 

is divisible by (2a; + 3y-2;) + (3a;+7y+2), 

that is, by 5a; + l0y, 

or by 5(x + 2y). 

" Example 6. Find the quotient when a" + 8 - 56 (256* - 6a) 
is divided by a - 66 + 2. 

The expression = a* + 8 - 1266' + 30a6 

=:a8 + (_66)8 + ^2)8-3.a(-66)(2) 

= (a - 66 + 2) (a» + 266« + 4+ 106 - 2a + 5a6). 

[Art. 213.] 
.\ the quotient is a« + 256« + 4 + 106 - 2a + 6a6. 

Example 7. If a; + y =«, and j; - y = 6 shew that 
4 (a;^ - 6a;V+y*) = 6aa6«- a* - 6*. 
a;*-6a;V + y*=(^-2«V+y*)-4«V 



= {(«+y) (« -y)}» - ^ {{x+y)*'{x-y)^]* 



1 



= (a6)«-j(a«-62)«; 

4 (a;* - 6a;V+!/*)=4a86a - (a» - 6«)« 
=6a262-a<-6*. 
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EXAMPLES XXVm. b. 

Find the product of 

1. 2a7-7y+3« and 2^+'7y-3z. 

2. 3a^-4ay+7y" and 3a?*+4ry+7y«. 

3. 5^+5a?y-9y2 and ha^ — bxy — ^^, 

4. 7a72-acy+3y2 and 7ir*+ar3^-3y*. 

6, ^+2^+2a?y*+y3 and a;'-2^+2^*— y5. 

6. (^+y)*+2(a:+y)+4 and (:p+y)2-2(a7+y)+4. 

7. (l+a?+2a7a)«-(l-a7-ar8)2 and (l+a?-ar8)2-(l-a?+2a78)«. 
a (a2+3a-l)2-(a2_3a-l)« and (a2+a+l)2-(a«-a+l)2. 
9. a;5-4a;*+ar-8 and a^+4a;*+8^+8. 

10. a^-6aa;«+18a2x-27a3 and a;3+6aa;2+i8a24r+27a8. 

11. x-a- and a?+aH . 

ax ax 

12. (2a;2+ai7+l)2-(2a;2-ai7-l)2and(a:8+6^-2)2-r(;p2-ai?+2)«. 
Find the continued product of 

13. ^ + cMr+a2, si^-ax-\-a^y a^-d^3i^->ra^. 

14. l-^+a:», 1+^+x^, 1-J72+^, l-ar^+A-s. 

15. (a-x)3, (a+a;)3, {a^^3^)\ 

16. (1-^)2, (1+^)2, (!+:««)*, (l+:r*)2. 

17. a;2^_4^+3^ :r8+^-2, :r8-5a7+6. 

18. ir«+2^-3, ir«-5a7+6, a:24-3ar+2. 

19. ^+2, a;8+2a?+4, a?-2, a:2_2^^_4, 

20. Multiply the square of a + 36 by a^ - 6a6 + 95*. 

21. Multiply l(a-5)2+l(&-c)2+|(c-a)2 by a+6+c. 

22. Divide (4ar+3y-2e)2-(3ar-2y+a?)2 by ar+5y-5j. 

23. Divide a^ + 16a*a;* + 256a8 by ^r^ + 2ar + 4a2. 

24. Divide (3ar+ 4y - 2^)2 -(2:F + 3y- 42)2 by ar+y+2j. 

25. Divide the product of a;2^7-p^xO and a7+3 by d72 + 5:r+6. 
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26. Divide 2a:(A'«-l)(jr+2) by a^ + ^-2. 

27. Divide 5ar(a?-ll)(^-a?-156) by ^^8+^:8-132^. 

28. Divide iB« + 19^-216 by (a;2_3<p+9)(^_2). 

29. Divide (5a;2 - 3a? - 6)^ - (2a?8 - 7a? + 9)« by the product of 

3a?-5 anda?+3. 

30. Divide o»-6» by the product of a*+ab + h» andcfi+a^b^+lfi. 

31. Divide (a:» - ar^)2 - {Zxy^-fY by (a? -y)», 

32. Divide (a?8-yz)3 + 8y32a by x^+yz. 

33. Divide 18a?y + l+27a?S-8y» by l+3a?-2y. 

31 Divide (2a;«+3a7-l)2r (^+4a?+6)a by the product of 3a? + 4 
anda?+2. 

35. Divide the product of 6a« - 23a + 20 and 22a2 - 81a + 14 by 

33a8-50a+8. 

36. Divide the product oix^+{a-h)x-ah and afl-(a— h)x- ab 

by a^+{a + h)x + ah. 

37. Dividea5-8y»-9a?(3a?8+2ay) by a-3a?-2y. 

38. Divide "in -^-Mf-l'iLxy by 3-2(a?+2y). 

39. Shew that (2a?- 3y+ 1)*- (1 - 3a? + 2y)3 is divisible by 

5(0? -y). 

40. Shew that the square of a? + 1 exactly divides 

(a?3+a:«+4)« - (a?s - 2a?+3)3. 

41. Shew that 26 + 2(;? is a factor of the expression 

42. Shew that {Za^-lx+ 2)3 _ (a?2 - 8a? + 8)3 is divisible by 2a? - 3 

and by a?-h2. 

43. Shew that (7ar2 + 3a? - 3)3 + (5 -^a _ 4^ ^ 3)3 ig divisible by 4a? - 3 

and by 3a?+2. 

44. Shew that the sum of the cubes of 2a7* - 5a? - 9 and a?^ + 6a? - 5 

is divisible by the product of 3a? +7 and a? — 2. 

45. If a?+y=wi and a?-y=n, express a?3+y3 in terms of m and n, 

46. If a?+y=m and x—y^n^ shew that 

16 (a?* - 7a^«y8 +y*) = (5m2 - n*) (5n2 - mF), 

47. Find the value of a?*+a:^2^.y4 ^hen a?+y=2a, X'-y=2h, 

48. If a? +y = 2a and a? - y = 25 -prove that 

a?*-23a?2y2+y<=(7a2-362) (762-3a2). 

49. Find the value of a?*-47a;^*+y* in terms of p and q when 

x+y=^p and x-y=q. 

50. Find the value of a;*-2a?3y+2a7y3_y4 when x^^^a + b and 

y^a-b. 



CHAPTER XXIX. 

Miscellaneous Theorems and Examples, 

215. Questions upon the simple rules, e. g. Division, Highest 
Common Factor, Evolution &c., frequently occur which cannot 
be neatly and concisely worked without a ready use of factors and 
compound expressions. These we have hitherto excluded as unsuit- 
able for the student until he has gained confidence and power by 
practice. We propose in the present chapter to bring together 
a miscellaneous collection of examples, K)r the most part not 
new in princii>le, but requiring some skill for their solution. 
The chapter will be found useful as a revision of the earlier 
chapters. 

Example, Divide 

flur* - (op - 6) a:* + (odf - &p - c) oj' + (6g + cp) x-eqhj cuf^-hbx-c, 
ax^ + bx-c\aa^-{ap-b)a? + {aq-hp'-c)a?-\-{hq+cp)x-'Cq^-'Px-\'q 

- apac» + (o^ - bp)a^ + {bq + cp)x 
-apat^-hpai? -^cpx 

aqp^ + bqx - cq 

aqpi^ -i-bqx-cq 

Note. When the ooeffioients in divisor or dividend are compound 
quantities it is best to retain them in brackets throughout the work. 

216. In the process of finding the highest common factor, 
by the rules explained in Chap, xviii., every remainder that 
occurs in the course of the work contains the factor we Are 
seeking. Hence when any one of the remainders admits of being 
resolved into factors, we may often shorten the work. 

Examplel. FindtheH.C.F.of 2a:>-(4a-8c)a;?+6(6-ac)a;+96c 
and 2a:» + (2a + 3c) a;? + (3ac - 46) « - 66c. 

2«»-(4a-3c)««+6(6-ac)a;+96c|2a:»+(2a+3c)x»+(8ac-46)«-66c|l 

|2a.8_(4o 8cjg«4-(66-6ac)g+96c| 
6ax"+ (9ac - 106) x - 156c 
Kow the remainder = 6aa^+ 9ac« - 106a6 - 156c 
=3aa; (2x+3c) - 56 (2964* 8c) 
=:(2a:+3c)(3aaj-56). 
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Of these factors, Sax -5b may dearly be rejected; therefore if 
there is a common factor it must be 2as+3c. And by division, or by 
the method explained in Art. 152, we find that 2a; +36 is a factor of 
each expression. 

Hence the H. G.F. is 2a;+3c. 

Example 2. Find the H. C. P. of (a«-2a)a» + 2 (2a-l)a8-a«+l 
tmd(a*-a-2)x'+(4a+l)a;-a'-a. 

Each of these expressions can be resolyed into factors as explained 
in Art. 212, Ex. 4. Thus 
(a«-2a){r» + 2(2a-l)aj-a«+l=a(a-2)aj« + 2(2a-l)a;-(a + l)(a-l) 
= {(a - 2) «+ (a+ 1)} {ox - (a - 1)} . 
(a"-a-2)x*+(4a+l)«-a2-a=(a-2)(a+l)a?2+(4a+l)»-a(a+l) 

= {(a-2)x+(a+l)} {(a+l)x-a}. 
Hence the H.C.F. is (a-2)a+a+l. 

T!TrAMPT.P.S^ XXIX. a. 

Divide 

1. a:^+{a+b+c)a^+(bc+ca'\-ah)x+ahc by ar^+(a+6)ar+a6. 

2. ^-(5 + a)a;»+(4+5a+6)a7«-(4a+56)^+46 by^-5a7+4. 

3. jfi-la-b)j^-{ah+2b^)x+2ab^hy x-b. 

4. x^-lp^+3q^) a>-\-2p^q-2q^ hy x+p+q. 

6. a^-(Zmn+n^x+m{m^-n^) hj x+m+n, 

6. a(a-l)^+(2a2-i)-p+a(a+l) by (a-l)x + a, 

7. a^ + (a+b)x^ + {a^+ab+ll^)x^+{a^+b^)x+a^l^hjx*+ax+b^, 

8. 2^0^-2 {^^'- 4n) (m-n) 2/^ + Imxy by lx+2{m-n)t/. 

9. {a^+a-2)x^-{2a + l)xy-(a^+a)f by {a-l)x-ay. ' 

10. x^-{a--b-2)a^-{ab+2a-2b)x-2ab by {x-a)(x+2). 

11. (:r+ 1)8 + 4 (^+1)6+ 6(^+1)* + 4 (^+1)2 + 1 by :i;« + 2a7 + 2. 

12. {m+l)(bx+an)b'^a^--{n + l)(mbx+a)a^ by bx-a. 
Find the H.C.F. of 

13. (m2-3m+2)472+(2m2-4m + l)a;+m(w-l) and 

m(m-l)^ + (2m2-l)^+m(m + l). 

14. mpx^+{mq -np) a^ - {mr+nq) x+nr and 

mcux^ - {mc+na) a^ - {mh - nc) x+nb. 

15. 2aj^ + (3a - 2b)p^q + (a - Sb)pq^ -bf land 

3a2^-{a+3b)p^q+{2a+b)p^-2bf. 

16. acx^-h{bc+ad)a^+(bd+a€)x+bc and 

2aca^+(2bo-ad)a^'-'{dae+bd)x-2bc. 

H. A. 14 
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17, 2a2^-<46+3) aa?8+2(36-ac)^+3c and 

•18. 2cux!^ + (4a2 - 1) 6a?8 - (2a6* + 3c) ^ - 6a6c and 
ax^-{S-2a^)bx^+{2c-Qab^)a;+4qhc, 

Find the L. CM. of 

19. a!^-pa^+(q-l)^'c^+pa:-q and af^-qa^+^p-Vja^+qx-p, 

20. ^(p+l)a;*+^-i?(i>-l) and ^(^+2)^2+20? -j»2+l. 

21. {a^-5a+6)a^+2(a-l)a;-a(a+l) and 

217. We add some miscellaneous questions in Evolution. 
The fourth root of an expression is obtained by extracting 

the square root of the square root of the expression. 

Similarly by successive applications of the rule for finding the 
square root, we may find the eiahth, sixteenth... root. The stjcth 
root of an expression is found by taking the cube root of the 
square root, or the square root of the cube root. 

Similarly by combining the two processes for extraction of 
cube and square roots, certain other higher roots may be ob- 
tained. ' . 

Example 1. Find the fourth root of 

81a:*- 216a:'«y + 216a;V - mxy^ + 16y<. 

Extracting the square root by the rule we obtain 9sb' - 12x^+4^'; 
and by inspection^ the square root of this is das - 2y, 

which is the required fourth root. 
JExample 2. Find the sixth root of 

(■'4)'-«(-l)(--»-H)'- 

' By inspection, the square root of this is 

3 1 
which may be written a* - 3a; + - - -3 ; 

and the cube root of this is ar - - , 
which is the required sixth root. 

218. In Chap, vi, we have given examples of inexact division. 
In a similar manner when ai^ expression is not an. exact square 
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or cube, we may perform the process of evolution, and obtain as 
many terms of the root as we please. 

Example^ To find four terms of the square root of 1 + 2a; - 2a^, 



2+» 


2a;+ x^ 


2+ar-?aj« 




-3x» 


^ + ar-3a?+|«» 




3x» + 3a;*-|a;» + ?aJ« 



3 S 
Thus the required result is 1 + a? - ^ »'+ ^ oc', 

*219. In Art. 124 we pointed out the similarity between the 
arithmetical and algebraical methods of extracting square and 
cube roots. We shall now shew that in extracting either the 
square or the cube root of any number, when a certain number 
of figures have been obtained by the common rule, that number 
may be nearly doubled by ordinary division. 

*2^0. If the square root cf a number consists of 2n + l fiaures^ 
when the first n + 1 of these have been obtained oy the ordinary 
method, the remaining n may be obtained by division. 

Let K denote the given number ; a the part of the square 
root already found, that is the first n+l figures found by the 
common rule, with n ciphers annexed ; x the remaining part of 
the root. 

Then JN=a-\-x; 

,\ J^=a^+2ax+x^; 

-=^+h:: (!)• 



2a 



2a 



Now N-a^ \b the remainder after n+1 figures of the root, 
represented by a, have been found; and 2a is the divisor at the 

U— 2 
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; same stage of the work. We see from (1) that N- a^ divided by 
2a gives x, the rest of the quotient required, increased by — . 

We shall shew that ^ is & proper Jraction, so that by neglecting 

the remainder arising from the division, we obtain x, the rest of 
the root. 

For a contains n figures, and therefore a^ contains 2n figures 
at most ; also a is a number of 2n+ 1 figures (the last n of which 
are ciphers) and thus 2a contains 2n+l figures at least; and 

therefore q- is a proper fraction. 

From the above investigation, by putting 7i=l, we see that 
two at least of the figures of a square root must have been ob- 
tained in order that the method of division, which is employed to 
obtain the next figure of the square root, may give that figure 
correctly. 

Example, Find the square root of 290 to five places of decimals. 

§96(17-02 

1 

27 1 190 

|189 

8402 



10000 
6804 



3196 

Here we have obtained four figures in the square root by the 
ordinary method. Three more may be obtained by division only, 
using 2 X 1702, that is 3404, for divisor, and 3196 as remainder. Thus 

3404)81960(938 
30636 
13240 
10212 
30280 
27282 
3048 
And therefore to five places of decimals jj2W= 17*02938. 
When the divisor consists of several digits, the method of con- 
tracted division may be employed with advantage. 

Again, it may be noticed that in obtaining the second figure of 
the root, the division of 190 by 20 gives 9 for the next figure; this is 
too great, and the figure 7 has to be obtained tentatively. This is 
one of the modifications of the algebraical rule to which we referred 
in Art. 124. 
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*221. If, the cube root of a number eoruists of 2n+2 flaures, 
when the first n+2 of these have been obtained by the orainary 
method^ the remmnirig n fnay be obtained by division. 

Let N denote the given number ; a the part of the cube root 
already found, that is the fibret n+2 figures found by the common 
rule, with n ciphers annexed; x the remaining part of the root. 

Then i[N=a+x-y 

N=-a^-{-Za^x+Za3^+a^'^ 

N-a^ ^^^^ nx 

•*' -3^^="^+ a +35-2 • (^)- 

Now N-a^ is the remainder after 7i+2 figures of the root, 
represented by a, have been found ; and 3a* is the divisor at the 
same stage of the work. We see from (1) that JV— a* divided by 
3a* gives x, the rest of the quotient required, increased by 
x^ x^ * 

— H oTa • ^® ®^^ ®^®^ *^* *^^ expression is a proper frac^ 

turn, so that by neglecting the remainder arising from the division, 
we obtain x^ the rest of the root. 

By supposition, ^ is < 10*», and a is > 10*'»+ 1 ; 

^ . 10** ., ^ . 1 

•• a ^^^iC^i^i' *^**'^ ^10' 
a^ 109" 1 

and is therefore a proper fraction. 



EXAMPLES XXIX. b. 

Find the fourth roots of the following expressions : 
1. ^-28^ + 294i^-1372a?+240L 

m m* m' m* 

3. a* + 8a«^ + lar* + 32a;r» + 24a2a72. 

4. l+4a?+2a;*-8a?3-5^+ac«+2^-4^ + a;8. 

5. l+ar+20a;* + &i^-2ar*-8a;«+20:c«-8^'+a?*, 
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Find the sixth roots of the following expressions! 

6. l+6ar+15a;a+20d;»+15a:*+6a^+a;«. 

7. a;«-12aaHi+240o*a;»-192a«ar+60a«^-160a»ar«+64a«. 

8. a« - ISa^o? + 135a*^ - 540a»a^ + 12lba^x^ - I458ax^ + 729a^. 
Find the eighth roots of the following expressions : 

- 5&Fy + 28«a/ - Ssf +y». 

J'ind to four terms the square root of 
11. 1+^. 12. 1-2^. 13. 4+2x, 14. 1-a^-a^. 

15. a^-x 16. aj»+a«. 17. a^-^x'. 18. 9a«+12aar. 

Find to three terms the cube root of 
19. a^-a^ 20. 8 + a;. 21. ^+9^. 

22. l-6a:+21^a. 23. 27a;«-27^-l&p<. 24. 64-4aF+9^, 

Identities and Transformations. 

'*^22. Definition. An identity is an algebraical statement 
which is true for all values of the letters involved in it, 

Examples. a» + f = (a + 6) (a« -db + 6«). 

'*^223. An identity asserts that two expressions are always 
equal ; and the proof of this equality is called " proving the 
iaentity." The method of procedure is to choose one of the 
expressions given, and to shew by successive transformations 
that it can be made to assume the form of the other. 

Example 1. To prove that 

6c (6 - c) + ca (c - a) + a6 (a- 6)= - (6 - c) (c - a) (a- 6). 
The first side =he{b-c) + c^a- cd* + a«6 - ab^ 
= 6c(6-.c)+a«(6-c)-a(62-c«) 
= (6-c){6c + a«-a(6 + c)} 
= (6 - c) {6c+a* - aft - oc} 
= (6-c){a(a-6)-c(a-6)} 
= (6-c)(a-6)(a-c) 
= -{b-c){e-a)(a-h), 
changing the sfgna of the faotor a -c, so as to preserve oydio order. 

[Art. 172.] 
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trhe expression on the left-hand side can be readily put in the 
following forms; 

a»(6-c) + 6«(c-a)+c»(«-6); 

Hence we have the following results: 

he {b -c) + ca {e -- a) +ab {a -h)= -(6-c)(c-a)(a-6); 
aM6-c) + 6Mc-a) + c8(a-6)=^(6-c)(c-a)(a-6); 
a(6«-ca>+6(c8-aa)+c(a«-6«)=(6-c)(c-a)(a-6). 
These identities are of such frequent occurrence that they should 
be carefully noticed and remembered. 

Example 2. If 2«=a + &+c prove that 

1 1_ 1 1 abe 



8 -a 8-b 8-c 8 8(8-a){8-b){8-cy 

The first 8ide = f-- + ^) + f— - 1) 
\8-a 8-b J \«-c 8 J 

_ 8--b-\-8-a 8-8-\-e 

"(«-a)(«-6)'*'*T^) 

_ 2g-a-6 e 

'^(«-a)(«-6)"^«(«-c) 

== ? + ^ 

(a-a)(«-6) «(«-c) 

_, U(*-c) + (g-o) (<-&) ) 
-^1 «(«-a)(«-6)(«-c)} 
_c {«'- c« + «' - a* - 6« + a6} 
"" < (« - a) (« - 6) (« — c) 
c{2g«-<(fl+6 + c) + a6} 
~ « (« - a) (« - 6) (« - c) 

= -7^ r-, — iTT \f for«(a+6+c)=*.2»=2««. 

< (a - a) (« - 6) (» - c) ^ ' 

Kqts. Here 2« is a convenient abbreviation of a^-b^-e\ and the 
reduction is much simplified by working in terms of 8 instead of sub- 
stituting its value at once. In examples of this kind, as a rule, the 
student should avoid substituting as long as the work can be carried 
on in terms of the symbol of abbreviation. 

Example 3. If x'+u^=2 {xy +yz+zu^y^ - z^) 
prove that x=ry=z=:u» 

By transposing, we have 

«»- 2xy+y»+y'- 2y« +«'+«»- 2zM+u«=0, 
or (a;.-y)«+(j^-2;)«+(a-w)«=0. 
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Kow sinoe the Bqnare of any quantity is always positive, each of 
the expressions (x - y)\ (y - 2)*, {z - u)^ is positive. Hence their sum 
cannot be zero unless eaj&. of them be separately equal to zero. 

. .'. x-y^O, y-«=?0, z-u=Oi . 
or x=y=z=u, 

NotS. The student should be careful to notice the difference 
between the conclusions to be drawn from the two statements 

{x-a)^+{y-b)^=0 (1), 

and {x-a)(y-h)=0 (2). 

From (1) we infer that both x-a=0 and y-b=sO simultaneously , 
while from (2) we infer that either a;-a=0ory-6=0, 

^EXAMPLES ZZIZ. c. 

Prove the following identities : 

2. {cuc+b2/)^ + {ay-ba;f + (^a^+cy^{a^+f) (a^ + b^+d^), 

3. (^+y)» + 3(^+y)22+3(a7+y);?2+2» 

= {a^+zf+^ ix+z)hf+S (x+z) f+f. 

4. (a+b + c){ab+bc+ca)-'abc=^(a+b){b+c){e+a), 

5. {a + b + cf - a {b+c - a) - b{a + c-b)- c {a+b - c) 

= 2(a2+62+c2). 

6. (^-y)s+(^+y)'+3(^-y)2(a7+y) + 3(^+y)2(^-y)=ar3, 

8. a^b-c)+b^{c-a)+<^(a-b)='-{b-c)(c-a){a-b){a+b+c). 

9, If ^ +y +z=0, prove that ^ H-y* +s^= Sanfz, 

10. Prove that (6-c)3+(c-a)3+(a-6)3=3(6-c)(c-a)(a-6). 

If 2«=a+6+c, shew that 

11. («-a)2+(«-6)2 + («-c)2+J»2=a2 + 62+c2. 

12. (« - a)s + (« - 6)3 + (8 - c)3 + 3abc = «s. 

13. 16«(«-«) («^6) («-c)=262c2+2c2a2+2a862^^_54^.c*. 

14. 2(«-a)(«-6)(«-c)+a(«-6)(«-c)+6(«-c)(«-a) 

+ c (« - a) (« - 6) = aic. 
If a + 6 + c= 0, shew that 

15. (2a-6)3+(26-c)3+(2c-a)s=3(2a-6)(26-c)(2<j-a), 

^^' 2aH6c"*'262+ca"*"2c2+a6~ • 
17. Prove that 
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18. If a+6+c=«, prove that 
(«-3a)3+(«-36)»+(«-3c)S-3(«-3a)(«-36)(«-3c)=0. 

19. If X=6+.c-2<]f, r=c+a-26, Z=a+6-2c, find the value 

20. Find the value of a(a^+bc) + b{b^-+ac)-c{<?-(ib) when 

a=-7, 6= -08, c=-78. 

21. Prove that (a-6)2 + (6-c)2 + (c-a)» 

=2(c-5)(c-a)+2(6-a)(6"-c)+2(a-6)(a-c), 

22. Provethat a2(63-c3)+62(c3_^)+c2(a8-63) 

= (a - 6) (6 - c) (c — a) {ab + bc+ca) 

= -[a262 (a-6) + 62c2 (6-c)+c2a2 (c-a)i. 

23. If (a+bY+(b+cy + (c-^dy=^4:{ab + bc+cd) 

prove that a—b=c=d, 

24. If a?=^a+c?, y^b+d^ z=c+dj prove that 

25. If a + 6+c=0, prove that 

26. " If a+6+c=0, simplify 

27. Prove that the equation 

(a?-a)2 + (y-6)2+(a2 + 62-l)(:i*+y»-l)=0, 
is equivalent to the equation 

(aa?+6y-l)*+(6^-ay)*=0 ; 
hence shew that the only possible values of x and y are 
a b 

28. If 2 {x^+a^-aa;) {y^ + l^'-by)=a^'^ + a^b\ shew that 
and therefore that a:=a, y=6 are the only possible solutions. 

*224. We shall now give some further examples of fractions 
to illustrate the advantage of arranging expressions with regard 
to cyclic order. [Art. 172.] 
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Example, Find the value of 

? b . •___? 

(a-&)(a-c)(a--a)'*"(6^c)(6-a)(a;-6> (c-a)(c-&)(a;-c)* 

Changing the sign of one factor in each denominator, so as to 
preserve cyclic order, we get for the lowest common denominator,, 
(a-b) (b-c^ic-a) {x-a)(x-b)(x-c). 
The whole expression has for its numerator 

-[a(6-c)(a;-&) (j:-c) + . ... + ....] 

or -[a(6-c){x2-(6+c)aj + &c} + + ]. 

Arrange it according to powers of x ; thus 
coefficient of a;*= - {a (6 - c) + 6 (c - a) +c (a - b)} 

=0; 
coeMcient of a? = {a {b^ - c^) + 6 (c^ -a^) + c (a? - ft^)} 
=:(&-c)(c-a)(a-6); [Art. 223.] 
terms which do not contain x 

= - {abc (b-c)-\-abc (c -a)-\-abe(a'' b)} 

= -abc{b-c+c-a+a-b) 

=0. 

Hence the expression = j^ — v. w i.v/ v/ rw ; 

{b-c){c-a){a-b){x-a)(x-b){x-c) 

X 



{x - a) {x -b) (x - cY 

KoTB. In examples of this kind the work will be much facilitated 
if the student accustoms himself to readily writing down the f oUowing 
equivalents: 

(6-c) + (c-a) + (a-6)=0. 
a(6-c) + 6(c-o) + c(a-6)=0. 
a2(&-c) + &2(c-a) + c2(a-6)=-(a-6)(6-c)((;-a). 
be (6 -c)-\-ca {c-a) +«6 (a- 6)= - (a - 6) (& - c) (c - a), 
a(&*-c«) + 5(c2-aa) + c(a«-62) = (a-6)(6-c)(c-a). 
Some of the identities in xzix. c. may also be remembered with 



♦EXAMPLES vv i V r d. 

h . c 



{a-b){a-'C)^ {b-c){b-a)^ (c-a){c-b)* 
{a-b){a-c)'^(b-c){b-ay{c-a){c-b)' 



3. 
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5« . C« 



{a-b)(a--cy {b-cXb-ay {c-a){c--b) 



4. ,:^-,^:^. + ,.,^-^:_.+ '^ 



(a-6)(a-c)^(6-c)(6-a)^(c-a)(c-6)* 

^' (a-6)(c-a)^(a-6)(6.-c)"^(c-a)(6-c)* 

'*• a(a-.6)(a-.c)'*"6(6-c)(6-a)^c(c-a)(c-6)' 
- be . ca , ah 



a(a2-62)(a2-c2)"^6(62-c2)(62-.a2)-rc(c2_a2)(c2_52)* 

Q (ar-5)(^~c) (^--c)(a;-a) (^~a)(a;--&) 

^' (a-'b)(a-c)'^lb-c){b-a)'^ {c-a){c-b) * 
q &c(q+cQ ca{b+d) ah(c+d) 

^' (a-6)(a-c)"*"(T^c)(T=^)"^(c--a)(c-6)* 

10. .. ., \. .. + ,. ...\,_ .. + 



(a-6)(a-c)(^--a) (6-c)(6-a)(^-6) (c-a)(c-6)(^-c)* 

''•^' {a-6)(a-c)(^+a)^(6-c)(6-a)(^+6)^(c-a)(c-6)(^+c)* 
,« , (a+6)(a+c) , •r«(6+c)(6 + a) , . {c+a)(c+b) 
^* ^ (a-bXa-'cy {b-cj{b-ay^ {c^a)(C'-by 

a^{b-c)+l^{c-a)+<?{a-b) 
^^' {P^cf+{^c-af+{a^bf * 

^^ (6-J)3+(c-a)3'+(a-6)3 

- a8(5~c) + &3(c-a)+c^(a-^) 
•^^- a2(6-c)+62(c-a)+c2(a-6)- 

•^®- (a-6)(6-c)(c-a) * 



17. 



18. 



6c Vc 6/^caV« c/-a6\6 «/ 
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*225. Tofindwhm x'+px^+qx+r .' (1), ^ 

u divisible by x^+ax+b (2). 

Divide (1) by (2) in the ordinary way; thus 

{p-a)a^-k- {q-h)x + r 
. (p-a)a^+a\p — a)x-k-h{p-a) 

{{q-h)-a{p-a)}x+r-h{p-a) (3). 

Ko\7 if the remainder be zero the division is exact. This is 
the case when 

or x^ — ^ — J- ;. 

q — b — a{p-a) 

Hence when x has this value, (1) is divisible by (2). 

*Butifin(3), q-h-a(j)-a)=Oy 

and also r-b(jp-a)=Or 

the remainder is equal to zero whatever value x mav have. Thus 
a^+pa^+qx+b is divisible by .r*+flw?+ft for all values of Xy pro- 
vided that 

q-b-a(p-a)=Of 

and r-b(p-a)^0, 

*226. ^ To find the covidition that x^+px+q may be a perfect 
square. 

It must be evident that any such general expression cannot 
be a perfect square unless some particular relation subsists 
between the coefficients p and a. To find the necessary con- 
nection between^ and q is the object of the present question. 

Using the ordinary rule for square root, we have 



a^-\'px+q (x 
x^ 



^2 



2.+! 



px+q 
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If therefore a^-\-psf+q be a perfect square, thd remainder, 
q-^, must be zero. 

Hence fi' - "^ =0, or ^=4j, is the condition required. 

*227. To prove that x* + px' + qx* + rx + s u a perfect 9qua/re if 
(q- J j =4s arid r?=p%. 

The square root must clearly be a trinomial expression of the 
form a^+lx+m; if therefore we put 

we have, on expanding the right-hand side, 

a^^-p3fi^-qx^+rx-{'8^a^-{-^la^+a^{l^+^m)^-2lmx+mK 

Since this is to be true for all values of x, we may assume that 
the coefficients of the likepotoers of x are the sam^; hence 

2?=jt?, P+2m=q, 

2lm=r, m^=s. 

From these equations, by eliminating the unknown quantities 
I and m, we shaU obtain the necessary relations between^, q, r, 
and s. 

Thus we have q-^=2m—2>Js, 

and r = 2lm =P'Js ; 

•*• (^~ 4 ) ~^* ^^^ r^=p^s. 

Note. The method of Art. 226 might have been used here. Also 
the method of the present article may be used to establish the results 
of Arts. 225 and 226. 

*228. The proposition in the preceding article has been 
given to illustrate a useful method, which admits of very wide 
application. In the course of the proof we assume the truth of 
an important principle; namely, 

j^ two expressions involving x are identically equals the co- 
efficients of like powers in the two expressions are equat. 

The demonstration of this principle belongs to a more 
advanced part of the subject, and could not be discussed com- 
pletely here. 
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^229. We shall now give general proofs of the statements 
made in Art. 55, We suppose n to be positive and integral 

I. To prove that x" — y** m always divisible by x—j. 

Divide jc* - y» by ^ - y till a remainder is obtained which does 
not involve x. 

Let Q be the quotient, and R the remainder ; thex^ 

Since R does not contain or, it will remain imaltered whatever 
value we give to x. 

Put .r=y, then y"-y"=§xO+i2; 
.*. R=0; that is, since there is no remainder, a;*-y" is divisible 
hy x-y, 

II. To prove that x^+y" is divisible by x-\-j when n is oddy 
but not when n is even. 

With the sapie notation as before, 

Now since R does not involve Xj it will remain unaltered what- 
ever value we give to x. 

Put a?= -y, then 

(-y)"+y*=CxO+i2; 
that is, it={^-yY^^, 

(1) if wis odd, (-y)*+y»=-y"+y"=^0; 

(2) if n is even, (-y)'»+y*= y*+y*=23r; 

hence there is a remainder when n is even, but none when n is 
odd ; which proves the proposition. 

In like manner it may be proved that :»*-y* is divisible by 
x+y when n is even ; and af*-k-y* is never divisible by x-y. 

By going through a few steps of the division, the form of the 
quotient in each case is easily determined. The results of the 
present article may be conveniently stated as follows : 

(i) For all values of n, 

;r*-y*=(^_y)(-c«-i+^t*-«y4.jc»-y+ +y^*). 

(ii) When n is odd, 

^+y*=(^+y) (^-i-jc*-ay+4;^ya- +y"-i). 

(iii) When n is even, 

^-y*=(^+y) (^-1 -^-2y +it;*-y - -y*~*). 
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*230. If any algebraical expression 

1)6 divided by x-&, the remainder vM be 

a» + Pia'»-i+p2a»-^+P3a»-3.+ +Pn-ia+p;. 

Divide the given expression hj x-a till a remainder is ob- 
tained which does not involve x. Let Q be the quotient, and R 
the remainder ; thei) 

;r"+Pia;^i+^2^c*"*+ +i?n-i^+i?n=§(^-a)+i2. 

Since R does not contain x, it will remain unaltered whatever 
value we give to x. 

Put x=a^ then 

which proves the proposition. 

From this it appears that when an algebraical expression is 
divided hy x-a, the remainder can be obtained at once by writ- 
ing a in the place of x in the given expression. 

Again, the remainder is zero when the given expressioi^ is 
exactly divisible by :i? - a ; hence we deduce the important pro- 
position : 

If any algebraical expression involving x become eqtial to 
*wh£n a is written for x, it wiU contain x — a.as a factor. 

Example 1. The remainder when a;*-2a;'+a;-7 is divided by 
d; + 2is 

(_2)*-2(-2)3+(-2)-7; 
that is, 16+16-2-7, or 23. 

Or the remainder may be found more shortly by substituting x=i-2 
in [{(« - 2)a;} a; + 1] a; - 7, 

Example 2. Besolve into factors x^ + 3^;* - 13a: - 16. 

By trial we find that this expression vanishes when a;=3; hence 
a; - 3 is a factor, 

.-. a;8+3a;2-13a?-16=a?2(a;-3) + 6a;(a;-3) + 6(a;-3) 
=:(a:-3)(a;2+6a; + 6) 
= (a;-3)(a;+X)(a;+6), 

KoTE. The only numerical values that need be substituted for x 
are the factors of the last term of the expression. ^Oius, in the present 
case, by making trial of -6, we should have detected the factor x + 5. 
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♦EXAMPLES ZXIX. e. 

Find the values of- a? which will make each of the following 
expressions a perfect square : 

8. V-2ajp'+(a»+26)a:8-3a6.r+262. 

_ a^afi dba^ , 2aca^ , 9b^a^ bhcx . _ „ 

6. (x^+^aa^+Za^a^+cx-k-d. 

7. Find the conditions that a^-aa^-\-ha^-cx-\-\ may be a 
perfect square for all values of x. 

Find the values of x which will make each of the following 
expressions a perfect cube : 

8. &c3-36ic«+5&r-39. 9. ^ -^+4a*a:8-28a«. 

10. m^afi-^rnHx^+Z^mn^a^-blnK 

11. Find the relation between h and c in order that 

sfi+Zaa^+hx+c 
may be a perfect cube for all values of x, 

12. Find the conditions that 
afi+Zaa^+Zha^+a{%h-ba^)x^+Zh(b-a?)x^+Zcx-^d 

may be a perfect cube for all values of jr. 

13. What nimiber must be added to 3fi+2x^ in order that the 
expression may be divisible by ^+4. 

14. If x+a be a common factor of a^+px+q and x^+lx-k-m, 

shew that a = -j — ^ . 
l-p 

Eesolve into factors : 

15. x^-ex^+Ux-e, 16. ^-5^-2^+24. 
17. x^+9a^+2ex+24. 18. x^-x^-4lx+l0o, 
19. 0,-3-39^+70. 20. x^-Sx^-3lX'^22. 
21. ex^+W-x^2, 22. ^+a^-l9x+6. 

Write down the quotient in the following cases : 

23/^, 24.^. 26.^!^. 26.^^. 
^+y ^+y x-if x-y 
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Find the square root of 

27. a7*+(2a-4)a;3+(a2-2a + 4)^+(2a2-4a).t?+a«. 

28. (a+l)«a7*+(2a2+2a)a;3+(3a«-4a-6)a:» 

+(2a«-6a)47+a«-6a+9. 

29. Find what values of m make Snufl + (6m - 12) ar + 8 a perfect 

square. 

30. If 4a?*+ 12^+P^« + 6^+y* is a perfect square, find P. 
Without actual division shew that 

31. 32^<> - SSafi+l is divisible by a? - 1. 

32. aF*+5a;3-13a;«-20^+4 ^-4. 

33. ^ + 4a;8-5a:»-36a?-36 a^-a:-6. 

Without actual division find the remainder when 

34. a^ — 5a^ + 5 is divided by 4?— 5. 

35. a^-1a!^a+Sa:a^+l6a^ a;+2a. 

36. If aa^-bx+o and da^ - bx+c have a common fector, then 

37. If ^ be any positive integer, prove that 6*»-l is always 

divisible by 24. 

38. Shew that l-47-a;*+a;*'*'^is exactly divisible by 

l-2x + a^. 

39. If a^+px+r and ^a^+p have a common factor, prove that 

27^4 "• 

40. Shew that ifaf^-^-pt/^^+qsf^ is exactly divisible by 

a^ - (ay +bz)a!+ abyzy 

then |. + |.+i«o. 
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CHAPTER XXX. 

The Theory op Indices. 

231. Hitherto all the definitions and rules with regard to 
indices have been based upon the supposition that thej were 
positive integers ; for instance 

(1) a^^^a . a . a to fourteen factors. 

(2) oi*xa3=ai*+3=ai7. 

(3) ai*-ra3=ai*-8=a".' 

(4) (ai*)3=ai*'*3=^. 

The object of the present chapter is twofold : first, to give 
general proofs which shall establish the laws of combination in 
the case of all positive integral indices ; secondly, to explain 
how, in strict accordance with these laws, intelligible meanings 
may be given to symbols whose indices are fractional, zero, or 
negative. 

We shall begin by proving, directly from the definition of a 
positive integral index, three important propositions, 

232. Definition. When w is a positive integer^ a"» stands 
for the product of m factors each equal to a. 

233. Prop. I. To prove that a"*xa"=a"+", when m andn 
are positive integers, 

3y definition, a^=^a.a. a to m factors; 

a^=a.a.a to w factors; 

.•. o** X a*= (a . a . a ... to w factors) x (a . a . a ... to n factors) 
5=a.a.a... to m+n factors 
=a"»+*, by definition. 
Cor. If p is also a positive integer, then 
a*" X a*x a''=a'»+*+*; 
and so for any number of factors. 
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234. Prop. IL To move that a™-r a"=a""", when m and n 
are positive integers, ana m>ii. 

^ .a** a. a. a... to m factors 
' a" a. a. a... to n factors 

=a . a . a ... to w-« fectors 
=a™~*. 

235. Prop. III. To prove that (a™)"=a"", w^ctj m arw? n are 
positive integers, 

(cC^Y^cC^, a™, a™ ... to n fectors 

^(a.a.a... to m factors) (a. a. a.., to m factors) 

the bracket being repeated n times, 

s=a . a . a ... to mn factors 
=a"^, 

236. These are the fundamental laws of combination of 
indices, and they are proved directly from a definition which is 
intelligible only on the supposition that the indices are positive 
and mtegrral. 

But it is found convenient to use fractional and negative 

* € 

indices, such as o^, a"'; or, more generally, a«, a~*; and these 
have at present no intelligible meaning. I^or it is plain that the 
definition of a"», [Art. 232] upon which we based the three pro- 
positions just proved, is no longer applicable when m \a fractional, 
GT negative. 

Now it is important that all indices, whether positive or 
negative, integral or fractional, should be governed by the same 
laws. We therefore determine meanings for symbols such as 

t 
a«, a~*, in the following way: we assume that they conform to 
the fundamental law, a'^x a*=a'*+*, and accept the meaning to 
which this assumption leads us. It will be foimd that the 
symbols so interpreted will also obey the other laws enunciated 
in Props, ii. and in, 

p 

237. To find a meaning for a**, p and q being positive 
integers. 

Since a"* x a»»=a**+" is to be true for all values of m and w, 

by replacing each of the indices m and n by ^ , we have 

« c e+i? ^ 
a!'xa^=a'' «=a«, 

15—2 
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P 9 P ip P ^^P 9e 

Similarly, a^xcfixO'^a^ xa^=a9 «=««. 

Proceeding in this way for 4, 5, q factors, we have 

p p p 9p ' 

a^xcfixO' ...... to g' factors=a« ; 

p 

that is, {a9)9=a^4 

Therefore, by taking the ^^ root, 
p 

or, in words, cfi is eqiial to "the ^ root of a^." 

6 

Examples. (1) x^^JJx'. 
(2) a^==ija. 
(8) 42=^4»=V64=8. 

fl 5 2 5 8 

(4) a^xa^=a^^^=aK 

a 2 a 9 So-H 

(5) k^xJfi=k^^^=^k 3 . 

2 1 16 2 115 5 4 

(6) 3a86ax4a«68=12a8"^«6a+6=i2a653. 

238. Tojind a meamnfffor sfi. 

Since a"* x a*=a»+* is to be true for <zU values of m and n, 
by replacing the index m by 0, we have 

a" 
=1. 

Hence any qwintity with zero index is equivalent to 1. 

[See Art 47.] 
ExarnpU. aj*""xa;*"*«a;*"'+*'*=i»«=l. 

239. To find a meaning for a"". 

Since tf~ x (j{"=fl5**+" is to be true for all values of m and n, by 
replacing the index m by -n, we have 
a"" X a" =={»""+" 
-a® 
-1. 
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Hence «"*=-i;i 

and fl*= -— , 

a * 

Thus we see that any quantity may be removed from the 
numerator to the denominator, or Yice-vers&, by merely changing 
the sign of the index. 

Examples, (1) «~'=-3. 

(2) ii=y*=^/y. 

240. T0 prove thcU a*-j- a" = &^-*for all valuee of m and n. 
a* 



=«"•-« by the fundamental law, 
£a»inp2e«. ' (1) a»'H-a'=a*"*=ar-'=-j, 

(2) c-^c «=c +«=c». 
, (8) a^-»-i-x«-«=j:«-»-(«-<«»=dje-», 

241. The method of finding a meaning for a symbol, as ex- 
plained in the preceding articles, deserves careful attention. The 
usual algebraical process is to make choice of symbols, give them 
meanings, and then prove the rules for their combination. Here 
the process is reversed; the symbols are giten, and the law to 
which they are to conform, and from this the meanings of the 
symbols are determined. 

242. The following examples will illustrate the different prin- 
ciples we have establLuied. 

EiangfU,. (I) ^ = ~. 

(2) j___ = -«t..t. = _«-i=_. 

9a'»xa» 
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s s 

o s 1 1 f( 
(4) V« + -3i+«^=2a8+Sa«+o« 
a a 

1 8 

1 
=a«(6+a»)* 

TnTAMPT.Ttfl XXX. a* 

Express with positive indices : 
1 fl 

1. 2^"*. 2. 3a"». 3. 4arW 4. 3^a-2. 

1 1 3cr8^ ^y-* 

I i 

9. 2a?«xar-i. 10. l-r2a"«. 11. a;y«x^i. 12. flr«^i-j-3ar. 

^- 73- ^^ 44^3- 15. ^^. 16. -^. 

17. €r*x'^^cr\ 18. Har^^Ha. 19. i/cr^-r-i/ar. 

Express with radical signs and positive indices : 

s * 1 1 

20. a?«. 21, a"«. 22. 6^"«. 23. 2a"*. 

_i 

24. -^. 25. -^. 26. ^'. 27. -^ . 

II 3 1 1 

28. a"»x2a"*. 29. a? »-f2a"«. 30. 7a"«x3a-i. 

3L ?^ 32. ?L£ 33 ^' 34 -5^^ 

31. — r. 32. -3^. 33. — ^. 34. -^. 

35. ^a^x^cfi. 86. i/a--i-ifa-^. 37. V^rx^a:*. 

38. ;^^-J.Va;». 39. ?ya»H-^a«. 40. -ya*xya«^ya«-. 
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Find the value of 
41* 16*: 42. 4"s. 43. 125». 44. 8~^ 45. 36'2. 

46. ^J=,. 47. 243L 48. (|)"\ 49. (§)'". 80. (||)"': 

243. To prove that (a™)" = a"*" is universaUy true for all values 
ofm. andn* 

Case I. Let nhea, positive integer^ 
Now, whatever he the value of m. 

(««)»=««» .(«»». a"*... to w fectors 

--^m + m + m-f ••. to n terms. 

Case II. Let m, be unrestricted as before, and let ?i be a 
positive fraction, Beplacing » by - , where p and ^ are positive 

p 
integers^ we have (a"*)"=(a™)*. 

J? J? 

Now the gih power of (a»)<'={(a»)«}« 

= (««)«•% [CaaeL] . 

={a^y 

^a"^. [Case IJ 

Hence by taking the gih root of these equals, 
z 

=a«". [Art 237.] 

Case III. Let m be unrestricted as before, and let n be any 
negative quantity^ Replacing » by -r, where r is positive^ we 
have 

(««)»=(^)-r = ^^ [Art. 239.] 

= ^., [Ca^IL] 

= «-»"*■ =a"»*. 

Hence Prop, in., Art. 235, («*»)« =a'"» has been shewn to be 
universally true^ 
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3 6 2 6 4 

Examples. (1) (6^)7= fti** 7=^. 

(2) {{x'-^)^}-^={x-^-^=^x^. 

244. jTo ^roi7e ^Aa< (ab)"— a"b", whatever' he the value of n; 
a and b being any qtiantities whatever. 

Case I. Let n he & positive ivteffer. 
Now {ah)^=^ab . a6 . ab.,. to n factors 

=(a.a.a... to w factors) (^.6.6... ton factors) 

Case H. Let n be a positive fraction. Eeplacing w by ^ , 

e 
where ^ and q axe positive integers^ we have (a6)'*— (a6)«. 

Now the gih power of (a6)«={(a6)«}« 

= iaby, [Art. 243.] 

£ p 
=(a«6«)«. [Case I.] 

Taking the gih root, (ab)^^a^ 6«. 

Case III. Let w have any negative valtie, Eeplacing n by 
-r, where r is positive, 

Hence the proposition is proved universally. 

The result we have just proved may be expressed in a verbal 
form by saying that the index of a product may be distribitted 
over ita factors, c 

Note. An index is not distributive over the terms of an expres- 
11 1 

si on. T hus (a« + 6*)* is not eqnal to a + 6. Again (a' + &*)* is equal to 
ija^+b^t and cannot be further simplified. 
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Examples. (1) (y«)«-«(«a:)«(xy)-««y«-««»-««««««-«y-«, 

(2) {(a-&)*}-»x {(a+6)-»}»=(a*6)-«x(a+6)-« 
= {(a-6)(a+&)}-« 
= (a«-6»)-«. 

245. It should be observed that in the proof of Art 244 the 
quantities a and h are vfhoUy unrettricted^ and may themselves 
involve indices. 

1 _14 -1 *! »? Ji \ 

Examples. (1) (a?«y~s)»H-(a:'y'"^) ^=afly~^'hx''^y* 

4 

S 11 



(2) 



• oa ^ 



4 » 8' 

F.XAivr?T,TSR xxy b. 

Simplify and express with positive indices : 

^c^"^- «-(£F- «-(&r-\ 

10. (ar^^Tar)*. il. (*x,Crar"S)^. 12.. (^^J!*^^*)*^^". 

13. -/aF*hxV^». 14. ^5FV5 X (a-i6-«c-«)'». 

1 

16. v'a«^x(a'ar-i)-». 16. -^FVP 4- */y^«. 
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T 1 1 

17. {a^ilx)-^ X V4?-V«-^. 18. ya"+*6*»-* -f (a* h ^*^ 

3 

19. >3'(^+^x(a+5r'. 20. {(ar-y)-»}*-f {(^+y)*}^. 



23. (a"Uv flM?"»-yJ) . 24. 4/(«+&)*x(«*-^r*' 



i 1 



29. (a«»-i)»*» + 5^^. 30. (««+i)«^i+5^. 

1 

2»X(2»-^)'* 1 ^ 2*^^ . 4*^^ 

2i»+ix2*-i 4"*' (2»)»-i • (2«-i)«+i" 

246, Since the index-laws are universally true, all the 
ordinary operations of multiplication, division, involution and 
evolution are applicable to expressions which contain fractional 
and negative indices. 

247. In Art. 121, we pointed out that the descending powers 
of ^ are 

^' ^'^' ^'x'^' ?' 

A reason for this may be seen if we write these terms in the form 
x^j a^j x\ x^y x-\ ar\ ar\ 
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ExampU 1. Multiply 9x *+x-h2sflhy 3^-2. 

Arrange in descending powers of x, 
fl _i 
x + 2a^+Sx » 
1 



a»+2a?+3 

9 1 

4 3 1 

aj»-4x»+3-6a;"». 



Example 2. Divide lda-« - da-» + Sa"* + 6 by 1 + 2a-'. 

2a-i+l)16a-'- ««-*+ 6a-i + 6(8a-»-7a-i+6 

16a-* + 8a-' 

-14a-*+ oa-^ 
-14a-«- 7a-i 



12a-i + 6 
12a-i + 6. 

Example 3. Find the square root of 

'^ »"' 

Getting rid of the radical signs and negative indices, and then 
arranging in descending powers of y we have 

5 1 

y Is . « 4a;« 4r>/v* - 2x 



4 



y^ 



y» 



1 8" 



TT 

1 s 



I ? 2« 






-2a? 



4ra 4j;> 
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EXAMPLES XXZ. c. 

1 111 

1. Multiply 3^-5+8a?"» by 4^+3a?'». 

8 1 _1 1 _1 _8 

2. Multiply 3a*-4a»-a'» by 3a'+a"«-6a ^ 

3. Find the product of c*+2c-«-7 and 5-3c-»+2c*. 

4. Find the product of 5 + 2a;2a + 3>p-:2a and 4a;« - 2ar^. 

t 1 1 

6. Divide 2la;+a^+a^+l by So^+l. 

11 9 

6. Divide 15a-3a^-2a »+8a-i by 5a'+4. 

7. Divide 16a-3+6a-2+ 5^-1-6 by 2a-i-l. 

21 9 1 1 1 

8. Divide 565- 66' -46 8_45-8_5 ^y 6«_26"«. 

9. Divide 21a3» + 20 - 27a« - 26a2* by 3a« - 5. 

10. Divide Sc"* - 8c»» + 5c»» - 3c-** by 5c» - 3c-». 

Find the square root of 
1 1 

11. 947-12.r*+.10-4^'«+^-V 

4 19 

12. 25fl^+16-30a-24a^+49a«. 

13. 4^+9a?-»+28-24a?"*-16a?«. 

14. 12a»+4-6a5*+a4«+5a2«. 

8 _8 1 1 8 11 

15. Multiply a^-Sa »+4a'«-2a« by 4a"»f a*+4a"*. 

1 

16. Multiply l-2ifx^2a^ by l-^^^. 

17. Multiply 2-y^-a»-? by 2a-3//^-a"^. 

18. Divide 4^^+2ar»-16a: »-— by a^+4i? •+4-» 

9 I 

19. Divide l-Va-4^+2a2 by l-a«. 

20. Divide 4Va;2-8^-6+^ + 3a?"8by 2a?"-iy:p-~. 
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Find the square root of 

21. 9^-*-i8^-Vy+5^-6^(g)+y». 

22. 4V^-124^(a;V)+26Vy-24//^^ + 16a;"V. 

248. The following examples will illustrate the formula of 
earlier chapters when applied to expressions involving fractional 
and negative indices. 

Example 1, (a*- 6«)(a"*+ 6~«)=a*~*-a"*6«+a*6'«- 6«"« 

\p h _p 
=l-a *6«+a*6 «-l 
* _f _* S 

Example 2. Multiply 2a;«i» - a:i> + S by 2a;«> + a?^ - 8. 

The product ={2x^-(a^-8)}{2a;«P+(a:P-8)} 
= (2a:«J»)a-(a:P-3)» 

1 _i 

Example 8. The square of ar*- 2 - «"» 

1 11 1 

=9a: + 4+aj-i-2.8a;«.2-2.8a;a.aj «+2.2,a;'a 

1 1 

=:9ar+4+«-i-12a^-6+4a;"» 

1 1 

= 9a: - 12a;« - 2 + 4a;'« + ari, 
by collecting like terms and rearranging. 

J^xampZtf 4. Divide a'-' + a *bya5 + a~». 
The quotient s=(a>+a"«)-^(a« + a"«) 

= {(a5)8 + (a"?)8}^(ai + a"i) 

n ** J? ** 

x=,(ai)^^a^.a » + (a"*)> 
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EXAMPLES XXZ. d. 

Write down the value of 
1 1 

1. (a^"-7)(^>3). % (4p-54?-i)(4a7+airi). 

3. (7^-9^i)(7a;+9y-i). 4. (^-y*)(^ir«+y-*). 



{^-\^-)\ 



5. (a*-2a-«)2. 6. (a«+a«)2. 7. 

/I i -1\2 

11. («'-!-«"'/• 12. (^-a?"«+^)2. 

13. {{a+hf+{a-hff, 14. {(a+6)2-(a-6)"2}2. 

FhVe c^oirw the quotient of 



15. ;F-9a by 3^ + ^oCK 
17. a2*-16 by a«-4. 

19, c2«-c-* by c*-c"'2. 
21. a^-sfi by a^^+o:*. 

5 1 

23. :r3_i by a;3-l. 
Find the value of 



16. a^-27 by a^-Z. 

18. ^+8 by ar«+2. 

20. l-8a-3 by l-2a-i. 

22. a?-*-l by a?-i + l. 

24. ^+32 by ^ + 2. 



25. (^+a^-4)(4?+^ + 4). 26. (2^+4+3^ 3)(2^+4-3a? »). 

1 1 

27. (2-^ + ^)(2+^+;i?). 28. (a«+7+3a-«)(a«-7-3a-«). 

4 1 1 



29. 



31. 



a»-8a»6 



€^+2^a6+4&^ 

s 
a^~4yj?-g ^ 

2* 

-y:i?8+4 + 4a?"» 



30. 



x-lx^ 



;?— 5v 






v* 



«6-6' ,Ja-b' 



CHAPTER XXXI. 

Elementabt Surds. 

249. Definition. If the root of a quantity cannot be exactly 
obtained the root is called a surd. 

Thus V2, 4^5, ija\ Vo^+F are surds. 

By reference to the preceding chapter it will be seen that 
these are only cases of fractional indices; for the above quanti^ 
ties might be written 

2^ 5^, J, (a2+52)l 

Since surds may always be expressed as quantities with frac- 
tional indices they are subject to the same laws of combination 
as other algebraical symbols. 

250. A quantity may be expressed in a surd form without 

really being a surd. Thus (/afi or a?, though apparently a surd, 
can be expressed in the equivalent form a^, 

251. A surd is sometimes called an irrational quantity ; 
and quantities which are not surds are, for the sake of distinction, 
termed rational quantities. 

252. In the case of numerical surds such as ij^, i/b, ..., 
although the exact value can never be found, it can be deter- 
mined to any degree of accuracy by carrying the process of 
evolution far enough. 

Thus ^5=2-236068 ; 

that is V5 lies between 2*23606 and 2-23607; and therefore the 
error in using either of these quantities instead of Jb is less than 
•00001. By taking the root to a greater number of decimal 
places we can approximate still nearer to the true value. 

It thus appears that it will never be ahsolvtdy necessary to 
introduce surds into numerical work, which can always be carried 
on to a certain degree of accuracy ; but we shall in the present 
chapter prove laws for combination of surd quantities which 
will enable us to work with symbols such as ^2, f/b, i/oy ... with 
absolute accuracy so long as the symbols are kept in their surd 
form. Moreover it will be found that even where approximate 
numerical results are required, the work is considerably simpli- 
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fied and shortened by operating with surd symbols, and after- 
wards substituting numerical values, if necessary. 

253. The order of a surd is indicated by the root symbol, or 
surd index. Thus ijxy l^/a are respectively surds of the third 
and n^ orders. 

The surds of the most frequent occurrence are those of the 
second or der; t hey are sometimes called gnadratic surds. Thus 
V3, Va, fJx-^y are quadratic surds. 

254. It will frequently be found convenient to express a 
rational c^uantity in a surd form. 

A rational quantity may be expressed in the form of a surd of 
any required order by raising it to the power whose root the surd 
expresses, and prefixing the radical sign. Thus 

5=V25=4^125=-4^625 = y5*; 

255. A surd of any order may be transformed into a surd of 
a different order. 

Examples. (1) V2=2^=2w=!J/2*. 

1 9 

(2) ;(/a=aP=aP9=^a;i. 

256. Surds of different orders may be transformed into surds 
of the same order. This order may be any common multiple of 
each of the given orders, but it is usually most convenient to 
choose the lecut common multiple. 

Example. Express 4/a', {/&>, i/a^ as surds of the same lowest 
order. 

The least common multiple of 4, 8, 6 is 12 ; and expressing the 
given surds as surds of the twelfth order they become ^a^, ^Ifi^ ]^a^^. 

257. Surds of different orders may be arranged according to 
magnitude by transforming them into surds of the same order. 

Example. Arrange ,J3f 4/6, 1^10 according to magnitude. 
The least common multiple of 2, 8, 4 is 12 ; and, expressing the 
given surds as surds of the twelfth order, we have 
^3 =]3^3« =)y729, 
^6 =5/6* =jyi296, 

iao=3^io>=5yiooo. 

Henoe arranged in descending order of magnitude the surds are 
V6.V10,4/3. 
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EXAMPLES XXXT. a. 

Express as surds of the twelfth order with positive indices : 

1 1 

1. 3^. 2. or^^aK 3. 'Hax^y.Ha-^srK 

a * 
Express as surds of the n^ order with positive indices : 

i /~- 

7. i/a^^ 8. ^. 9. a«. 10. V a ". 

1 1 

"• 'J:^. 12. ^.. 13. ^'. 14. ^.. 

Express as surds of the same lowest order : 

15. Va, ila\ 16. ila\ ^a. 17. ifj!^, i/a^, ^a^. 

18. "ila^, ^x^\ 19. jy^S v^^ 20. V^, v^?. 

21. V5, ^11, -yi3. 22. 4^8, V3, 4^6. 23. 4/2, ^'8, 4^4. 

258. The root of any expression is equal to the product of 
the roots of the separate factors of the expression. 

1 

For yab={ahY 

1 1 
=a''6", [Art. 244.] 

Similarly, Vabc—i^a . H^b . ^c; 

and so for any number of factors. 

Examples. (1) f/U = ^/S . 4/5. 

(2) ^=i/a^ .i/b = a^i/b, 

(3) ^60 =^26. v/2 = 5V2. 

Hence it appears that a surd may sometimes be expressed as 
the product of a rational quantity and a surd ; when so reduced 
the surd is said to be in its simplest form. 

Thus the simplest form of V128 is 8 ^2, 

Conversely, the coefficient of a surd may be brought under 
the radical sign by first reducing it to the form of a surd, and 
then multiplying the surds together. 

H.A. 16 



242 ALGEBRA. 

Examples, (1) 7^6= \^49 . ^5^ ^245. 
(2) ai/b = ^a^.i/b = i/M. 
When so reduced a surd is said to be an entire surd, 

259. When surds have, or can be reduced to have, the same 
irrational factor, they are said to be like; otherwise, they are 
said to be unlike. Thus 

5/v/3, 2/v/3, -V3 are like surds. | 

But 3 V2 and 2 ^3 are unlike surds. 

Again, 3 V20, 4 ^5, . /- are like surds ; 

for 3 V20=3 ^/4 . V5 = 3 . 2 ^5 = 6^5; 

260. In finding the sum of a number of like surds we reduce 
them to their simplest form, and prefix to their conmion irrational 
part the sum of the coefficients. 

Example 1. The sum of 3/^20, ^^JB, -7= 
= 6V5 + 4V5 + ^V6 

Example 2. The sum of x ^Sx^a+y 4/ - y^a - z i[^ 
=zx ,^ija + y(-y) ^a-z .z^a 
= (2x'-y^-z^)^a, 

261. Unlike surds cannot be collected. 
Thus the sum of 5^2,-2^3 and ^6 is 5 ^2 -2 V3 + -v/6, , 

i 
I 



and cannot be further simplified. 

EXAMPLES XXXT. b. 

Express in the simplest form : | 

1. V288. 2. V147. 3. -^'256. 4. ^432. I 

5. 3V150. 6. 2^720. 7. 5-^245. 8. /yi029. 
9. 4^3125. 10. 4^^=^^2l87. 11. \^36a3. 12. v^27aW 
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13. V-lOSa;y. 14. ^a^^^K 15. ^af'^y^. 

16. Va3+2a26+a62. 17. 4^8^^-245^+24^3^^^^. 

Express as entire surds : 
18. 11^2. 19. 14 V5. 20. 

29. 

Find the value of 

33. 3V45-V20+7V5. 34. 4^63+5^7-8^28. 

35. ^44- 5^176 + 2^/99. 36. 2^363-5^/243+^192. 

37. 2 4^189 + 3 4^875-74^56. 38. 5 4/81-74^192+44^648. 

39. 3 4^162 -7 4^32 + 4^1250. 40. 5 4^^^64-2^^^ + 44/686. 

41. 4^128 + 4^75-5^162. 42. 5^24-2^54-^6. 

43. V252-V294-48^^. ML 3^147 - 1 ^i - ^i . 

262. To multiply two surds of the same order: multiply sepa- 
rately the rational factors arid the irrational factors, 

1 I 
For ai^ajxhyy—aaf^xhy^ 

1 1 

=aha^y^ 

1 

=ah{xy)^ 

=abyfxy. 

Examples. (1) 6^3x3^7=16^21. 

(2) 2jxxBjx=6x. 

(3) i/k+hxif^r^=^(a-^b)(a'b)=iija^--bK 

16—2 
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263. If the surds are not in their simplest form, it will save 
labour to reduce them to this form before multiplication. 

ExampU. The product of 5<^32, ^48, 2^64 
=6 . 4s/2 X 4^3 X 2 . 3^6=480 . V2 .^3 . ^6=480 X 6=2880. 

264 To muUiplv mrds whick are not of the same order: 
reduce them to equivcUerU swrds of the sam£ order ^ and proceed as 
before. 

Example, Multiply 6 ij2 by 2^6. 

The product = 54/2^ x 24/6'= 10 ^2^x6»= 10 4/500. 

265. Suppose it is required to find the nmnerical value of 
the quotient when »Jb is divided by ^7. 

At first sight it would seem that we must find the square 
root of 5, which is 2*236..., and then the square root of 7, which 
is 2-645..., and finally divide 2*236... by 2*645... ; three trouble- 
some operations. 

But we may avoid much of this labour by multiplying both 
numerator and denominator by ^7, so as to make the denomi- 
nator a rational quantity. Thus 

V5^V5 V7_ \/5xT V35 
n/7 V7^V7 7 7 • 

Now V35 = 5*916... 

266. The great utility of this artifice in calculating the 
numerical value of surd fiuctions suggests its convenience in the 
case of all surd fractions, even where nmnerical values are not 

required. Thus it is usual to simplify — y- as follows : 

^c 

a^h _ a,Jh x^c _ a*Jbc 
tjc ^/cXmJc ~ c 

The process by which surds are removed from the denomi- 
nator of any fraction is known as rationalisiiig the denomi- 
nator. It is efiected by multiplying both numerator and 
denominator by any factor which renders the denominator 
rational We shall return to this point in Art. 270. 
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267. The quotient of one surd by another may be found by 
expressing the result as a fraction, and rationalising the denomi- 
nator. 

Example 1. Divide 4,^76 by 26^^/66. 

The anotient= J^= ^^^^^-^ = |^ 
^ 26^66 26x2^14 6^14 

^ 2^3x^/14 ^ 2^42 ^42 
6^14x^14 5x14"" 85 ' 

ExampU2. -_ = ^^^^^-^=_ = __ . 

EXAMPLES XXXT. c. 

Find the value of 

1. 2Vl4xV21. 2. 3^8x^6. 3. 6^ax2^3. 

4, 2^15x3^5. 5. 8^/12x3^/24. 6. ^a7+2x4^j?^. 

7. 21^384-8^98. 8. 5V27-=-3V24. 9. -13^125^5^65. 

10. 4^168x4^147. 11. 54^128x2^4.32. 12. 6Vl4-=-2V21. 

io fj^ M / 1^ 3^11 5 -- 3^/48 . 6^/84 

13. ajb^x^ja. 14. gjQs^y;;^^. l^.^^^-J^ 

-^ 3 /a2 4 /a;3 ,_ 3 / 2a; , / ISx^ 

^^- iV ^""SV 2^- '^^- -^^ZhW a^-^\{i^hr 

Given ^2=1-41421, ^3=1-73205, ^5=2*23607, ^6=2-44949, 
(v^ =2-64575 : find to four places of decimals the numerical value 
of 

48 

1 
273' 
^256 
1575* 

268. Hitherto we h ave c onfined our attention to simple 
surds, such as 4/5, i/a, ^x+y. An expression involving two or 
more simple surds is called a compoond surd; thus ^y/a-Z^Jh ; 
ifa+i/b are compound surds. 



18. 


14 

V2- 


19. 


25 

V5- 


20. 


10 


21. 


22. 


60 

75- 


23. 


144 -5- V6. 


24. 


V2-5-Va 


25. 


26. 


1 
V500" 


27. 


4 
V243- 


28. 


25 
^/252■ 


29. 



Vt 
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269. The multiplication of compound surds is performed 
Wte the multiplication of compoimd algebraical expressions. 

Example 1. Multiply 2^x - 6 by S^x, 
The product = SJx {2jx - 5) 
= 6x~15fjx. 

Example 2. Multijily 2,^5 + djx by ,^^5 - ^x. 
The product = (2^6 + Sjx) (^5 - Jx) 

= 2J5,^5 + B^5,»Jx-2J5.^x-3,Jx,Jx 

=10-Bx + j5x, 
Example 3. Find the square of 2,Jx+ aJ7-4x, 

(2Va?+ J'r^)^=(2^x)^+ (^7-4ar)« + Va; . /^T^ 
=4x + 7-4x + ^j7x-4x* 
=7+4,y7i'=4x*. 

EXAMPLES XXXI. d. 

Find the value of 

3. (^a+^b)x'Jab. 4. (Vj7+y-l)x V^J+y. 

5. (2^3 + 3^2)2. 6. (V7 + 5^3) (2^7 -4^3). 

7. (3V5-4V2)(2V5+3V2). 8. {S^a-2^a:){2^a-hS^a;), 

9. (s/x+»Jx-l)x^/x^l, 10. {^x+a-'Jx-a)x^x+a. 

11. (N/i+5-2^a)2. 12. (2Va-VlT4^)2. 

13. {^a+x-'Ja^xf, 14. (\^a+jF-2)(Va+J-l). 

15. (V2+V3-V5)(V2+V3+V5). 

16. (V5 + 3V2+^/7)(^/5 + 3V2-^/7). 

Write down the square of 

17. ^2x+a-^2x-a. 18. ^^'-^^•\-^x^-\-2yK 
19. 'Jm+n+^m-n. 20. 3'Jc^T¥-2^aF-b^. 
21. arv/2-3N/7^^. 22. VSHI - \^4^^. 
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270. One case of the multiplication of compound surds 
deserves careful attention. For if we multiply together the sum 
and the difference of any two quadratic surds we obtain a rational 
product. 

ExampUs, (1) {Ja+^b)(^a-^b) = {^a)^-{^b)^=za-b, 

(2) (3V5 + V3)(3V6-V3) = (3-v/6)2-(V3)«=46-48 = -3. 

Smin&Tlj, {'i- J^:+b){^-{- J^b) = (i)^-{^ir^^ = lQ-a-b. 

271. Definition. When two binomial quadratic surds differ 
only in the sign which connects their terms they are said to be 
conjugate. 

Thus 3^7 + 5,^/11 is conjugate to 3^7-5^11. 

Similarly, a - s/a^ -a^ is conjugate to a + Va^ — a^. 

The product of two conjugate surds is rational [Art. 270,] 

Example. {Sja + ^x - 9a) {S^a - Jx^9a) 

= (3Va)^ - (/s/x-9a)2=9a - (x - 9a) = 18a - x. 

272. The only case of the division of compound surds which 
we shall here consider is that in which the divisor is a binomial 
quadratic surd. If we express the division by means of a frac- 
tion, we can always rationalise the denominator by multiplying 
numerator and denominator by the surd which is conjugate to 
the divisor. 

Example 1. Divide 4 + 3,^2 by 6-3^^2. 

^ .. ^ 4 + 3<^2 4 + 3<^2 6 + 3^2 

The quotient =^_^ = ^-^ x ^^^'^^^ 

20 + 18 + 12V2-fl5V2 _38 + 27V2 
"" 26-18 7 

Example 2. Rationalise the denominator of -7 — — 

sja^+t^-^'a 

62 Ja^ +^-a 

The expression = , x .— — - — 

^/a2+62 + a »Ja^ + b^-a 

- (aa + 62)-a« 
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E.am,U,. Divide ^^ by ^^. " 

The quotient =^^ ^J 

^_(V3)MN/2)i_ 
14-12 + 8^3-7^3 
1 

"2 + ^3 

=»2 - ^3, on rationalising. 

87 
Example 4. Given ^5=2*236068, find the value of . . 

Bationalising the denominator, 

87 _ 87 (7 + 2^5) 
7-2^6" 49-20 
=3(7 + 2^5) 
=34-416408. 
It will be seen that by rationalising the denominator we have 
avoided the use of a divisor consisting of 7 figures. 

EXAMPLES XXXI. e. 

Find the value of 

1. (9V2-V)(9V2 + 7). 2. (3 + 5V7)(3-5V7). 

3. (5V8-2^/7)(5V8 + 2V7). 4. (2^11 + 5^2) (2^11 -5^2). 

5. (V«+2V^)(Va-2V^>). 6. (3c-2V^)(3c+2V^). 

7. {'Ja + x - »Ja) {'J a + a? + a/«). 

8. (V2^o+3^-2«/2')(V2p+3^+2V?). 

9. {*Ja+x+^a-x){^la+x-'Ja-x), 

10. (5\/^-3y2H-7a)(5\/'^-3y2-7a). 

11. 29-^(ll+3V7). 12. 17-r(3V7 + 2V3). 

13. (3V2-1)^(3V2 + 1). 14. (2V3+7V2)-f-(5V3-4^2). 

15. (2a?-V^)-^(2^/i^-y). 16. (3+V5)(\/5- 2)^(5-^5). 

'• ^a-^x' »Jx ' ^^' 5+V15 •5^3-3^5* 

Rationalise the denominator of 
25V3-4V2 10 V6-2V7 ^. V7+v^2 

*^' 7V3-5V2' ^"' 3V6 + 2V7 • ^■^* 9+2^14" 
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22^ 2V3+3V2 23 ^ ^ 24 _^' 

5+2^6 * • x+Ja^-y^' ' >/^+a2+a 

„^ \/r+^-Vr^ „ • 2^0+6 + 3^0^ 

^O. , , • iSO, 



27. 






V9+a;2+3- ' 5^3- 2^12 -V32+n/50' 



Given V2 = l-41421,V3 = l-73205,V5=2-23607: find to four 
places of decimals the value of 

OQ 1 on 3+V5 «i V5 + V3 «« V5-2 

33. ^^|±i5x^^ 34. (2-^3)(7-4V3)-(3V3-5). 

273. The square root of a rational quantity cannot be partly 
rational and partly a qu>adratic surd. 

If possible let ^n =a+ ,Jm ; 

then by squaring, w = a^ + m + 2a ,Jm ; 

, n — a^ — m 

sjm— . 

2a 

that is a surd is equal to a rational quantity; which is im- 
possible. 

274. If x+Vy=a'+7b> ^^«** ^^ i=a «wc? y=b. 
For if X is not equal to a, let d7=a+w ; then 

a+w+i^^=a+V&; 
that is, ijh—m+^yi 

which is impossible. [Art. 273.] 

Therefore a?=a, 

and consequently, y = &> 

If therefore x+^/y=a+ ,Jb, 

we must also have x — ^Jy—a- ^b, 

275. It appears from the preceding article that in any 
equation of the form 

x+vr=^+v^ (1), 

we may equate the rational parts on each side, and also the 
irrational parts; so that the equation (1) is really equivalent to 
two independent equations, X=-4, and Z=jff. 
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276. If Va+Vb=s/x+Vy thm wUl Va-Vb=Vi-\/y- 
For by squaring, we obtain 

a+V&=a?4-2V^+y; 

a=x+y, ^h^^fJx^, [Art. 275.] 

Hence a-^h=x-2^xy-{-y, 

and tJa — ^h^^iJx — ^y, 

277. To find the square root of a+\A). 
Suppose ^a+Jh=^x + ^y\ 

then as in the last article, 

x+y=^a : (1), 

2\^=V6 (2). 

.-. {a;-yf={x+yf-^ 

= a ^-b from (1) and (2). 

x-y=ija^ — b. 
Combining this with (1) we find 

a+y/a^-b - a-'^of-b 
x= , and y= ^ 

278. From the values just found for x and y, it appears that 
each of them is itself a compound surd unless a* - 6 is a perfect 
square. Hence the method of Art. 277 for finding the square root of 
a + V^is of no practical utility except when a^ - bis a perfect square. 

Example, Find the square root of 16 + 2 ^^55. 
Assume ^16 + 2^66 = Jx+ ^y. 

Then 16+2^66=ar + 2^^ + y; 

.-. a: + y = 16 (1), 

2jxy=2^55 (2). 

.-. (x-y)^={x+y)*-^y 

= 162-4x66 hy(l)and(2). 

=4x9. 

.-. a;-y = ±6 (3). 

From (1) and (3) we obtain 

d;=ll, or 5, and y=6, or 11. 
That is, the required square root is Vl-l^+\^^* 
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In the same way we may shew that 

^16- 2^65=^11 - ^o. 

Note. Since every quantity has two square roots, equal in 
magnitude but opposite in sign, strictly speaking we should have 
the square root of 16 + 2^66 = db (^11 + ^6), 

16-2^/56= ±(^11-^6). 

However it is usually sufficien t to ta ke the positive value of the 
square root, so that in assuming ^a ~ ^b^^x- ^y it is understood 
that X is greater than y. With this proviso it will be unnecessary in 
any numerical example to use the double sign at the stage of work 
corresponding to equation (3) of the last example. 

279. When the binomial whose square root we are seeking 
consists of two quadratic surds, we proceed as explained in the 
following example. 

Example, Find the square root of /^^ITS - /v^l47. 
Since ^176-^147=^7 (^26- V21)=n/7 (6-^/21). 

.-. j:jm - ^147= 4/7 . Vs^^T. 
And, proceeding as in the last Article, 

••• ^/^/"6-V147= i/7 (^^ - ^|) . 

- 280. The square root of a binomial surd may often be found 
by inspection. 

Example 1. Find the square root of 11 +2i^d0. 

We have only to find two quantities whose sum jfi 11, and whose 
product is SO; thus 

11+2^30=6 + 6+2^6x1 

= (V6+^/6)». 

.-. Vll + 2V30=V6+/v/6. 

Example 2. Find the square root of 63 - 12^10. 

First write the binomial so that the surd part has a coefficient 2 ; 
thus 63 - 12^10=63 - 2^360. 

We have now to find two quantities whose sum is 63 and whoee 
product is 360; these are 46 and 8; 
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= 3^6-2^2. 



EXAMPLES ygyr f. 

Find the square root of each of the following binomial 
surds: 

1. 7-2^10. 

4. 5 + 2^6. 

7. 41-24^/2. 



10. 2J+V5. 
13. ^27 + 2^6. 



2. 13+2^30. 

5. 75 + 12^21. 

8. 83 + 12 V35. 

11. 4J-|V3. 

14. V32-V24. 



3. 8-2^7. 

6. 18-8V5. 

9. 47-4^33. 

12. 16+5^/7. 

15. 3^5+^40. 



Find the fourth roots of the following binomial surds 

3 



16. 17 + 12^2. 17. 56+24^/5. 

19. 14+8^3. 20. 49-20^6. 

Find, by inspection, the value of 
22. V3-2V2. 23. \/4+2V3. 

25. Vl9+8V3. 26. n/8+2V15. 

28. V11+4V6. 29. \/l5-4Vl4. 



18. y^+H- 

21. 248+32^/60. 

24. V6-2V5. 
27. V9-2V14. 
30. V29+6V22. 



Equations involving Surds. 

281. Sometimes equations are proposed in which the un- 
known quantity appears under the radical sign. Such equations 
are very varied in cliaracter and often require special artifices for 
their solution. Here we shall only consider a few of the simpler 
cases, which can generally be solved by the following method. 
Bring to one side of the equation a single radical term by itself : 
on squaring both sides this radical w^ disappear. By repeat- 
ing this process any remaining radicals can in turn be removed. 



EQUATIONS INVOLVING SURDS. 253 

Example 1. Solve 2^a;-^4a;-ll = l. 
Transposing, 2fjx-l= Jix - 11. 

Square both sides ; then 4a; - ^,Jx + 1 =4a? - 11, 

Vx=12, 

.-. a;=9. 

Example 2. Solve 2+/v^x-6 = 13. 

Transposing, ^x - 6 = 11. 

Here we must cube both sides ; thus x-5 = 1331 • 
whence x = 1336. 



Example 3. Solve Jx + 5-^ jBx + i= ^Jl2x + 1. 
Squaring both sides, 

x + 5 + Sx + 4L + 2j{x-^5){Sx + ^) = 12x + l. 
Transposing and dividing by 2, 

J{x + 5)(Sx + 4:)=4x-4: (1). 

Squaring, (x + 6) (3a; + 4) = Ux^ - 32a; + 16, 

or 13a;«-61a;-4 = 0, 

(a;-4)(13x + l) = 0; 

.•.^=4,or^i. 

If we proceed to verify the solution by substituting these values in 
the original equation, it will be found that it is satisfied by a; =4, but 

not by a;=-YQ* ^^* *^^ latter value will be found on trial to 
satisfy the given equation if we alter the sign of the second radical ; 
thus >Jx + 6 - J3x + 4:=jl2x-\'l, 

On squaring this and reducing, we obtain 

-J(x + 5){dx + 4:) = 4x-'^ : (2). 

and a comparison of (1) and (2) shews that in the next stage of the 
work the same quadratic equation is obtairied in each case, the roots 

of which are 4 and - ^^ , as already found. 

From this it appears that when the solution of an equation 
requires that both sides should be squared, we cannot be certain 
without trial which of the values found for the unknown quantity 
will satisfy the original equation. 
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In order that all the values found by the solution of the equation 
may be applicable it will be necessary to take into account both signs 
of ihe radical in the given equation. 

EXAMPLES ZZZI. g. 

1. Vi^=3. 2. 'y4S^=5. 

5. \^5S^=2\/a7+3. 6. 2a/3-7^-3V8^-12=0. 

7. 2 4^5^^^= 5 4^2^^. 8. V9jf2_ 11^-5=30?- 2. 

9. ^2^+Tl=V5. 10. V4a?2-7a7+l = 2^-lf 

11. V^+25 = 1 + ^/:f. 12. V8^+33- 3=2^2^. 

13. ^^a?+3+V^=5. 14. 10-^25 + 9^=3 V^. 

15. .\/^^+3=Vi+Il. 16. V9a7-8 = 3\/5+4-2, 

17. V4j7+5-V^=V^+3. 18. V25a7-29-\/4^- 11=3^0?. 

19. Vs^ + 17 - V2J= \/2^ + 9, 

20. s/3^-11 + V35=Vl2^-23. 

21. Vl2^-5 + V3JF-1 = V27^-2. 

22. V^ + 3+^^+8-^4^+21=0. 

23. «/^+2 + V4ir?+l-\/9a7 + 7=0. 

24. Vd7 + 4a6=2a+V^. 

25. V^ + V4a + ^= 2 Jb + x, 

282. When radicals appear in a fractional form in an equar 
tion, we must clear of fractions in the ordinary wajr, combining 
the irrational factors by the rules already explained in this 
chapter. 

Example 1. Solve —-. — = , . ^ . 
3;^yx V^ + 6 

Multiplying across, 6a? + 25»Jx - 66 = 6a; + 3^a;, 

25Va;-3Vx=66, 

22Va;=66, 

x/a;=3, 

x=9. 
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Example 2. Solve J^ + 2x- Jlx = . . 

Clearing of fractions, 

9 + 2a; - ,y 2x"(9 + 2x) = 5, 
4 + 2a;=V2a;(9 + 2x). 
Squaring, 16 + 16a: + 4a;2=18a; + 4a;«, 
16=2x, 
x = S, 

EXAMPLES XXXI. h. 

6V^-21 _ 8^^-11 Vg;-23_ 6V.r-17 

^' 3V^-14~4V^-13* 3x/^-8 2x/^-6' 

V^+3 ^ 3^07-5 . x/£+3^x/^+9 

^' V^-2~ 3^^-13* V^ + 2 -v^:f+7' 

_ 2V£-l_V£-2 ft 6V^-7 7V^-26 

^- 77— 4-""^- ^- V:^-l ^-7V^-2l' 

_ 12V^-11 6V^+5 ^ , , 2 

V^ v^-8 

11. V^+5 + J^=^. 12. 2V^-V4^-3= . 

V^ v4a?-3 

Q 1 

13. 3V^=-p===+V9^-32. 14. V^-'7=-7— riy' 
15. (x/^+ll)(N/.r-ll) + 110=0. 16. V^= 2;^3 ' 

11 1 ^/* « sJ^ + X + iJ^-X 

10 _L_4- = I — - =0. 20. 2=-7c== — 7 . 



CHAPTER XXXII. 

Ratio, Proportion, and Variation. 

283. Definition. Ratio is the relation which one quantity 
bears to another of the same kind, the comparison being made 
by considering what multiple, part, or parts, one quantity is of 
the other. 

The ratio of ^ to ^ is usually written A : B, The quantities 
A and B are called the terms of the ratio. The first term is 
called the antecedent, the second term the consequent. 

284. To find what multiple or part J. is of ^ we divide A 
by B ; hence the ratio A : B may be measured by the fraction 

-^, and we shall usually find it convenient to adopt this notation. 

In order to compare two quantities they must be expressed 
in terms of the same unit. Thus the ratio of £2 to 15«. is 

measured by the fraction or ^ . 

Note. Since a ratio expresses the number of times that one 
quantity contains another, every ratio is an abstract quantity, 

285. By Art. 151, j = ^; 

and thus the ratio a : 6 is equal to the ratio ma : mh ; that is, 
the value of a ratio remains unaltered if the antecedent and the 
conseqiLerU are multiplied or divided by the same quantity, 

286. Two or more ratios may be compared by reducing their 
equivalent fractions to a common denominator. Thus suppose 

a : h and x : y are two ratios. Now r = x^ « ai^d - = v- ; hence 
^ h hy' y by' 

the ratio a : 6 is greater than, equal to, or less than the ratio 

X : y according as ay is greater than, equal to, or less than hx. 
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287. The ratio of two fractions can be expressed as a ratio of 

a 

two integers. Thus the ratio r : ;« is measured by the fraction «, 
or -J- ; and is therefore equivalent to the ratio ad \hc^ ^ 

288. If either, or both, of the terms of a ratio be a surd 
quantity, then no two integers can be found which will exactly 
measure their ratio. Thus the ratio ^2 : 1 cannot be exactly 
expressed by any two integers. 

289. Definition. If the ratio of any two quantities can 
be expressed exactly by the ratio of two integers the quantities 
are said to be commensurable; otherwise, they are said to be 
incommensurable. 

Although we cannot find two integers which will exactly 
measure the ratio of two incommensurable quantities, we can 
always find two integers whose ratio differs from that required 
by as small a quantity as we please. 

Thus ^^^-^^r^-^-saoon... 

4 4 

,., . V6. 55901 , 55902 

^md therefore ^^— is > and *< • 

4 100000 100000' 

and it is evident that by carrying the decimals further, any 
degree of approximation may be arrived at* 

290. Definition. Ratios are compounded by multipl^ng 
together the fractions which denote them; or by multiplying 
together the antecedents for a new antecedent, and the conse- 
quents for a new consequent. 

Example, The ratio compounded of the three ratios 
2a : Sb, 6a& : &c^y e : a 
is 2a X 6a5 X c : 36 X 5<^ X a, 

or 4a: 5c, 

291. Definition. When the ratio a : 6 is compounded with 
itself the resulting ratio is a^ : &^, and is called the duplicate 
ratio of a :b. Similarly a^ ;i^ la called the triplicate ratio 

11 

of a : 5. Also a^ : ^ is called the subduplicate ratio of a : b, 
H.A, 17 
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Examples. (1) The duplicate ratio of 2a : 36 is Aa^ : W. 

(2) The subduplicate ratio of 49 : 25 is 7 : 5. 

(3) The triplicate ratio of 2a; : 1 is 8a:3 : 1. 

292. Definition. A ratio is said to be a ratio of greater 
ineqitcUityf of less ineqtudity^ or of equality, according as the 
antecedent is greater than, less than, or eqtud to the consequent. 

293. If to each term of the ratio 8 : 3 we add 4, a new ratio 

12 : 7 is obtained, and we see that it is less than the former 

12 8 

because -=- is clearly less than - . 
7 o 

This is a particular case of a more general proposition which 
we shall now prove. 

A ratio ofareater tnequalUy is diminished, and a ratio of less 
inequality is increased, by adding the same quantity to both its 
terms. 

Let T be the ratio, and let ? be the new ratio formed by 

adding x to both its terms. 

^ a a-\-x _ax — hx 

^^^ * 6""6+i~6(6+^ 

_x{a — h) 

"hip+xy 

and a - & is positive or negative according as a is greater or 
less than 6. 

Hence if a is >6, -r is > . ; 

1 .<. . T a . a+x 

and if ais<o, t1S< -r- — . 

b+x 

which proves the proposition. 

Similarly it can be proved that a ratio of greater ineqiuxlity 
is increased, and a ratio of less inequality is diminished, by taking 
the same quantity from both its terms. 

294. When two or more ratios are equal, many useful pro- 
positions may be proved by introducing a single symbol to 
denote each of the equal ratios. 

The proof of the following important theorem will illustrate 
,the method of procedure. 
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a _ c __ e 
b"'d"f' 



V K^/l~|f~" » 



1 



ea>^ of these ratio* = (PJ^J^^lgtiii)-, 

where p, q, r, n are any qitantities whatever: 
T X ace. J 

then a=^bk, c—dk, «=/&,...; 

whence p€^=:pb^]b^, qd^^qd^h^^ r^—rf^h%,..\ 

.-. pa'^+q<f^+r^ + ...^h^{pb^-{-qd^+rf^ + ,..\ 

pa''+qd^+re^+.„ ^j.^ 
pb''+qd''+rf''+.., ' 
1 

*' \j^b^qd*+rf+...) " ~£""5 

By giving different values to p, q, r, n many particular oases 
of this general proposition may be deduced; or they may be 
proved independently by using the same method. For instance, 

if T = -y = :?> each of these ratios = , . , . >. ; 

b d f^ ■ b+d+f 

a result which will frequently be found usefuL 
Example 1. If - = j find the value of j 



y 4 7x + 2] 

6ar-3t/ y 4 8 



7x + 2y 7^^2 21 29' 

y * 

Example 2. Two numbers are in the ratio of 5 : 8. If 9 be 
added to each they are in the ratio of 8 : 11. Find the numbers. 

Let the numbers be denoted by 6x and 8a;. 

^^ 8^T9 = n» 

.•. a?=3. 
Hence the numbers are 15 and 24. 

17—2 
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Example S. If ^ : B be in the dnplioate ratio ot Ai-x : B+x^ 
prove that x^=:AB, 

(A+x\^ A 

.\B{A+xf=A(B + x)\ 
A^B + 2ABx+Bx*=:AB^+2ABx + Ax', 
x^{A^B)=AB{A-B); 
.-. x^=^AB. 
Since ^ - B is, by Bnpposition, not zero. 

EXAMPLES ZXXn. a. 

Find the ratio compounded of 

1. The duplicate ratio of 4 : 3, and the ratio 27 : 8. 

2. The ratio 32 : 27, and the triplicate ratio of 3 : 4. 

3. The subduplicate ratio of 25 : 36, and the ratio 6 : 25. 

4. The ratio 169 : 200, and the duplicate ratio of 15 : 26. 

5. The triplicate ratio of ^ : y, and the ratio 2y^ : 3^. 

6. The ratio 3a : 45, and the subduplicate ratio of b* : al 

7. If a? : y=5 : 7, find the value of ^+y : y-o?. 

8. If -=3l, find the value of #^. 

9. If & : a=2 : 5, find the value of 2a-3& : 36-a. 

10. If ? = ? and - = |, find the value of ^^^q^, 

6 4' y 7' 46y-7(M: 

11. If 7^7- 4y : 3a;+y=5 : 13, find the ratio a; : y. 

12. If — 5-rr3- = TT > fiD^ tl^e ratio « : 6. 

13. If 2^ : 3y be in the duplicate ratio of 2x-m : 3y - m, prove 

that m^=6ry. 

14. If P : § be the subduplicate ratio ot P-x iQ-x^ prove 

thata?=-^^. 

15. ^^ T "= ^ = 79 prove that each of these ratios is equal to 

* /2a8c+3oSe + 4g^ 
V26^ + 3(^« + 4/^' 



RATIO, PEOPORTION, AND YABIATIOST. 261 

16. Two numbers are in the ratio of 3 : 4, and if 7 be sub- 

tracted from each the remainders are in the ratio of 2 : 3. 
Find them. 

17. What number miist be taken from each term of the ratio 

27 : 35 that it may become 2:3) 

18. What number miist be added to each term of the ratio 

37 : 29 that it may become 8 : 71 

19. If ^ = -^ = -^ , shew that p+o'+r=0. 



20. 



If ^ = -^ = — ^ , shew that x -y +«=0. 
b+c c+a a-b^ ^ 

ace 



21. I^ r = ^ == / } s^^^ ^^^ ^^^ square root of 

a«6-2c*e+3«*c8c8 . ,. ace 

fcTTg^^rfggi^^isequaltojj^. 

22. Prove that the ratio la^-mc-^-ne : lb-{-md-\- nf will be equal 

to each of the ratios a\b^c xd^e \fy\i these be all equal ; 
and that it will be intermediate in value between the 
greatest and least of these ratios if they be not all equal 



23. 



cy — aa by — ax x+z 



tions be equal to - , imless 6+c=0. 



24. I^ %:i|^=|zf = ^Tfe>P«>^«*^*«^^<>^^es««^ti«a 

X 

is equal to - ; hence shew that either a?=y, or z^x+y, 

9 

Pbofobtion. 

295. Definition. When two ratios are equal, the four 
quantities composing them are said to be prbportlonaLl. Thus 

if T = ;«9 then a, 6, c, d are proportionals. This is expressed by 

saying that a isto&ascistoe^, and the proportion is written 

a \b w c \ d\ 

or a \b ^ c \ d. 

The terms a and d are called the extremes^ b and c the means. 
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290. If four quatitittes are in proportion, the product of flie^ 
extremee ta equal to the product of the means. 

Let a, hyC,d\}Q the proportionals. 
Then by definition t = 3 » 

whence ad=^hc. 

Hence if any three terms of a proportion are given, the 

fourth may be found. Thus if a, (;, c? are given, then 6= — . 

c 

Conversely, if there are any four quantities, a, 6, c, d^ such 
that ad^hc, then a, b,Cfdare proportionals; a and d being the 
extremes, b and c the means ; or vice versd. 

297. Definition. Quantities are said to be in continued 
proportion when the first is to the second, as the second is 
to the third, a6 the third to the fourth; and so on. Thus 
Oy byCydf 8X0 iu continued proportion when 

a_6__ c _ 

b~"c~d~ 

If three quantities a, 5, c are in continued proportion, then 
a : 6=6 : c\ 

ac=^bK [Art. 296.] 

In this case b is said to be a mean proportional between a and 
c; and c is said to be a third proportional to a and 6. 

298. If three quantities are proportionals the first is to 4he 
third in the duplicate ratio of the first to the second. 

Let the three quantities be a, 6, c ; then r = - . 

T.T a a b a a a^ 

Now - = rX- = T Xt^'i^; 

G b c b b b^* 

that is, a : c=^a^ : 6^. 

299. If a : b=sc : d and e : f=g : h thm will 

ae : bf=cg : dh. 

ae eg i ,^ _, 
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Ck)Ri If : a : 6=c : rf, 

and b : x=^d : y, 

then a : x^c : y. 

This is the theorem known as ex cequcdi in Geometry. ^ 

300. If four quantities, a, b, c, c? form a proportion, many 
other proportions may be deduced by the properties of fractions. 
The results of these operations are very useftd, and some of 
them are often quoted by the annexed names borrowed from 
Geometry. 

'(1) If cb : b—c : c?, then b : a=c? : c, [Inverterido,] 



Por 


^=.3; therefore l-j^^l-j; 


that is 


b d 


or 


b : a=^d : c. 


(2) 


If a : b=c : c?, then a : c—b : d. 


Por <id=^bc ; therefore "^ == "3 > 


that is, 


a b 
c^d' 


or 


a : c=b ; d. 


(3) 


If a : 6=c : dj then a+b : b^c + d : 


For 


T'^2' *'^®^®''^^ b d * 


that is, 


a+b c+d 

b ^^ d r 


or 


a+b : b^c+d id. 


(4) 


If a : 6«c : c?, then a-b : b^^c-d 


For 


a c ,. - a \ c . 
J = 3; therefore p 1=3-1; 


that is, 


a-h e-d 


or 


a-h : 6=c-(f :<t 



[il^^erTiark^o.] 



d. 
[Camponendo.l 



d. 



[Dividendo,} 
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(5) If a : b^c : cf, then a+h : a—h^c-hd : c—d, 

andby(4) V = ^^' 

, J. . . a+h c+d 
.*. by division, =■ = — ■% : 

or a+b : a-'b=c+d : c-rf. 

Several other proportions may be proved in a similar way« 

301. The results of the preceding article are the algebraical 
equivalents of some of the propositions in the fifth book of Euclid, 
and the student is advised to make himself familiar with them 
in their verbal form. For example, dividendo may be quoted as 
follows : 

When there are four proportuynals, the excess of the first above 
the second is to the secondy cu the excess of the t/dra above the 
fov/rth is to thefottrth, 

302. We shall now compare the algebraical definition of 
proportion with that given in Euclid. 

In algebraical symbols the definition of Euclid may be stated 
as follows : 

Four magnitudes, a, 5, c, d are in proportion when j>a = ^5 

according as joc = qd^ p and q being any positive integers what^ 
ever. 

I. To deduce the geometrical definition of proportion from 
the algebraical definition. 

Since r = 5 > lt)y multiplying both sides by -^ , we obtain 

qb qd* 
hence, from the properties of fractions, 

pa=qb according OR pc==qdf 

which proves the proposition. 
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II. To deduce the algebraical definition of proportion from 
the geometrical definition. 

Qiven that pa=qh according aa pc — qdio prove 

a_ e 

If r is not equal to ^ , one of them must be the greater. 

Suppose T > ^ ; then it will be possible to find some fraction ^ 

which Hes between them. 

Hence j> ^ (1), 

op ^ " 

and 3<i (2). 

dp ^ ' 

Prom (I) pa-^qh) 

fit)m (2) pc<-qd\ 

and these contradict the hypothesis. 

Therefore r and -j are not unequal ; that is ^ = ^ ; which 

proves the proposition. 

NoTB. The student ahould observe that the geometrical definition 
of proportion deals with concrete magnitudes, suoh as lines or areas, 
represented geometrically but not referred to any common unit. So 
that Euclid's definition is applicable to incommensurable as well as 
to commensurable quantities; whereas the algebraical definition, 
strictly speaking, applies only to commensurable quantities, since it 
tacitly assumes that a is the same determinate multiple, ^t, or 
parts, of h that c is of d. But the proofs which have been given for 
commensurable quantities will still be true for inoommensurables, 
since the ratio of two inoommensurables can always be made to differ 
from the ratio of two integers hy less than any tusignable quantity, 
[See Art. 289.] 

Example 1. If a : h=e : d=se : /, 

shew that 2aH3c«-6e» : 26»+8d»-6/«=cM : hf. 

Let ^ = ^ = ^=1;; thena=s6fc, c=clft, e=/fc; 

2o«+3c»-5e« 2yjk«+8(PAc«-5/»fc« 
•'• 26a+3(P-6/«'*' 26» + 8«P-6/» 

or 2a«+3<j»-W : 26«+3d»-6/«=a« : hf. 
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Example 2. If 
(3a+66+c + 2d)(3a-66-c+2d) = (8a-66+c-2d)(3a+66-c-2<f), 
prove that a, 6, c, <Z are in proportion. 

^ , 3a + 66+c + 2<l 8a+66-c-2<l _. . .^^ . 

^«^'« i>a-6>+c-2J = 8a-6ft-c+2d - l'^-'^--\ 

Componendo and Dividendo, 

2(3a + c) _ 2(3a-c) 
2(6d+2d)~"2(66-2d)' 

... , 3a+c 66 + 2d 

Altemando, ^ = g, q, ^ 

3a -c 66 --2d 

Again, Componendo and Dividendo, 

6a_126. 

2c "■ 4d ' 

whence aih=e:d. 

Example 8. Solve the equation ^ = — i~3ft — • 

Dividendo, 



a; - 2 ~ oa; - 6 ' 

whence, dividing hy a^^ which gives a solution a;=0, [Art. 201.] 
1 4 , 

ar-2"~6a;-6' 
whence, «=-2. 

and therefore the xoo^ are 0, - 2. 

EXAMPLES ygyrr b. 

' " Find a fourth proportional to 

1. a, a6, c. 2, ^ a*, 2a6, 36^. 3. ^, xy^ ha^y. 

Find a thii*d pmportional to . . . 

4. a% ah, 5. ^, 2a;2. 6, 3ar, 6a?y. 7. 1, x. 

Find a mean proportional between 
8. a\}^. 9. 2a;3,8a?. 10. 12a^, Sa^. U.. 27a263, 36^ 

If a, 6, c be three proportionals, shew that 

12. a : a+b=^a-b : a-c. 

13. (62+6c+c8)(a<j-6c+c2)=6*+ac34-^. 
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If a : 6=0 : d, prove that 

14. ab+cd I ab-cd^a^+(^ : a^-c^, 

15. a^-^ac+i? : a^-ac-{-<?=-}^+hd+d^ ; b^-bd+d^^. 

16. a : 6=\/3a2+5c2 : V3P+5^. 

17. - + -:« = - + - ;c. 

^ fi' PS' 

-^ 6 a ab d c cd 



Solve the equations : 

19. ap-l : 6^-7 = 7^-10 :9a7+10. 

20. 57-12 :y + 3=2a?-19 :6y-13=6 : 14. 

g- ^-2a?+3 ^-3j? + 5 ^ 2j7-1 _ a?+4 



2^-3 307-5 • ^' 072+247-1 or2+07+4* 

23. If (a+6-3c-3cO(2a-26-c+fl?) 

= (2a + 26-c-cO(a-6-3c+3cO 
prove that a, b, c, d are proportionals. 

24. If a, 6, c, fl? are in continued proportion, prove that 

a : d=a^+b^+<^ : b^+c^+d^. 
29. If 6 is a mean proportional between a and c, shew that 
4a2 - 962 is to 4^_ 9^2 jj^ the duplicate ratio of a to, 6. 

26. If a, 6, c, c? are in continued proportion, prove that &+c is 

a mean proportional between- a+ 6 and c+d,' 

27. If a+6 :6+c=c+c? :rf+a, 

prove that a=c, or a + 6+c+rf=0. 

Variation. 

303. Definition. One quantity A is said to vary directly 
as another -B, when the two quantities depend upon each other 
i^ such a. manner that if B is changed, A is changed in the same 
proportion, 

l^tm. The word directly is often omitted, and A is said to vary 
asf. 

304. For instance: if a train moving at a uniform rate 
travels 40 miles in 60 minutes, it will travel 20 miles in 30 
minutes, 80 miles in 120 minutes, and so on; the distance in 
each case being increased or diminished in the same ratio as the 
time. This is expressed by saying that when the velocity is 
uniform the distance is proportional to the time, or more briefly, 
the distance varies as the tima. 
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Again, if we refer to the general formula of Art. 84, we find 

that -=v \a & relation connecting the space described by a body 

which moves for a time t with uniform velocity v. That ia, if 
'ii '2' 's*** ^ spaces described in times ^i, <2> ^s*** respectively, 

we have -1 = -? = -?= uav, 

h h h 
From this it appears that the ratio of anv value of « to the 
corresponding value of t is constanty that is, remains the same 
whatever numerical values « and t may have. 

This is an instance of direct variation, and 8 is said to vartf 
aat. 

305. The symbol x is used to denote variation; so that 
^ X ^ is read "A varies as B" 

306. If A varies as B, then A is equal to B mtUtiplied hy some 
constant quantity. 

For suppose that a^, a^, o^..., h^^h^^ 63... are corresponding 
values of A and B, 

Then, by definition, — = ?-; — = r; — = r-; fl-D^d so on, 
' ^ ' a^ h^' a^ h^' a^ 63' 

/, ?J =: ^ = ^3=3 ... , each being equal to = . 

Hence rr — ^ i ?-» ^ always the same ; 

the corresponding value of -B ^ 

that is, ^=971, where m is constant 

.•. A^mB. 

307. Definition. One quantity A is said to vary inTersely 
as another B when A varies directly as the reciprocal of B. 
[See Art. 107.] 

Thus if A varies inversely as J5, ^==^> where m is constant. 

The following is an illustration of inverse variation : If 6 men 
do a certain wo& in 8 hours, 12 men would do the same work in 
4 hourE^ 2 men in 24 hours ; and so on. Thus it appears that 
when the number of men is increased the time is proportionately 
decreased; and vice-versl 
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908. Definition. One qimniity is said to vary jointly aa 
a number of others when it varies directly as their product. 

Thus A varies jointly as B and C when A=inBC. Por in- 
stance, the interest on a sum of money varies jointly as the 
principal, the time, and the rate per cent. 

309. Definition. A is said to vary directly as B and in- 
versely as C when A varies as ^ . 

310. If A varies as B when C is constant, and A varies as C 
when B is constant, then wiU A vary as BO when both B and 
vary. 

The variation of A depends partly on that of B and partly on 
that of C, Suppose these latter variations to take place sepa- 
rately, each in its turn producing its own effect on A \ abo let 
a, 6, c be certain simultaneous vcdues of A, B, C, 

1. Let C he constant while B changes to h; then A must 
imdergo a partial change and will assmne some intermediate 
value a', where 

^ = ^ (1) 

2. Let B he constant, that is, let it retain its value 5, while 
C changes to c; then A must complete its change and pass &om 
its intermediate value a' to its final value a, where 

I'-f <»)■ 

From (1) and (2) ^ x - = f x - ; 
^ ^ ^ ' a a b c' 

that is, il = T- . BC, 

or A varies as BC, 

311. The following are illustrations of the theorem proved 
in the last article. 

The amount of work done by a given number of men varies 
directly as the number of da^s they work, and the amount of 
work done in a given time vanes du'ectly as the number of men ; 
therefore when the number of davs and the number of men are 
both variable, the amount of work will vary as the product of 
the number of men and the number of days. 
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Again, in Geometry the area of a triangle varies directly as 
its base when the height is constant, and dSrectly as the height 
when the base is constant ; and when both the height and Mae 
are variable, the area varies as the product of the numbers 
representing the height and the base. 

Example 1. U AccBt and CcoD^ then will ACoi BD, 

For, by supposition, A =mB, C=nD, where m and n are oonstants. 

Therefore AC=mnBD ; and as mn is constant, ACcc BD. 

Example 2. If x varies inversely as ^-1, and is equal to 24 
When 2^=10; find x when 2^=6. 

By supposition, x= -^ — =- , where m is constant. 

Putting a? =24, y=10, we obtain 24=^, 

whence m=24x99. 

24x99 , 

hence, putting y = 6, we obtain a; =99. 

Example 8. The volume of a pyramid varies jointly as its height 
and the area of its base; and when the area of the base is 60 square 
feet and the height 14 feet the volume is 280 cubic feet. What is the 
area of the base of a pyramid whose volume is 890 cubic feet and 
whose height is 26 feet? 

Let V denote the volume, A the area of the base, and h the 
height ; 

then V=mAht where m is constant. 

Substituting the given values of V, A^ h "we have 
280=971x60x14; 
_ 280 1 
•*• '"'"60xl4"3' 

... r=lAk. 

Also when r=390, ^ = 26; 

.-. B90=\ax26; 

.-. A=i5. 
Hence the area of the base is 45 square feet. 
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EXAMPLES vvvii c. 

1. If ^ oc y, and y=7 when a?=18, find x when y=21. > 

2. if a? oc y, and y =3 when a?=2, find y when a?= 18. 

3. A varies jointly as B and C'; and -4=6 when J5=3, C=2: 

find ui when J5=6, (7=7. 

4. -4 varies jointly as B and C\ and -4=9 when J5=5, (7=7 : 

find ^ when -4=54, (7=10. 

6. If 0? a -, and y=4 when a?= 15, find y when a?=6. 

6. If y oc — , and y= 1 when a?= 1, find x when y =5. 

7. -4 varies as -B directly, and as C inversely ; and -4 = 10 when 

^=15, (7=6; find A when J5=8, (7=2. 

8. If 0? varies as y directly, and as z inversely, and ^=14 when; 

y=10, «=14; find z when a?=49, y=45. 

9. If ;i7 oc - , and y oc - , prove that « oc ^. 

10. If a a 6, prove that a* oc 6* 

11. If 07 oc 2f and y a «, prove that ;i7* -y* x ^s. 

12. If 3a + 76 X 3a + 136, and when a = 5, & = 3, find the equation 

between a and 6. 

13. If 5a; —y X lOo? - 1 ly, and when a? = 7, y = 5, find the equation 

between x and y. 

14. If the cube of x varies as the square of y, and if ;i7=3 when 

y=5, find the equation between x and y. 

15. If the square root of a varies as the cube root of &, and if 

a=4 when 6=8, find the equation between a and K 

16. If y varies inversely as the square of a?, and if y=8 when 

a?=3, find X when y=2. 

17. lixccy + a, where a is constant, and a?= 15 when y = 1, and 

^=35 when y=5; find x when y=2. 

18. If a + 6 X a- 6, prove that a^+h^ x db ; and if a x 6, prove 

thata2-62xa6. 
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19. If y be the sum of three quantities which vary as x, 0^,0^ 

respectively, and when ^=1, y=4, when j?=2, y=8, and 
when a=3, y = 18, express y in terms of a;. 

20. Given that the area of a circle varies as the square of its 

radius, and that the area of a circle is 154 square feet 
when the radius is 7 feet; find the area of a circle whose 
radius is 10 feet 6 inches. 

21. The area of a circle varies as the square of its diameter; 

prove that the area of a circle whose diameter is 2^ inches 
IS equal to the sum of the areas of two circles whose 
diameters are 1^, and 2 inches respectively. 

22. The pressure of wind on a plane surfiEuse varies jointlpr as 

the area of the surface, and the square of the wmd's 
velocity. The pressure on a square foot is lib. when 
the wind is moving at the rate of 15 miles per hour; 
find the velocity of the wind when the pressure on a 
square yard is 16 lbs. 

23. The value of a silver coin varies directly as the square of 

its diameter, while its thickness remains the same ; it 
also varies directly as its thickness while its diameter 
remains the same. Two silver coins have their diameters 
in the ratio of 4 : 3. Find the ratio of their thicknesses 
if the value of the first be four times that of the second. 

24. The volimie of a circular cylinder varies as the square of 

the radius of the base when the height is the same, and 
as the height when the base is the same. The volume 
is 88 cubic feet when the height is 7 feet, and the radius 
of the base is 2 feet ; what will be the height of a cylinder 
on a base of radius 9 feet, when the volimie is 396 cubic 
feet? 



CHAPTER XXXIII, 

Arithmetical Progression, 

312. Definition. Quantities are said to be in Azithmetical 
Progression when they increase or decrease by a common differ- 
enoe. 

Thus each of the following series forms an Arithmetical 
Progression : 

3, 7, 11, 15, 

8, 2, -4, -10, 

a, a+c?, a + 2d, a+^, 

The common difference is foimd by subtracting anif term of 
the series from that which follows it. In the first of the above 
examples the common difference is 4 ; in the second it is — 6 ; in 
the third it is d, 

313. If we examine the series 

a, a+d, a+2d, a+3c?, ... 
we notice that in anv term the coefficient ofdis always less hy one 
than the number of the term in the series. 
Thus the S'* term is a + 2c?; 

6*** term is a + 6d; 
20*^ term is a 4- 19c?; 
and, generally, the p^ term ia a+(p-l)d^ 

If n be the number of terms, and if I denote the last, or 
n^ term, we have l=a+(n-l)d. 

314. To find the sum of a number of term^ in ArithmeticaZ 
Progression, 

Let a denote the first term, d the common difference, and n 
the nimiber of terms. Also let I denote the last term, and s 
the required sum; then 

«=a4-(a+c?) + (a+2c?) + ... + (2-2c04-(^-cO+^- 
and, by writing the series in the reverse order, 

j5=?4.(;-c^)+(^-2c?) + ...+(a+2cQ4-(a-cO+a. 

H. A. 18 
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Adding together these two series, 

2«=(a4-0 + (a+Q4-(a+0 + ... tow terms 

.•.«=|(a + (1); 

and l^a+{n-l)d (2). 

/. s^l{2a+(n-l)d} (3). 

315. In the last article we have three usefid formulsB (1), 
(2), (3) ; in each of these any one of the letters may denote 
the unknown quantity when the three others are known, [See 
Art. 82, Chap, ix.] For instance, in (1) if we substitute given 
values for «, n, I, we obtain an equation for finding a ; and simi- 
larly in the other formulaa. But it is necessary to guard against 
a too mechanical use of these general formulae, and it will often 
be found better to solve simple questions by a mental rather 
than by an actual reference to the requisite formula. 

Example 1. Find the 20**^ and 35*^ terms of the serieB 

88,36,34, . 

Here the oommon -difference is 36 - 38, or - 2. 
.-. the 20*»» term=38 + 19 (- 2) 
=0; 
and the 85"^ term =38 + 34 (- 2) 
= -30. 

Example 2. Find the smn of the series 5}, 6|, 8, to 17 terms. 

Here the common difCerenoe is IJ ; hence from (3) 

The sum =y |2 x ^ + 16 x Ijl 

=^(11 + 20) 

_17x31 
~ 2 
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Example 3. The first term of a series is 5, the last 45, and the 
sum 400 : find the number of terms, and the common difference. 

If n be the number of terms, then from (2) 

400=^(6 + 45); 

whence n=16. 

ltd he the common difference 

46= the 16*'* term 
= 6 + 15d; 
whence d=2|. 

EXAMPLES XXX III a. 

1. Find the 27*** and 41"* terms in the series 5, 11, 17, ... 

2. Find the 13"* and lOO*** terms in the series 71, 70, 69, . . . 

3. Find the 17"* and 54"* terms in the series 10, llj, 13,.,. 

4. Find the 20*^ and LS*** terms in the series - 3, - 2, - 1, ... 

5. Find the 90"* and 16"* terms in the series - 4, 2*5, 9, . . . 

6. Find the 37"* and 89"* terms in the series - 2*8, 0, 2*8, . . . 
Find the last term in the following series : 

7. 5, 7, 9,... to 20 terms. 8. 7, 3, - 1, ... to 15 terms. 
9. 13^, 9, 4^,... to 13 terms. 10. -6, 1*2, 1*8, ... to 12 terms. 

11. 2-7, 3*4, 4-1,... to 11 terms. 12. ^, 2^, 3^?, ... to 25 terms. 

13. a-c?, a+c?, a+3c?,... to 30 terms. 

14. 2a-5, 4a-36, 6a-56,..:to 40 terms. 

Find the last term and sum of the following series : 

15. 14, 64, 114,... to 20 terms. 16. 1, 1*2, 1*4,... to 12 terms. 

113 
17. 9, 5, 1,... to 100 terms. 18. j, -t, -t,... to 21 terms. 

19. ^, 1, - li,... to 19 terms. 20. 64, 96, 128,... to 16 terms. 

Find the sum of the following series : 

21. 5, 9, 13,... to 19 terms. 22. 12, 9, 6,... to 23 terms, 

23. 4, 5 J, 6^, . . . to 37 terms. 24. 10 J, 9, 7 J, . . . to 94 terms. 

25. - 3, 1, 5, ... to 17 terms. 26. 10, 9§, 9J, ... to 21 terras. 

27. Py 3p, 5jo,... to jD terms. 28. 3a, a, -a,... to a terms. 

29. a, 0, -a,... to a terms." 30. -3^, -g', j-,... top terms. 

18—2 
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rind the number of terms and the common difference when 

31. The first term is 3, the last term 90, and the sum 1395. 

32. The first term is 79, the last term 7, and the sum 1075, 

33. The sum is 24, the first term 9, the last term - 6. 

34. The sum is 714, the first term 1, the last term 58^. 

35. The last term is - 16, the smn - 133, the first term - 3. 

36. The first term is - 75, the sum - 740, the last term 1. 

37. The first term is a, the last 13a, and the sum 49a. 

38. The sum is - 320^, the first term So;, the last term - 35.r. 

316. If any two terms of an Arithmetical Progression be 
given, the series can be completely determined; for the data 
furnish two simultaneous equations, the solution of which will 
give the first term and the common difference. 

Example. Find the series whose 7*^ and 61^* terms are - S and 
- 355 respectively. 

If a be the first term, and d the common difference, 
-3=the7**^term 
=a + Qd\ 
and - 355 = the Sl^' term 

=a + 60d; 
whence, by subtraction, - 352=44(2; 
,'. d=-8; and consequently a =46. 
Hence the series is 45, 37, 29 

317. Definition. When three quantities are in Arithmetical 
Progression the middle one is said to be the Axlthinetic 
mean of the other two. 

Thus a is the arithmetic mean between a — dauid a+d. 

318. To find the arithmetic mean between two given qiuzntities. 

Let a and b be the two quantities ; A the arithmetic mean. 
Then since a, A, 6 are in A. P. we must have 

b-A=A-a 
each being equal to the common difference ; 

whence A = — g— , 
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319. Between two given quantities it is always possible to 
insert any number of terms such that the whole series thus 
formed shall be in A.P. ; and by an extension of the definition in 
Art. 317, the terms thus inserted are called the arithmetic means. 

Example, Insert 20 arithmetic means between 4 and 67. 

Including the extremes the number of terms will be 22 ; bo that 
we have to find a series of 22 terms in A. P., of which 4 is the first 
and 67 the last. 

Let d be the common difference; 
then 67 = the 22'>d term 

= 4 + 21d; 

whence d = 3, and the series is 4, 7, 10, 61, 64, 67 ; 

and the required means are 7, 10, 13, 58, 61, 64. 

320. To insert a given number of arithmetic means betweeti 
two given quantities. 

Let a and h be the given quantities, n the number of means. 

Including the extremes the number of terms will be n+2; 
so that we have to find a series of w+2 terms in A. P., of which 
a is the first, and h is the last. 

Let d be the common difference ; 
then h = the {n + 2)*^ term 

= a+(w+l)c?; 

"whence d= r- : 

n+1 ' 

and the required means are 

h — a 2(6 -a) n(h-a) 

n+1 n+1 ' n+1 

Example 1. Find the SO*** term of an A. P. of which the first 
term is 17, and the 100'*^ term - 16. 

Let d be the common difference ; 
then - 16 = the 100'*» term 

= 17 + 99d; 

3* 
The 30»>» term = 17 + 29 T- ^) 

= 1\. 
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Example 2. The Bum of three numbers in A. P. is 33, and their 
product is 792 ; find them. 

Let a be the middle number, d the common difference; then the 
three numbers are a-dya,a+d. 

Hence a-d+a+a + d=SB; 

whence a= 11 ; and the three numbers are 11 - d, 11, 11 + d. 

.-. ll(ll + d)(ll-d)=792, 

121-^2= 72, 

<i=±7; 
and the numbers are 4, 11, 18. 

Example 3. How many terms of the series 24, 20, 16, must 

be taken that the sum may be 72? 

Let the number of terms be n ; then, since the common difference 
is 20-24, or - 4, we have from (3), Art. 314, 

72 = ^{2x24 + (H-l)(-4)} 





= 24»-2»(«-l); 


whence 


n2_13« + 86=0. 


or 


(»-4)(n-9) = 0; 




.•. n=4 or 9. 



Both these values satisfy the conditions of the question ; for if we 
write down the first 9 terms, we get 24, 20, 16, 12, 8, 4, 0, -4, -8; 
and, as the last five terms destroy each other, the sum of 9 terms is 
the same as that of 4 terms. 

Example 4. An A.P. consists of 21 terms; the sum of the three 
terms in the middle is 129, and of the last three is 237 ; find the series. 

Let a be the first term, and d the common difference. Then 
237= the sum of the last three terms 
= a + 20d-\-a + 19d + a + lQd 
=Sa + 5ld; 

whence a+19d=79 (1). 

Again, the three middle terms are the 10'^, 11^, 12^; 
hence 129 = the sum of the three middle terms 

=a + 9d + a + 10d + a + lld 
= 3a + 30d; 

whence a + 10d=43 (2). 

From (1) and (2), we obtain (2=4, a =3. 
Hence the series is 3, 7, 11, 83. 
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EXAMPLES XXX III b. 

Find the series in which 

1. The 27*** term is 186, and the 45«» term 312. 

2. The 6^ term is 1, and the 31* term - 77. 

3. The 15**» term is - 25, and the 23"* term - 41. 

4. The 9**^ term is - 11, and the 102"* term - 150^. 

5. The 16^ term is 25, and the 29*^ term 46. 

6. The 16"^ term is 214, and the 61* term 739. 

7. The 3"^ and 1*^ terms of an A.P. are 7 and 19 ; find the 16^ 

term. 

8. The 64«» and 4"^ terms are - 125 and ; find the 42«* term. 
,9. The 31"* and 2"^ terms are ^ and 7}; find the 59"» term. 

10. Insert 15 arithmetic means between 71 and 23. 

11. Insert 17 arithmetic means between 93 and 69. 

12. Insert 14 arithmetic means between - 7 J and - 2%. 

13. Insert 16 arithmetic means between 7*2 and - 6*4. 

14. Insert 36 arithmetic means between 8^ and 2}. 
How many terms, must be taken of 

15. The series 42, 39, 36, ... to make 315 ? 

16. The series - 16, - 15, - 14, ... to make - 100 ? 

17. The series 15S, 15J, 15,... to make 129? 

18. The series 20, 18}, 17J,... to make 162^? 

19. The series -lOj, -9, -7^,... to make -42? 

20. The series -6^, -6|, -6,... to make -52^? 

21. The sum of three numbers in A.P. is 39, and their product 

is 2184; find them. 

22. The sum of three numbers in A.P. is 12, and the sum of 

their squares is 66 ; find them. 

23. The sum of five numbers in A. P. is 75, and the product of 

the greatest and least is 161 ; find them. 

24. The sum of five numbers in A.P. is 40, and the sum of their 

squares is 410 ; find them. 

25. The 12***, 85^ and last terms of an A.P. are 38, 257, 395 

respectively; find the number of terms. 



CHAPTER XXXIY. 
Qeometrical Progressiok. 

321. Definitioit. Quantities are said to be in (Geometrical 
Progression when they increase or decrease by a constarU factor. 

Thus each of the following series forms a Geometrical Pro- 
gression : 

3, 6, 12, 24, 

1 _1 1 _i 

3' 9' 27' 

a, ar, ar\ ar\ 

The constant factor is also called the common ratw, and it is 
found by dividing any term by that which immediately precedes 
it. In the first of the above examples the common ratio is 2 ; 

in the second it is - - ; in the third it is r. 
3 

322. If we examine the series 

a, ar, ar^, or*, ar^, 

we notice that m an^ term the index ofxis always less by one 
than the number of the term in the series. 
Thus the 3"* term is ar2; 

the 6*^ term is ar^\ 
the 20"^ term is ar"; 
and, generally, the p^ term is ar^~^. 

If 71 be the number of terms, and if I denote the last, or n^ 
term, we have l—a/r^~K 

11 8 
Example. Find the 8*** term of the series - ^ , - , - 7 , ..« 

o 2 4 

The common ratio lA^-r-i -«), or --; 

.-. the8*»»term=-|x^-|y 

__1 2187 
" 8^ "128 
__729 
~128' 
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323. Definition. When three quantities are in Geometrical 
Progression the middle one is called the geometric mean be- 
tween the other two. 

To find the geometric mean between two given qttantities. 

Let a and b be the two quantities; G the geometric mean. 
Then since a, G, b are in G.P., 

b_G 
G a' 
each being equal to the common ratio ; 

.-. G^^ab; 
whence G = va6. 

324. To insert a given number of geometric means between 
two given quantities. 

Let a and b be the given quantities, n the number of means. 

In all there will be w+2 terms; so that we have to find a 
series of n+2 terms in G.P., of which a is the first and b the 
last. 

Let r be the common ratio ; 
then 6 = the (71 + 2)**» term 

=a;^+i; 



(^> 



Hence the required means are ar, ar^,...ar*f where r has the 
value foimd in (1). 

Example, Lisert 4 geometric means between 160 and 5. 

We have to find 6 terms in G. P. of which 160 is the first, and 5 
the sixth. 

Let r be the common ratio; 

then 5 = the sixth term 

= 160r»; 

••'^32' 

whence, by trial, »* = o 5 

2 

and the means are 80, 40, 20, 10. 
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325. To find the 9um cf a number of terms in Geometrical 
Progression. 

Let a be the first term, r the common ratio, n the number of 
terms, and s the simi required. Then 

«=a4-ar+ar*4- +ar*"*+a^"*; 

multiplying every term by r, we have 

rs=ar+a/i^-\- '\-ar^~^+ar^~'^+ar\ 

Hence by subtraction, 

rs — s=a7^—a; 

.-. (r-l)«=a(^-l); 

.-=^?^^ (1). 

Changing the signs in nimierator and denominator [Art. 170.] 

-^4^^ m. 

Note. It will be found convenient to remember both forms given 
above for «, using (2) in all cases except when r is positive and greater 
than 1. 

Since ar**-i=Z, the formula (1) may be written 

rl-a 

a form which is sometimes useful. 

Example 1. Sum the series 81, 54, 36, to d terms. 

54 2 
The common ratio = — = - , which is less than 1 ; 



hence the sum 



»l'-(i)'i 


>-l 


— i'-(iyt 


— -f 


-If- 
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2 8 

Example 2. Sum the series - , -1, -, to 7 terms. 

o 2 

g 
The common ratio = — - ; hence by formula (2) 

2 
3 



the snm 



H-m 



6 

2 
_2 2315 2 
""3^ 128 ^5 

463 
"96 • 

EXAMPLES XXXIV. a. 

1. Find the 5**» and 8^ terms of the series 3, 6, 12, ... 

2. Find the 10"^ and 16*^ terms of the series 256, 128, 64, ... 

3. Find the 7*^ and 11*** terms of the series 64, - 32, 16, ... 

4. Find the 8*^ and 12*^ terms of the series 81, - 27, 9, ... 

5. Find the 14*^ and 7*^ terms of the series ^7 , r^r , ts , . . . 

o4 oz lb 

6. Find the 4*** and 8**^ terms of the series -008, "04, -2, ... 
Find the last term in the following series : 

7. 2, 4, 8, ... to 9 terms. 8. 2, - 6, 18, ... to 8 terms. 
9. 2, 3, 4i, ... to 6 terms. 10. 3, -3^, 3^, ... to 2n terms. 

11. ^, a;^, ^,... to jD terms. 12. ^, 1, -,... to 30 terms. 

13. Insert 3 geometric means between 486 and 6. 

14. Insert 4 geometric means between - and 128. 

o 

7 

15. Insert 6 geometric means between 56 and — -- . 

32 

16. Insert 5 geometric means between ^ and 4J. 
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Find the last term and the sum of the following series : 
17. 3, 6, 12,... to 8 terms. 18. 6, - 18, 54, ... to 6 terms. 

19. 64, 32, 16, ... to 10 terms. 20. 81, 2-7, '9, ... to 7 terms. 

21. =5, gj, g,... to 8 terms. 22. 4^, 1^, -,... to 9 terms. 

Pind the sum of the series 

1 112 

23. 3, -1, -,... to 6 terms. 24. ^, -, -,... to 7 terms. 

2 15 11 

25. --, Q, --,... to 6 terms. 26. 1, -^, j,... to 12 terms. 

2 11 
27. 9, -6, 4,... to 7 terms. 28. o> ~c» oTj--- *<^ ® terms. 

29. 1, 3, 32,... tojt? terms. 30. 2, -4, 8,... to 2p terms. 

1 3 

31. ~.^f 1, -y^,... to 8 terms. 32. Va, s/a^, a/«^>.--^^o « terms. 

1 8 

33. -72 * ~ ^' J2'**' *^ "^ terms. 34. x/2, ^6, 3^/2, ... to 12terms. 

326. Consider the series 1, ^ , -g > 93* 

The sum to n terms = ^— — 

From this result it appears that however many terms be 
taken the sum of the above series is always less than 2. Also 
we see that, by making n sufficiently large, we can make the 

fraction ^^^ as small as we please. Thus by taking a sufficient 

number of terms the sum can be made to differ by as little as 
we please from 2. 

In the next article a more general case is discussed. 
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327. From Art. 325 we have «= , 

1-r 

_ a a?^ 
~l-r 1-r' 

Suppose /• is a proper fraction ; then the greater the value of 

n the smaller is the value of r**, and consequently of ; and 

therefore by making n sufficiently large, we can make the sum 

of n terms of the series differ from ^j by as small a quantity 

as we please. 

This result is usually stated thus : the sum of an infinite 
number of terms of a decreasing Geometrical Progression is - — ; 

or more briefly, the sum to infmity is , 

328. Eecurring decimals furnish a good illustration of infinite 
Geometrical Progressions. 

Example. Find the value of -42^. 

•423 = -4232323 

4 23 23 



'10^1000^100000 

23 23 



" 10"^ 108"^ 106"^' 



4^ 23 
■"10 "^103 



(l + l^ + lT4+ ) 



4 23 
"10"^10a ' 


1 


^-h 




4 23 


100 


"id + Ios- 


99 


4 23 




'"10'*"990 





419 
""990' 
which agrees with the value found by the usual arithmetical rule. 
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EXAMPLES XXXIV. 1). 

Sum to infinity the following series : 
1. 9, 6, 4,... 2. 12, 6, 3,... 

^' 2' 4' 8'*** 2' 4' S'"' 

r; 1 2 4 fi ® 1 ^ 

^' 3' 9' 27'- • 5' "^^ 8'- 

7. -9, -03, -001,.. . 8. -8, --4, %.., 

Find by the method of Art. 328, the value of 
9. -3. 10. 16. 11. -M. 12. -376. 13. 037. 

Find the series in which 

14. The 10*^ term is 320 and the 6*^ term 20. 

27 1 

15. The 5**^ term is ^. and the 9^ term is ^ . 

lb 3 

16. The 7**^ term is 625 and the 4*^ term - 5. 

17. The 3«* term is ^- and the 6*^ term -4^. 

18. Divide 183 into three parts in G.P. such that the sum of 

the first and third is 2^ times the second. 

19. Shew that the product of any odd number of consecutive 

terms of a G.P. will. be equal to the n^ power of the 
middle term, n being the number of terms. 

20. The first two terms of an infinite G.P. are together equal 

to 1, and every term is twice the simi of all the terms 
which follow. Find the series. 

Sum the following series : 

21. 2/^+^by 2^+46, /+66,... to n terms. 
^ 3 + 2v/2 ^ 3-2^2 ^ . . .^ 

22- 3^:272' ^' 3 + W2'-*^"'^'''*^- 

23- x/M^^2, ?y/|,... to infinity. 

24. 2/1 - 5 , 4n + - , 6n~ — , ... to 2n terms. 



CHAPTER XXXV. 

Harmonical Progression. 



329. Definition. Three quantities a, ft, c are said to be in 
Harmonical Frogressdon when - = ^£- . 

Any number of quantities are said to be in Harmonical 
Progression when every three consecutive terms are in Har- 
monical Progression. 

330. The reciprocals of ^[Tiantitiea in Hamumical Progression 
are in Arithmetical Progression, 

By definition, if a, h, c are in Harmonical Progression, 
a _a-h 

.*. a{b-'C) = c{a-b), 
dividing every term by ahc, 

c b b a^ 
which proves the proposition. 

.331. Harmonical properties are chiefly interesting because 
of their importance in Geometry and in the Theory of Sound : 
in Algebra the proposition just proved is the only one of any 
importance. There is no general formvda for the sum of any 
number of quantities in Harmonical Progression. Questions in 
H.P. are generally solved by inverting the terms, and making use 
of the properties of the corresponding A. P. 
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1 3 

ExampU. The 12»^ term of a H.P. is - , and the 19*»» term is r^ : 

find the series. 

Let a be the first term, d the common difference of the correspond- 
ing A.P. ; then 

6=thel2»»^term 

=:a+lld\ 
oo 
and =f=thel9*»»term 

o 

=a+lSd; 

whence <^=q» * =q« 

4 6 7 

Hence the Arithmetical Progression is - , - , 2, -, ; 

o o o 

3 3 13 

and the Harmonical Progression is -r , -, ^, -, 

4 o J 7 

332. To find the harmonic mean between two given quantities. 
Let a, ft be the two quantities, H their harmonic mean; 

then - , TTj r ar© ^^ A.P., 

'' H a~b H' 
1 = 1+1 
„ 2ab 

333. If Ay G, H he the arithmetic, geometric, and harmonic 
means between a and 6, we have proved 

^="-f^-- a)- 

O^^Jab (2), 

^-s <»)■ 

r^ ^ ATT « + & 2a6 

Therefore AE=-^ . —-i 

2 a+b 

=ab 
that is, (7 is the geometric mean between A and H. 
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334. Miscellaneous questions in the Progressions aflford scope 
for mucli skill and ingenuity, the solution being often very neatlv 
effected by some special artifice. The student will find the foU 
lowing hints useful 

1. If the same quantity be added to, or subtracted from, all 
the terms of an A.P., the resulting terms will form an A.P. with 
the same common difference as before. [Art. 312.] 

2. If all the terms of an A. P. be multiplied or divided by 
the same quantity, the resulting terms form an A.P., but with 
a new common difference. [Art. 312.] 

3. If all the terms of a G.P. be multiplied or divided by the 
same quantity, the resulting terms form a G.P. with the same 
common ratio as before. [Art. 322.] 

4. If a, b, c^d,., be in G.P., they are also in continued pro- 
portion, since, by definition, 

a _^b _c _ _ 1 

6~c ""5 ~* ""r * 

We subjoin a few examples worked out to illustrate useful 
methods. 

Example 1. Find three quantities in G.P. such thai their pro* 
duct is 343, and their sum 80f . 

Let - , a, ar be the three quantities; 
thenwehave -xaxar=343 (1), 

and a(i+l+r)=^ (2). 

From(l) a3=S43, 

a=7; 

.-. from (2) 7(i+r+r«)=yr. 

Whence we obtain r = 8, or ^ . 

o 

7 
and the numbers are ^i 7, 21. 
o 

H.A. 19 
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Example 2. If a, &, e be in H.P., prove that 7 — , — -— , — -7 
^ * * * ^ b+c c+a a+b 

are also in H. P. 

Since -, ;-, - are in A.P., 
a b c 

a + 6 + c a+b + c a+b + c . . ^ 

— - — , — , — areinA.P.; 

a c 

^ , b+c - . a+c - . a+b . . ^ 

.•. 1 + , 1 + -!—, 1 + aremA.P.; 

a c 

b + c a + c a + b . . _ 

.% , —r— , are in A.P. ; 

a b ^ c 

^ ^ <^ • XT T> 

■.'. r , , r are in H.P. 

6 + c' c + a' a + b 

Example 3. The n'*» term of an A. P. is ^+2, find the sum of 

49 terms. 

Let a be the first term, and I the last ; then by putting n=l, and 
n=49 respectively, we obtain 

o o 



n. .. 49/60 
.'. «=-(a + 2)=-H-( 



4Q 
= ^xl4=343. 

Example 4. If a, &, c, d, e he in G.P. prove that & + <2 is the 
geometric mean between a + c and c+e. 

Since a, 6, c, d, « are in continued proportion, 
a_6_c _d 

.-. each ratio = P^^ = — , [Art. 294. ] 

b + d c+e '■ ■■ 

Whence (6 + d)*=(a + c)(c+c). 



EXAMPLES XXXV. 

1. Find the 6*^ term of the series 4, 2, IJ,... 

2. Find the 21»* term of the series 2^, 1|§, 1^ v» 

3. Find the 8^ term of the series 1 j , 1 J|, 2^,... 

4. Find the n^ term of the series 3, 1^, 1^ ... 
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rind the series in whicli 

5. The 15*^ term is — > and the 23"* term is — . 

20*^. 41 

4 

6. The 2"* term is 2, and the 31»* term is — . 

ox 

7. The 39*^ term is — , and the 54*** term is ^^ . 

11 '^O 

Find the harmonic mean between 

8. 2 and 4. 9. 1 and 13. 10. 7 and — . 

4 10 

11. - and T. 12. --- and - — . 13. ^+yand^-y. 

a b x-\-y x-y ^ "^ 

14. Insert two harmonic means between 4 and 12. 

15. Insert three harmonic means between 2f and 12. 

16. Insert four harmonic means between 1 and 6. 

17. If G be the geometric mean between two quantities A and B, 

shew that the ratio of the arithmetic and harmonic means 
of A and Q is equal to the ratio of the arithmetic and 
harmonic means of G and B, 

18. To each of three consecutive terms of a G.P. the second of 

the three is added. Shew that the three resultiiig quantities 
are in H.P. 

Sum the following series : 

19. l + l£ + 3^+ to 6 terms. 

20. l + li + 2j+ to 6 terms. 

21. (2a+^) + 3a+(4a-a;) + to^ terms. 

4 '' 

22. l|-li+g- to 8 terms. 

23. 1HH+I + to 12 terms. 

24. \i x-a^y-Oy and 2- a be in G.P., prove that 2(y-a) is 

the harmonic mean between y — x and y-z, 

25. If a, 6, c, d be in A. P., a, e, /, d in G. P., a, ^, A, d in H. P. 

respectively; prove that ad—ef=hh—cg. 

26. If a2, 62^ c2 be in A.P., prove that 6 + c, c + a, a + 6 are in H. P. 

19—2 
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27. If a, 6, c be in A. P., and a, ft y in H.P., shew that 

a+c a+y 
bfi ay 

28. If a be the arithmetic mean between b and c, and b the 

geometric mean between a and c, prove that c will be the 
harmonic mean between a and 6, 

29. If — t— , b, ^ be in H.P., then a, b, c are in Q.P. 

30. If a, 6, c, c?, 6 be in G.P., prove that c(a+2c+e)=:(6 + c?)2. 

31. If a, &, c, c?... be a series of quantities in G.P., shew that 

the reciprocals of a^ - 6^, 6^ - c^, c^ - cP,. .. are aJso in G.P. ; 
and find the simi of n terms of this latter series in terms 
of a and b. 

32. If a, b, c be in A.P., and b, c, d in H. P. then a, -^ , c are in 

H.P., and b, -r-, d are also in H.P, 

33. If ^ be the geometric and a the arithmetic mean between 

m and n, and if i^ be the arithmetic mean between m^ 
and n', prove that a* is the arithmetic mean between ^* 
and it*. 

34. If a, 5, c, c? be in G.P., prove that {b-o)^=ac + bd- 2ad, 

35. If a,by Cj dhe in G.P., prove that 

(a+d){a-b)^ : a(a-c)(a— c?)=a-6 + c : a + b+c, 

36. If a, 6, c be in H.P., prove that 

1+-L 1 + ^ l,J_ 

a b+c^ 6 c+a' c a+b 
are also in n.P. 



MISCELLANEOUS EXAMPLES. 



1. SimpHfy b- {b -{a+b)-[b-{b-a-by\+2a}. 

2. Find the sum of 

a+b-2(c+d), fe+c-3 (c?+a) and c-\-d-4{a+b). 
12 1 

3. Multiply 2^"*"3^ ^^ ^~3^- 

4. If ;P=6, y=4, 2=3, find the value of i/2a;-\-S^+z. 

5. Find the square of 2 - 3^ + a;^. 

6. Solve z + B = 2. 

^ - 1 ^ - 6 

7. Find the H.C.F. of a^ - 2a - 4 and a^-a^- 4. 

„ ^.. ,.. 2a , 26 a2+62 

8. Simplify — -^ + =- - 

9. Solve |^+f=13l 

5 4 

3 8 ' 

10. Two digits, which form a number, change places when 18 

is added to the number, and the sum of the two numbers 
thus formed is 44 : find the digits. 

11. If a=l, b=-2, c=3, c?= -4, find the value of 

10a- (c+ 6)2 ' 

12. Subtract -a^-\-y^-z^ from the sum of 

1^2+1^2 \y%jL}Lz\ and -«2-la;« 

13. Write down the cube of j? + 8y. 

14. Simplify 54^, x^,x 2. 

15. Solve?(2^-7)~|(^-8) = ^|^+4. 

16. Find the H. C. F. and L. C. M. of 

a^+x^+^x-A and j;3+3a^-4. 
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17. Find the 

18. Solve 


square 


root of 4a*+9 (1 - 2a) +3a2 (7 - 4a). 
x+a . h \ 
2'= 2 +3 


19- Simnlifv 


(a 


*- 2 +3J 



20. When 1 is added to the numerator and denominator of a 

3 
certain fraction the result is equal to - ; and when 1 is 

subtracted from its numerator and denominator the result 
is equal to 2 : find the fraction. 

21. Shew that the sum of 1 2a +66- c, -7a-6+c and a+6 + 6c, 

is six times the simi of 25a + 136 - 8c, - 13a - 136 - c, and 
-lla+6 + lOc. 

3 1 

22. Divide oi^-xy-\-—y^ by ^-7^. 

23. Add together 18 |y-i(|^+^^|, 

24. Find the factors of 

(1) 10a;2+V9j7-8. (2) 729^-/. 

„ , 2^7-1 5.K + 3 4^7-118 

25. Solve ^^^+^^-=3- ^^^ ° . 

26. Find the value of 

(5a-36)(a-6)-6{3a-c(4a-6)-62(a+c)}, 

when a =0, 6=-l, c=:^. 

27. FindtheRCF. of 

7^-10a^2-7ar+10 and 2a^-a^-2x-{-l, 

28 Simplify ^-^^'y+^^^' . ^-5^+V 

29. Solve 3a6^+ y= 961 

4a6:F+32^=176J • 

30. Find the two times between 7 and 8 o'clock when the hands 

of a watch are separated by 15 minutes. 
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31. If a=l, b= -2, c=3, c?= -4, find the value of 

32. Multiply the product oi-rx^-~-xy +y^ and - x +y hyot!^- 8y'. 

33. Simplify by removing brackets 

a* - {4a3 - (6a« - 4a+ 1)} 

_[_2-{a4-(-4a3-6a=«-4a)}-(8a-l)]. 

34. Find the remainder when 6^- V^+3a;^-^+8 is divided 

by 07-4. 

35. Simplify ^x^x^. 

36. Solve ^^+y = 18^ 

2^+^=29 

4 

37. Find the square root of 4a;«-12a;*+28^ + 9^-42^+49. 

38. Solve -00607 - -491 + -72307 = - -005. 

39. Find the L.C.M. of a^+f, Zx^^-^xy-y^ and a?-s^^-xf. 

40. A bill of 25 guineas is paid with crowns and half-guineas, 

and twice the number of half-guineas exceeds three times 
that of the crowns by 17 ; how many of each are used ? 

41. Simplify • c 

(a + 6 + c)2 - (a - 6 + c)2 -f- (a + 6 - c)2 - ( - a + 6 + c)2. 

42. Find the remainder when a*— Zd^h + 2a262 - 6* is divided 

by a2-a6-f- 262. 

43. If a=0, 6=1, c= -2, £?==3, find the value of 

(3ajc - ^hcd) Ua^hc - <?U -H 3. 

44. Find an expression which will divide both 407^+307 - 10 and 

407^ + 707^ - 3r - 15 without remainder. 
ah \_\ 

45. Simpbfy_^^x^-_. 

" aH62 a I 

46. Find the cube root of &B3_2o72y + ^-^. 

47. Solve 9o7 + 8y=43Ay| 

80; + 9y= 420^^1 * 
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48. Simplify ^-^-^-^-^-^-2y^^33j. 

49. Pind the L.C. M. of 8^ + 380^2+59^+30 

and 6:^3-13^-1307+30. 

50. A boy spent half of his money in one shop, one-third of the 

remainder in a second, and one-fifth of what he had left 
in a third. He had one shilling at last ; how much had 
he at first ? 

51. Pind the remainder when a;'^'-10afi+Sa!^-W+3a:--ll is 

divided by o;^ _ 5-^+4^ 

52. Simplify 4 {a-| ^6- J)J||(2a-6)-h2(6-c)]-. 

25 3 

53. If 0= z^, 6=1, c= 7 , prove that 

lb 4 

3^4 

(a- V6) (N/a+6) Va - 6=-7==. 

54. Pind the KCM. of a^-1a; + 12, 3x^ - 6a? - 9, and 2a;2 - 60? - 8. 

55. Find the sum of the squares of ax+hy, hx-ay^ ay+bx, 

by — ax; and express the result in factors. 

66. Solve - + 1^ ^ ^8 + 16 = ^- 

57. Simplify^,-^--,-p-2|^:j:^-^. 

58. Solve o7-^3^-^)=i(2o7+67) + |(l+f). 

59. Add together the following fractions : 

2 -4o7 o;2 _>p2 



a^ + xy+y^^ x^-y^^ y\x-y)^^ a^-y^* 

60. A man agreed to work for 30 days, on condition that for 

every day's work he should receive 3«. 4c?., and that for 
every day's absence from work he should forfeit 1«. 6c?. ; 
at the end of the time he received £Z, 11«. : how many 
days did he work? 

^, -r^• • 1 30;^ . o>T 43072 ^ , , "Jlx^ 3307 , 0;2 

61. Divide -^+27 -^ 4o7*-h-g ^by- + 3-07. 

62. Find the value of 
|(,_.)_3.[^-^{3.-|(7.-44] 

when 07= -5 andy=2. 



63. Simplify 
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lOc-ll 10^-1 ^~2a?+5 

3(^-1) 3(a^2+^^-l)'*'(^-l)(^+l)• 



64. Find the cube root of ^^-?^aHJ+?^^-^^. 

65. Solve -^-^+-2^-3-= 2^-^+^-^. 

66. Find the factors of 

(1) a^+5a^ + x+6. (2) a;^ - 2a:y - 323i/K 

67. Solve - (^+y) + 22= 21 

07+2 (a- +y- 2) =38 

68. Simphfy — -i^ ~ 2^+3^-35 #-' 

69. Find the square root of - (36 - 2c - 2a)3 {2 (a + c) - 35} . 

70. The united ages of a man and his wife are six times the united 

ages of their children. Two years ago their united ages 
were ten times the xmited ages of their children, and six 
years hence their united ages will be three times the 
united ages of the children. How many children have 
they? 

7L Find the sum of m^-^xy -Xy^ 2y^-\y^-^z\ 

^-gy'+y^ and %cy - -y^, 

72. From {(o + 6) (a - a;) - (a - h) (6 - x)} subtract (a + 6)* - 26j?. 

73. If a=5, &=4, c=3, find the value of 

4^6a6c+(6 + c)3+(c+a)3 + (a+6)3-(a+6+c)3. 

74. Find the factors of 

(1) 3jF3+6a;2_i89ar. (2) a^^2ah^}^-\-a^'b. 

75. Solve !px^qy\ 

(p+q)x-{q-p)y=r /• 

76. Simplify -.-___. 
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78. Reduce , , :; — to its lowest terms. 



79. Add together the fractions : 
' 1 1 



and 



80. A number consists of three digits, the right-hand one being 

zero. If the left-hand and middle digits be interchanged 
the number is diminished by 180 ; if the left-hand digit 
be halved, and the middle and right-hand digit be inter- 
changed, the. number is diminished by 336 : find the 
number. 

81. Divide l-bx+-:i-r ^-^^^^^--rr^ by I-x-t^o^, 

15 225 9 10 

82. If p=l, q—^, find the value of 

Qp^+g ^) -(p- q)'J p^'\-2pq+q ^ 
2p + q-{p-(q^p)} 

83. Multiply ^-5:c^+^+9 by ^-^+3. 

84. Find the L. CM. of 

{a^h-2a¥)\ 2a2-3a6-262, and '2,{2a^+oib)\ 
OR a 1 2^+3 4^+5 , 307 + 3 
^- S"^^^ ^+1=4^+4 + 3^- 

86. Reduce -^r-r. — ^r-s — tt; itt to its lowest terms. 

3a?*-2o;2^X6o?-48 

87. Find the square root of 

4a*+9 (^a2 -f- ^2^ + 12a(a2+ 1) + 18. 

a h ^ ' 
89. Multiply 

3^+4^+ iiSL by l(to-3y-ii2i. 
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90. A bag contained five pounds in shillings and half-crowns ; 

after 17 shillings and 6 half-crowns were taken out, thrice 
as many half-crowns as shillings were left : find the number 
of each coin. 

91. Find the value of 

5(a-6)-2{3a-(a+6)}-f-7{(a-26)-(5a-26)}, 

when a— - q &. 

92. Divide Zas^-bai^+la^-llx-lZ hj ^x-% 

93. Find the L. CM. of 

\b{jfi+f), HP^-pq+q^), 4:(y+pq+f) and e{p^-q^), 

94. Resolve into factors ; 

(1) a^-8b^, (2) -a^+2a:-l+x*. 

95. Solve — —r= — ; — -1, 

96. Simplify 

. 35a262c8~49&3c3 , y^-7^3-H8ya-12y 

^ ^ 66a^bc-9ld^b'^c^' ^^ 2/ -2^-60 ' 

97. Solve 7^-9y-h42;=16 

x+1/ _ a;+i/+z 



2^-3y + 48!-5=0 

98. SimpHfy!l:^-(2^^:|^x^^^ 

99. Find the square root of 

4a2 - Uab - 6&c -f 4ag -H 9 6^ + c^ 
4a2 + 9c2-12ac 

100. The express leaves Bristol at 3 p.m. and reaches London 

at 6 ; the ordinary train leaves London at 1.30 p.m. and 
arrives at Bristol at 6. If both trains travel imiformly, 
find the time when they will meet. 

101. Solve (1) -^p+^So;- -16=07- -583^-^5. 
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102. Simplify (1) -^P^^^r-^ + "T^"^^ + ^^^^^^ ' 



(2) (l+xy^ 



1+- 



a 



1-^+ 



1+0? + ^ 



103. Fiud the square root of 

a.+^_6(a4 + i)+15(a^+i)-20; 

also the cube root of the result. 

104. Divide l-2a; byl+3a;to4 terms. 

105. I bought a horse and carriage for £75 ; I sold the horse at 

a gain of 5 per cent., and the carriage at a gain of 20 per 
cent., making on the whole a gain of 16 per cent. Pind 
the original cost of the horse. 

106. Find the divisor when (4a2+7a6 + 56^)2 jg the dividend, 

8 (a +26)2 the quotient, and P (9a + 116)2 the remainder, 

107. Solve (1) 5a:(:F-3) = 2(:F-7). 

1 3 2 

^^^ (^-l)(^-2)''"^^J-2''"^^" 

1AO TV . r . (a- 6)2 a + b , ab 

108. If ^=a+6+;^-— -1- , andy=— j— + — -T, 

4(a+6)' ^ 4 a + b 

prove that (a: - a)2 - (y - 6)2 = 6^ . 

109. Find the square root of 

.^^ 1051a;2 i4j2 6^ 
^^^+-25- --5-- -5+^- 

110. Solve ^^"^ • ^-^ ^ 



a2 + flU7+ j;2 a2 - cM?+.r2 a? (a* + a2a;2^^) • 
111. Subtract ./^^ -- from ^^^ 



.r2+:r-12 a^^-a?-12' 
and divide the difference by 1 + ., ^ ^^ • 

112. Find the H. C. F. and L. C. M. of 

ap2 + (6a-106)a?-30a6 and 3a!^-(9a + l5b)a: + 45ab. 

113. Solve (1) 2ca^-abx + 2aM=4cda;. 

X X^ &X "~ 1 

^^^ 2^3)"^^*'"^^"4~(^^3y 



MISCELLANEOUS EXAMPLES, 301 

114. If a=l, 6=2, c==3, c?=4, find the value of 

115. I rode one-third of a journey at 10 miles an hour, one-third 

more at 9, and the rest at 8 miles an hour; if I had 
ridden half the journey at 10, and the other half at 
8 miles per hour, I should have been half a minute longer 
on the way ; what distance did I ride? 

116. The product of two factors is (3a?+2v)3-(2^+3y)3, and 

one of the factors is a?-y ; find the other factor. 

117. If a + 6= 1, prove that (a^ - h^f^a^ + 63 _ ah. 

118. Resolve into factors : 

(1) a^-\-y^+Zxy{x+y). (2) m'-n'-w(m2-w*)+n(m-n)2. 

119. Solve (1) ^-y*=28\ (2) x^-Qxy-\-\\y^=^^\ 

x^+xy+y^=1 r a?-3y=lj' 

120. Find the square root of 

(a-6)4-2(a2 + 62)(a_j)2+2(a* + 6*). 

121. Simplify the fractions 



a+1 



(2) 



122. FindtheH.C.F. of 

a^h+h^c-ahc-ah^ and aa^-^-ab-a^-ha^. 

123. A constituency had two-thirds of its number Conservatives : 

in an election 25 refused to vote, and 60 went over to 
the Liberals; the voters were now eqiial. How many 
voters were there altogether? 

124. Solve (1) _^+(a-&) = -^. 

m. Simplify a)(l.^^^-^(1-^S^. 

(^ + 1)8-(^^1)3 
^^^ (^+l)*-(47-l)*' 

126, Divide 

a:*+(a-l)a?3-(2a+l)a;»+(aa+4a-5)a?-}-3a-|-6 
by ;ir8-3a;+a+2. 
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127. Resolve into factors ; 

. (1) ^+5^-2V+a?-3y. (2) a^--, 

X 

128. Find the square root of ^^ _ 3^ to three terms. 

lOft a 1 /-IN ^-5 x-^ x-\ x-2 

129. Solve (1) _-_=_^__. 

(2) ax+l = bi/+l=aif + bx. 

130. Find the H. C. F. of S^f^ + (4^ _ 2b) x-2ab+ a* and 

x^ + {2a-b)x^-'l2ah-a^)x-a^b, 

131. Simplify 

{^ {^i {^ .2^ n[l\\il 

132. At a cricket match the contractor provided dinner for 24 

persons, and fixed the price so as to gain 12^ per cent, 
upon his outlay. Three of the cricketers being absent, 
the remaining 21 paid the fixed price for their dinner, 
and the contractor lost Is, : what was the charge for the 
dinner? 

133. Prove that a:(y + 2) + - +^ is equal to a, if 

2/ -^ 
V , a- 2 

134. Find the cube root of 

^ lo^ , KA no .1^8 48 , 8 

x^-12a^+64x-ll2-\ 0+-9. 

X Or or 

135. Find the H. C. F. and L. C. M. of 

0^^-203^ '\'a^x-\-2a^ and s^'-2aa^'Vci^x-2a\ 

136. Simplify 

(s>\ 4M-a , a-46 a2-362 
^^^ 36+a'*'S^:36'*"a2-962- 

137. Resolve 4a2 (^ + mxh^) - (32a^ + db^x^) into four factors. 

138. Solve (1) 5V3^-l = V75a?-29. 

(2) ^=70, ^ = 84, -^=140. \ 
x+y \ x+z . y+z 
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139. Shew that the difference between 

+ =• + and + £ + 

x — a x—b x — c x — a x-o x — c . , 

is the same whatever value x may have. 

s 8 S 8 8 s 

140. 'Multiply ^+2/+ 32? by ^-2/-32». 

141. Walking 4^ miles an hour, I start 1^ hours after a friend 

whose pace is 3 miles an hour : how long shall I be in 
overtaking him? 

142. Express in the simplest form 



2 3 3 



(1) (8»+4^)xl6 *. (2) jQ^'-^'^s^} ^'^'^ 



33»x9 

143. Find the square root of 

f + y+3-2^/?-2^A. 

y 07 V y V ^ 

144. Simplify 

... ?_^ 1_\ ^-1 (a;-lY{a^+l)^+x^ 

^^ \x-l x+lj'x^+l' a^ + x^+l 

^ ^' \a2-2ay+y* ' «-yJ I a*+y^ ' a^-ay+y^ ]' 

145. Find the value of 

(1) \/8 + \/50-\/i8 + \/48. (2) V35 + 14V6. 

tA^ CI 1 /i\ ^-^ ^-a 2(a-6) 

146. Solve (1) -_--_^^_A^^. 

(2) 2a7 + 3y=li| 

4^-2+9:17^+9^8=11 J • 

147. Shew that ' 

(a + 6)3-c8 (6 + c)8-g3 (c + g)8_53 

(a+h)-c b+c-a c+a-b 

is equal to 2(a+6+c)2+a2+62+ca. 

IS 11 

148. Divide a— a?+4a*.r* — 4a'j7* 
' ■ I 111 

by • . €^+2a*a^-'a^. 

149. Find the square root of 

(a-l)*+2(a*+l)-2(a2+l)(a-l)2. 
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150. How much are pears a gross when 120 more for a sovereign 

lowers the price 2d. a score? 

151. Shew that if a number of two digits is six times the sum. 

of its digits, the number formed by interchanging the 
digits is five times their sum. 

152. Find the value of 

1^ 1 1 

(a-b)(b-c) {b-c)(a-c) {c-a){h-ay 

153. Multiply 

^,_ 12+41:f+3&f2 26a7-8j;2-14 

3+5^ 4+7^— by 5-2^+— 3-^^ . 

154. If ^-- = 1, prove that ^^+-^=3, and a^--^=4t, 

155. Solve (1) g + -|?^ = |(^4.5), 

(2) 2a;8-3y2=23| 
2^-3/= 3/* 

156. Simplify 

(1) ltV20-3V5V^ (2)^/^U4 

157. Find the H.C.F. of (jj^-l)A^+{^-\)x-p{p-l) and 

p(^+l)^-(^-2p-l):i?-(^-l). 

158. Keduce to its simplest form 

y y* 3^ ^ ^ 

159. Find the square root of 

(1) l-22»+i+42». (2) 9«-2.6*+4«. 

160. A clock gains 4 minutes a day. What time should it 

indicate at 6 o'clock in the morning, in order that it 
may be right at 7.15 p.m. on the same day? 

161. If a?=2+V2, find the value o{a^+^. 
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162. Solve • • __ 

six-h six ' Vr+^-\/l^^ 

163. Simplify 

a^ J^ ^ 

{b-a)(c-a)^ (c-~b)(a-by (a-c)(b-cy 

164. Find the product of ^ ^5, i/^2, ^80, 4^5, and divide 
8-4^5 ^ 3^5-7 



V5 + 1 "-^ 5+^/7 • 

165. Resolve 9afiy^ - 576^^ - 4^ + 256^ into six factors. 

166. Simplify 

1-; 



^ ^ m+7i • L 7(r+«) • t ^lan/* ' 4(m2-7i2)jJ" 

167. Simplify (1) (a p)p^^^^^^. 

(2) V14-V132. 

168. PindtheKCF. andL.C.M. of 

20^+^-1, 25a7* + 5^-^-l, 25^ - lOa;^ + 1, 

169. Solve (1) a+x+V2a^+^=6. 

(2) ^+9|+— L.=8. 

7"^'8" 

170. The price of photographs is raised 3«. per dozen, and 

customers consequently receive seven less than before 
for a guinea: what were the prices charged? 

171. If (a + -^ =3, prove that a»+^=0. 

172. Find the value of 

x+2a ^ x-^a , Aab , _ ab 

26-:r"*"26+^"^^:r4p' ^^^'^ '^'-^TS- 

H. A. 20 
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173. Reduce to fractions in their lowest terms 

(1) fl+l+lUf ^+y+^ ^—\+i 

174. Express as a whole number 

(27)5 +(16)* -.+^. 

(8)'» (4)"» 

175. Simplify 

176. Solve 



^ ^ x-Za x — ^a^x — Aa x — 2a* 

(2) 3^H^+3y2=8i ) 
ac2-3^+8y2=l7j5 ' 

177. Fmd the square root of — ^^ . ^ ^ ^ . — 5— . 

^ a2»» + 'la'^x^ + ^^ 

178. SimpHfjr 

(1) Ax^^x^x^. (2) V^i)xV3:3-n\ - 

^^ ^' «"« I 3V3- J 

179. A boat's crew can row 8 miles an hour in still water : what 

is the speed of a river's current if it take them 2 hours 
and 40 minutes to row 8 miles up and 8 miles down? 

180. \i a=a^—yZy h =y2 ^^^ c^z^ — xi/, prove that 

a^ — bc=x(ax+bt/+cz). 

181. Find a quantity such that when it is subtracted from each 

of the quantities a, 6, 0, the remainders are in continued 
proportion. 

182. Simplify 

m 2(7^-4) ar-lO 2(4^- 1) 

^^ ex^-'7x+2^e:i^-X'-2 4^-1 ' 
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183. Find the sixth root of 

•729 - 2916^ + 4860^ - 4:320afi+2l60a!^ - 676x^^+6^^, 

184. Simplify 

1 1 

• (2) 4^16+^81 -v^^=M2+4/192- 74^9. 

185. Solve (1) ^ -^. 

6-- 



^ e-a 



(2) a^2/^+l92=2San/\ 
a7+y=8 J • 

186. SimpHfy 

h—c c-a a-h 

a'^-iP-cY'^ h^-{c-aY^ c^-{a-hf' 

187. Solve (1) ;p-15|+^-A_^=6. 

(2) 2(^+y-i)=3(:F-i-y)=4. . 

188. li 3sy^ah{a+h) and x^ — an/+y^=a?+l^ prove that 

(M)(f-J)-°- 

189. FindtheH.C.F. of 

(2a2-3a-2)^2+(«2+7cH-2)^-a2-2a 
and (4a2+4a+ 1) ^- (4a2+2a) x-\-a\ 

190. Multiply V2^+V2(2a7-1)-;^ 

by 7^ + \/2(2^-l)-V25. 

191. Divide 0*62 + 54^2 +c4a2- 026* -ftV-c^a* 

by «25 + ft2c+c2a-a62-Jc2-ca2. 

192. Simplify 

(1) ' ' ''^'' 



(2) 



2(^+1) 6(a?-l) 3(^+;p+l)' 
\\/x — a is/x+a) hj^x+af — ax 
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193. If ^ be the difference between any quantity and its re- 

ciprocal, q the difference between the square of the same 
quantity and the square of its reciprocal, shew that 

194. A man started for a walk when the hands of his watch 

were coincident between three and four o'clock. When 
he finished, the hands were again coincident between five 
and six o'clock. What was the time when he started, and 
how long did he walk ? 

195. If w be an integer, shew that 72n+i^x is always divisible 

by 8. 

196. SimpHfy ) Yv) IV ' 

197. Find the value of 

n\ 7+3 V5 7-3^/5 
^ ' 7-3V5 7+3V5" 

Vl+^+Vl^ 25 

198. If a + 6 + c + (3?== 2«, prove that 
^{ab+cdY--{a^+h'^-<^-d^Y^\Q{8-a){8-h){8-c)(8-d). 

199. A man buys a number of articles for £1, and sells for 

£1. Is. all but two at 2<i. apiece more than they cost: 
how many did he buy] 

200. Find the square root of 

2 (8147*+/) - 2 (9a;2+y2) (3^ -y)2+ (3a? -y)*. 
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MATHEMATICS. 

(i) Arithmetic, (2) Algebra, (3) Euclid and Ele- 
mentary Geometry, (4) Mensuration, (5) Higher 
Mathematics. 

ARITHMETIC. 

Aldis.— THE GIANT ARITHMOS. A most Elementary Arith- 
metic for Children. By Mary Steadman Alois. With 
Illustrations. Globe Svo. 2f. 6^. 

Brook-Smith (J.).— ARITHMETIC IN THEORY AND 
PRACTICE. By J. Brook-Smith, M.A., LL.B., St. John's 
College, Cambridge; Barrister-at-Law ; one of the Masters of 
Cheltenham College. New Edition, revised. Crown 8vo. 4J. (id, 

Candler.— HELP TO arithmetic Designed for the use of 
Schools* By H. Candler, M.A., Mathematical Master of 
Uppingham SchooL Extra fcap. 8vo. 2s, 6d, 

Dalton.— RULES AND EXAMPLES IN ARITHMETIC. By 
the Rev. T. Dalton, M.A., Assistant-Master of Eton College. 
New Edition. i8mo. 2s, 6d, 

[Answers to the Examples are appended, 

Pedley.— EXERCISES in arithmetic for the Use of 

Schools. Containing more than 7,000 original Examples. By 
S. Pedlbv, late of Tamworth Grammar School. Crown 8vo. 5j. 

Smith. — Works by the Rev. Barnard Smith, M.A., late Rector 
of Glaston, Rutland, and Fellow and Senior Bursar of S. Peter's 
College, Cambridge. 

ARITHMETIC AND ALGEBRA, in their Principles and Appli- 
cation; with numerous systematically arrangfed Examples taken 
from the Cambridge Examination Papers, with especial reference 
to the Ordinary Examination for the B.A. Degree. New Edition, 
carefully Revised. Crown 8vo. lOr. 6d, 

ARITHMETIC FOR SCHOOLS. New Edition. Crown 8vo. 
4J. 6d, 

A KEY TO THE ARITHMETIC FOR SCHOOLS. New 
Edition. Crown 8vo. &r. 6d, 
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Smith. — Works by the Rev. Barnard Smith, M. A. {continued) — 

EXERCISES IN ARITHMETIC. Crown 8vo, limp cloth, 2j. 

With Answers, 2s, 6d, 
Answers separately, 6d, 

SCHOOL CLASS-BOOK OF ARITHMETIC. i8mo, doth. y. 
Or sold separately, in Three Parts, u. each. 

KEYS TO SCHOOL CLASS-BOOK OF ARITHMETIC. 
Parts I., II., and HI., 2s. 6d, each. 

SHILLING BOOK OF ARITHMETIC FOR NATIONAL 
AND ELEMENTARY SCHOOLS. i8mo, dotli. Or sepa- 
rately. Part I. 2d, ; Part II. y^, ; Part III. ^d, Answers. 6d. 

THE SAME, with Answers complete. i8mo, doth, is, 6d, 

KEY TO SHILLING BOOK OF ARITHMETIC. i8mo. ^f. 6d. 

EXAMINATION PAPERS IN ARITHMETIC. i8mo. is, 6d. 
The same, with Answers, i8mo, 2s, Answers, 6d, 

KEY TO EXAMINATION PAPERS IN ARITHMETIC. 
i8mo. 4^. 6d, 

THE METRIC SYSTEM OF ARITHMETIC, ITS PRIN- 
CIPLES AND APPLICATIONS, with numerous Examples, 
written expressly for Standard V. in National Schools. New 
Edition. i8mo, doth, sewed. 2^. 

A CHART OF THE METRIC SYSTEM, on a Sheet, size 42 m. 
by 34 in. on Roller, mounted and varnished. New Edition. 
Price y, 6d. 

Also a SmaU Chart on a Card, price id. 

EASY LESSONS IN ARITHMETIC, combining Exercises in 
Reading, Writing, Spelling, and Dictation. Part I. for Standard 
I. in National Sdiools. Crown 8vo. 9^/. 

EXAMINATION CARDS IN ARITHMETIC. (Dedicated to 
Lord Sandon.) With Answers and Hints. 

Standards I. and II. in box, is. Standards III., IV., and V., in 
boxes, IS. each. Standard VI. in Two Parts, in boxes, is, each. 

A and B papers, of nearly the same difficulty, are given so as to 
prevent cop3ring, and the colours of the A and B papers differ in each 
Standard, and from those of every other Standard, so that a master 
or mistress can see at a glance whether the children have the proper 
papers. 
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ALGEBRA. 

Dalton.— RULES and examples in algebra. By the 
Rev. T. Dalton, M.A., Assistant-Master of Eton College. 
Part I. New Edition. i8mo. 2f. Part II, i8mo. 2s, 6d, 

Jones and Cheyne.— ALGEBRAICAL EXERCISES. Pro- 
gressively Arranged. By the Rev. C. A. Jones, M.A., and C. 
H. Cheyne, M.A., F.R.A.S., Mathematical Masters of West- 
minster School. New Edition. i8mo. 2s. 6d, 

Smith.— ARITHMETIC AND ALGEBRA, in their Principles 
and Application ; with numerous systematically arranged Examples 
taken from the Cambridge Examination Papers, with especial 
reference to the Ordinary Examination for the B.A. Degree. By 
the Rev. Barnard Smith, M. A., late Rector of Glaston, Rutland, 
and Fellow and Senior Bursar of St. Peter's College, Cambridge. 
New Edition, carefully Revised. Crown 8vo. IQS. 6d. 

Todhunter.— Works by L Todhunter, M.A., F.R.S., D.Sc, 
late of St. John's College, Cambridge. 
** Mr. Todhunter is chiefly known to Students of Mathematics as the author of a 
series of admirable mathematical text-books, which possess the rare qualities of being 
clear in style and absolutely free from mistakes, typographical or other." — Saturday 
Review. 

ALGEBRA FOR BEGINNERS. With numerous Example?. 
New Edition. i8mo. 2s. 6d. 

KEY TO ALGEBRA FOR BEGINNERS. Crown 8vo. 6j. 6d. 

ALGEBRA. For the Use of Colleges and Schools. New Edition. 
Crown 8vo. ^s. 6d, 

KEY TO ALGEBRA FOR THE USE OF COLLEGES AND 
SCHOOLS. Crown Svo. los. ed. 



EUCLID & ELEMENTARY GEOMETRY. 

Constable.— GEOMETRICAL EXERCISES FOR BE- 
GINNERS. By Samuel Constable. Crown Svo. 3j. 6d. 

CuthbertSOn.— EUCLIDIAN GEOMETRY. By Francis 
CUTHBERTSON, M.A., LL.D., Head Mathematical Master of the 
City of London School. Extra fcaj. Svo. 4^. 6d, 
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Dodgson.— EUCLID. BOOKS I. and II. Edited by Charles 
L. Dodgson, M.A., Student and late Mathematical Lecturer of 
Christ Church, Oxford. Second Edition, with words substituted 
for the Algebraical Symbols used in the First Edition. Crown 
8vo. 2J. 
*«* The text o£ this Edition has been ascertained, by counting the words, to be 

less than five-sevenths of that contained in the ordinary editions. 

Kitchener.— A GEOMETRICAL NOTE-BOOK, containing 
Easy Problems in Geometrical Drawing preparatory to the Study 
of Geometry. For the use of Schools. By F. E. Kitchener, 
M.A., Mathematical Master at Rugby. New Edition. 4to. 2x. 

Mault.— NATURAL GEOMETRY: an Introduction to the 
Logical Study of Mathematics. For Schools and Technical 
Classes. With Explanatory Models, based upon the Tachy- 
metrical works of Ed. Lagout. By A. Mault. i8mo. u. 
Models to Illustrate the above, in Box, 12/. 6^. 

Syllabus of Plane Geometry (corresponding to Euclid,. 

Books I. — ^VL). Prepared by the Association for the Improve- 
ment of Geometrical Teaching. New Edition. Crown 8vo. u. 

Todhunter. — ^THE ELEMENTS OF EUCLID. For the Use 
of Colleges and Schools. By I. Todhunter, M. A., F.R.S., D.Sc, 
of St. John's College, Cambridge. New Edition. i8mo. jj. 6^» 

KEY TO EXERCISES IN EUCLID. Crown 8vo. 6j. td, 

Wilson (J. M.).— ELEMENTARY GEOMETRY. BOOKS 
I. — V. Containing the Subjects of Euclid's first Six Books. Fol- 
lowing the Syllabus of the Geometrical Association. By the Rev. 
J. M. Wilson, M.A., Head Master of Clifton College. New 
Edition. Extra fcap. 8vo. 4r. ^, 



MENSURATION. 

Tebay.— ELEMENTARY MENSURATION FOR SCHOOLS. 
With numerous examples. By Septimus Tebay, B.A., Head 
Master of Queen Elizabeth's Grammar School^ Rivington. Extra 
fcap. 8vo. 3^. 6^. 

Todhunter.— MENSURATION FOR BEGINNERS. By L 
Toi>HUNTER, M.A., F.R.S., D.Sc, late of St. John's College^ 
Cambridge. With Examples. New Edition. i8mo. 2J.6dr. 
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HIGHER MATHEMATICS. 

Airy-— Works by Sir G. B. Airy, K.C.B., formerly Aslrotooiner- 
Royal : — 

ELEMENTARY TREATISE ON PARTIAL DIFFERENTIAL 
EQUATIONS. Designed for the Use of Students in the Univer- 
aties. With Diagrams. Second Edition. Crown 8vo. 5^. 6d. 

ON THE ALGEBRAICAL AND NUMERICAL THEORY 
OF ERRORS OF OBSERVATIONS AND THE COMBI- 
NATION OF OBSERVATIONS. Second Edition, revised. 
Crown 8vo. 6s, 6d, 

Alexander (T.).— elementary applied mechanics. 

Being the simpler and more practical Cases of Stress and Strain 
wrought out individually from first principles by means of Elemen- 
tary Mathematics. By T. Alexander, C.E., Professor of Civil 
Engineering in the Imperial College of Engineering, Tokei, 
Japan. Crown 8vo. Part I. 4J. 6d. 

Alexander and Thomson.— elementary applied 

MECHANICS. By Thomas Alexander, C.E., Professor of 
Engineering in the Iiiiperial College of Engineering, Tokei, Japan ; 
and Arthur Watson Thomson, C.E., B.Sc, Professor of 
Engineering at the Royal College, Cirencester. Part II. Trans- 
verse Stress. Crown 8vo. loj. 6d, 

Bay ma — the elements of molecular mechanics. 

By Joseph Bayma, S.J., Professor of Philosophy, Stonyhurst 
College. Demy 8vo. lor. 6d, 

Beasley.— AN elementary treatise on plane 

trigonometry. With Examples. By R. D. Beasley, 
M. A. Eighth Edition, revised and enlarged. Crown 8vo. 3J. 6d, 

Blackburn (Hugh).— elements OF plane trigo- 
nometry, for the use of the Junior Class in Mathematics in 
the University of Glasgow. By Hugh Blackburn, M.A., late 
Professor of Mathematics in the University of Glasgow. Globe 
Svo. IS, 6d, 

Boole. — Works by G. Boole, D.C.L., F.R.S., late Professor of 
Mathematics in the Queen's University, Ireland. 

A treatise on differential equations. Third 
and Revised Edition. Edited by I. Todhunter. Crown Svo. 
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Boole. — Works by G. Boole, D.C.L., 8cc.' {continued )— 
A TREATISE ON DIFFERENTIAL EQUATIONS. Sup- 

plementary Volume. Edited by I. Todhunter. Crown Svo. 

Ss.ed. 
THE CALCULUS OF FINITE DIFFERENCES. Third 

Edition, revised by J. F. Moulton. Crown 8vo. lo*. 6d. 

Cambridge Senate-House Problems and Riders, 
with Solutions: — 

1875— PROBLEMS AND RIDERS. By A. G. Greenhill, 

M.A. Crown 8vo. 8j. 6^. 
. 1878— SOLUTIONS OF SENATE-HOUSE PROBLEMS. By 
the Mathematical Moderators and Examiners. Edited by }. W. L. 
Glaisher, M.A., Fellow of Trinity College, Cambridge. 12j. 

Cheyne.— AN elementary treatise on the plan- 
etary THEORY. By C. H. H. Cheyne, M.A., F.R.A.S. 
With a Collection of Problems. Third Edition. Edited by Rev. 
A. Freeman, M.A., F.R.A.S. Crown 8yo. 7^. 6d, 

Christie.— A COLLECTION OF ELEMENTARY TEST- 
QUESTIONS IN PURE AND MIXED MATHEMATICS ; 
with Answers and Appendices on Synthetic Division^ and on the 
Solution of Numerical Equations by Homer's Method. By James 
R. Christie, F.R.S., Royal Military Academy, Woolwich. 
Crown 8vo. 8j. 6d. 

ClausiuS.— MECHANICAL THEORY OF HEAT. By R. 
Clausius. Translated by Walter R. Browne, M.A., late 
Fellow of Trinity College, Cambridge. Crown 8vo. loj. 6d. 

Clifford.— THE ELEMENTS OF DYNAMIC. An Introduction 
to the Study of Motion and Rest in Solid and Fluid Bodies. By W. 
K. Clifford, F.R.S., late Professor of Applied Mathematics and 
Mechanics at University College, London. Part I.— KIN EM ATIC. 
Crown 8yo. Js, 6d, 

Cotterill.— A treatise on applied MECHANICS. By 
James Cotterill, M.A., F.R.S., Professor of Applied Mechanics 
at the Royal Naval College, Greenwich. With Illustrations. 8vo. 

[In the press. 

Day. — PROPERTIES OF CONIC SECTIONS PROVED 
GEOMETRICALLY. Part I. THE ELLIPSE. With Prob- 
lems. By the Rev. H. G. Day, M.A. 8vo. 3J. 6d. 

Day (R. E.)— electric light arithmetic. By R. E. 

Day, M.A., Evening Lecturer in Experimental Physics at King's 
College, London. Pott 8vo. 2s, 
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Drew.-r-GEOMETRICAL TREATISE ON CONIC SECTIONS 

By W. H. Drew, M.A., St. John's College, Cambridge. Nevi 

Edition, enlarged. Crown 8vo. Cx. 

SOLUTIONS TO THE PROBLEMS IN DREW'S CONIC 

SECTIONS. Crown 8vo. 4^.6*/. v o winiu 

Dyer.— EXERCISES in analytical geometry. Com- 
piled and arranged by J. M. Dyer, M.A., Senior Mathematical 
Master m the Classical Department of Cheltenham College. With 
lllustratiotis. Crown 8vo. 4^. 6(/. 

Edgar g. H.) and Pritchard (G. S.).— note-BOOK ON 

PRACTICAL SOLID OR DESCRIPTIVE GEOMETRY. 
Containing Problems with help for Solutions. By J. H. Edgar, 
M.A., Lecturer on Mechanical Drawing at the Royal School of 
Mines, and G. S. Pritchard. Fourth Edition, revised by 
Arthur Meeze. Globe 8vo. 4^. 6^. 

Ferrers.— Works by the Rev. N. M. Ferrers, M. A., Fellow and 
Master of Gonville and Caius College, Cambridge. 
AN ELEMENTARY TREATISE ON TRILINEAR CO- 
ORDINATES, the Method of Reciprocal Polars, and the Theory 
of Projectors. New Edition, revised. Crown 8vo. 6s, 6J. 
AN ELEMENTARY TREATISE ON SPHERICAL HAR- 
MONICS, AND SUBJECTS CONNECTED WITH THEM. 
Crown 8vo. 7j. 6d. 

Frost — Works by Percival Frost, M. A., D.Sc, formerly Fellow 

of St. John's College, Cambridge ; Mathematical Lecturer at 

King's College. 
AN ELEMENTARY TREATISE ON CURVE TRACING. By 

Percival Frost, M.A. 8vo. izs. 
SOLID GEOMETRY. A New Edition, revised and enlarged, of 

the Treatise by Frost and Wolstenholme. In 2 Vols. Vol. I. 

8vo. idf. 

Hemming. — an elementary treatise on the 

DIFFERENTIAL AND INTEGRAL CALCULUS, for the 
Use of Colleges and Schools. By G. W. Hemming, M.A., 
Fellow of St. John's College, Cambridge. Second Edition, with 
Corrections and Additions. 8vo. 9^. 

Jackson.— GEOMETRICAL CONIC SECTIONS. An Ele- 
mentary Treatise in which the Conic Sections are defined as the 
Plane Sections of a Cone, and treated by the Method of Pro- 
jection. By J. Stuart Jackson, M.A., late Fellow of Gonville 
and Caius College, Cambridge. Crown 8vo. 45. 6d, 
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Jellet (John H.).— a treatise on the theory of 

FRICTION. By John H. Jellet, B.D., Provost of Trinity 
College, Dublin; President of the Royal Irish Academy. 8vo. 

Johnson integral calculus, an Elementary Treatise 

on the ; Founded on the Method of Rates or Fluxions. By 
William Woolsey Johnson, Professor ot Mathematics at the 
United States Naval Academy, Annopolis, Maryland. Demy 
8vo. &. 

Kelland and Tait.— introduction to quater- 
nions, with numerous examples. By P. Kelland, M.A., 
F.R.S., mad P. G. Tait, M.A., Professors in the Department of 
Mathematics in the University of Edinburgh. Second Edition. 
Crown 8vo. 7^. 6d, 

Kcmpe.- OW to draw a straight line : a Lecture 
on Linkages. By A. B. Kempe. With Illustrations. Crown 8vo. 
IS, ed. {Nature Series,) 

Lock.— elementary trigonometry. By Rev. J. B. 

Lock, M.A., Senior Fellow, Assistant Tutor and Lecturer in 

Mathematics, of Gonville and Caius College, Cambridge; late 

Assistant-Master at Eton. Globe 8vo. 4;. 6d, 
HIGHER TRIGONOMETRY. By the same Author. Globe 8vo. 

Zs*6d, 

Both Parts complete in One Volume. Globe 8vo. ^s. 6d, 
Lupton.— ELEMENTARY CHEMICAL ARITHMETIC. With 

1,100 Problems. By Sydney Lupton, M.A., Assistant-Master 

in Harrow School. Globe 8vo. 5^. 

Mcrriman.— ELEMENTS OF THE METHOD OF LEAST 
SQUARE. By Mansfield Merriman, Ph.D., Professor of 
Civil and Mechanical Engineering, Lehigh University, Bethlehem, 
Penn. Crown 8vo. 7j. 6d, 

Morgan.— A collection of problems and ex- 
amples IN mathematics. With Answers. By H. A, 
Morgan, M.A., Sadlerian and Mathematical Lecturer of Jesus 
College, Cambridge. Crown 8vo. 6;. 6d, 

Millar. — elements of descriptive geometry. By 

J. B. Millar, C.E., Assistant Lecturer in Engineering in Owens 
College, Manchester. Crown 8vo. 6s. 
Muir.— A TREATISE ON THE THEORY OF DETERMI- 
NANTS. With graduated sets of Examples. For use in 
Colleges and Schools. By Thos. Muir, M.A., F.R.S.K, 
Mathematical Master in the High School of Glasgow. Crown 
8vo. ^s. 6d. 
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Parkinson.— AN elementary treatise on me. 

CHANICS. For the Use of the Janior Classes at the University 
and the Higher Classes in Schools. By S. Parkinson, D.D., 
F.R.S., Tutor and Prselector of St. John's College, Cambridge. 
With a Collection of Examples. Sixth Edition, revised. Crown 
8vo. 9f. 6d, 

Phear.— ELEMENTARY HYDROSTATICS. With Numerous 
Examples. By T. B. Phear, M.A., Fellow and late Assistant 
Tutor of Clare College^ Cambridge. New Edition. Crown 8vo. 

Pirie.— LESSONS ON RIGID DYNAMICS. By the Rev. G. 
PiRiE, M.A., late Fellow and Tutor of Queen's College, Cam- 
bridge ; Professor of Mathematics in the University of Aberdeen. 
Crown 8vo. 6s. 

Price and Johnson — DIFFERENTIAL CALCULUS, an 

Elementary Treatise on the ; Founded on the Method of Rates or 
Fluxions. By John Minot Price, Professor of Mathematics in 
the United States Navy, and William Woolsey Johnson, Pro- 
fessor of Mathematics at the United States Naval Academy. 
Third Edition, Revised and Corrected. Demy 8vo. i6j. 
Abridged Edition, 8x. 

Puckle.— AN ELEMENTARY TREATISE ON CONIC SEC- 
TIONS AND ALGEBRAIC GEOMETRY. With Numerous 
Examples and Hints for their Solution ; especially designed for the 
Use of Beginners. By G. H. Puckle, M.A. New Edition, 
revised and enlarged. Crown 8vo. 7^. 6d, 

Rawlinson. — elementary statics. By the Rev. George 
Rawlinson, M. a. Edited by the Rev. Edward Sturges, M.A. 
Crown 8vo. 4E. 6df. 

Reynolds.— MODERN METHODS IN ELEMENTARY 
GEOMETRY. By E. M. Reynolds, M.A., Mathematical 
Master in Clifton College. Crown 8vo. 3J. 6d, 

Reuleaux.— THE kinematics of machinery. Out- 
lines of a Theory of Machines. By Professor F. Reuleaux. 
Translated and Edited by Professor A. B. W. Kennedy, C.E. 
With 450 Illustrations. Medium 8vo. 2ls, 

Robinson.— TREATISE ON MARINE SURVEYING. Pre- 
MTcd for the use of younger Naval Officers. With Questions for 
Examinations and Exercises principally from the Papers of the 
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Rohinson^(cofUinufst) — 

Royal Naval College. Willi the results. By Rev. John L. 
Robinson, Chaplain and Instructor in the Royal Naval College, 
Greenwich. With Illustrations. Crown 8vo. Js. 6d. 
Contents. — Symbols used in Charts and Surveying— The Constructicn and Use 
of Scales— Laying off Angles— Fixing Positions by Angles — Charts and Chart- 
Drawing — Instruments' and Observing — Base Lines— Triangulation — Levelling— 
Tides and Tidal Observations— Soundings— Chronometers— Meridian Distances 
— Method of Plotting a Survey— Miscellaneous Exercises— Index. 

Routh. — Worksby EDWARD JOHN RoOTH, M. A., F.R.S., D.Sc, 

late Fellow and Assistant Tutor at St Peter's College, Cambridge ; 

Examiner in the University of London. 
A TREATISE ON THE DYNAMICS OF THE SYSTEM OF 

RIGID BODIES. With numerous Examples. Fourth and 

enlarged Edition. Two Vols. Vol. I. — Elementary Parts. 8ve. 

14J. Vol. II.— The Higher Parts. 8vo. [In the press, 

STABILITY OF A GIVEN STATE OF MOTION. PAR- 

TICULARLY STEADY MOTION. Adams' Prize Essay for 

1877. 8vo. 8j. 6d, 

Smith (C.).— CONIC SECTIONS. By Charles Smith, M. A., 
Fellow and Tutor of Sidney Sussex College, Cambridge. Second 
Edition. Crown 8vo. yx. 6d, 

Snowball.— THE ELEMENTS OF PLANE AND SPHERI- 
CAL TRIGONOMETRY ; with the Construction and Use of 
Tables of Logarithms. By J. C. Snowball, M.A. New Edition. 
Crown 8vo. *js. 6d, 

Tait and Steele.— a treatise on dynamics of a 

PARTICLE. With numerous Examples. By Professor Tait 
and Mr. Steele. Fourth Edition, revised. Crown 8vo. 12s, 

Thomson.— A treatise on the motion OF VORTEX 
RINGS. An Essay to which the Adams Prize was adjudged in 
1882 in the University of Cambridge. By J. J. Thomson, Fellow 
and Assistant Lecturer of Trinity College, Cambridge. With 
Diagrams. 8vo. 6s. 

Todhunter. — Works by I. ToDHUNTER, M.A., F.R.S., D.Sc, 

late of St. John's Collie, Cambridge. 

" Mr. Todhunter is chiefly known to students of Mathematics as the author of a 

series of admirable mathematical text-books, which possess the rare aualities of being 

clear in style and absDlutely free from mistakes, typographical and other.*' — 

Saturday Review. 

TRIGONOMETRY FOR BEGINNERS. With numerous 

Example^. New Edition. i8mo. 2s. 6d. 
KEY TO TRIGONOMETRY FOR BEGINNERS. Crown 8va 
8j. 6d. 
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Todhunter. — Works by I. TODHUNTER, M.A., &c. {continuedy— 

MECHANICS FOR BEGINNERS. Witk numerous Examples. 
New Edition. i8mo. 4r. 6d. 

KEY TO MECHANICS FOR BEGINNERS. Crown 8vo. 

6s. 6d. 
AN ELEMENTARY TREATISE ON THE THEORY OF 

EQUATIONS. New Edition, revised. Grown 8vo. 7^. 6d, 
PLANE TRIGONOMETRY. For Schools and Colleges. New 

Edition. Crown 8vo. 51. 
KEY TO PLANE TRIGONOMETRY. Crown 8vo. lox. 6d. 
A TREATISE ON SPHERICAL TRIGONOMETRY. New 

Edition, enlarged. Crown 8vo. 4J. 6d, 
PLANE CO-ORDINATE GEOMETRY, as applied to the Straight 

Line and the Conic Sections. With numerous Examples. New 

Edition, revised and enlarged. Crown 8vo. ^s. 6d. 
A TREATISE ON THE DIFFERENTIAL CALCUI^US. With 

numerous Examples. New Edition. Crown 8vo. iQf. 6d, 
A TREATISE ON THE INTEGRAL CALCULUS AND ITS 

APPLICATIONS. With numerous Examples. New Edition, 

revised and enlarged. Crown 8vo. los. 6d, 

EXAMPLES OF ANALYTICAL GEOMETRY OF THREE 
DIMENSIONS. New F^ition, revised. Crown 8yo. 4F. 

A TREATISE ON ANALYTICAL STATICS. With numerous 
Examples. New Edition, revised and enlarged. Crown 8vo. 
los, 6d, 

A HISTORY OF THE MATHEMATICAL THEORY OF 
PROBABILITY, from the time of Pascal to that of Laplace. 
8vo. i8j. 

RESEARCHES IN THE CALCULUS OF VARIATIONS, 
principally on the Theory of Discontinuous Solutions : an Essay to 
which the Adams' Prize was awarded in the University of Cam- 
bridge in 1871, 8vo. 6s. 

A HISTORY OF THE MATHEMATICAL THEORIES OF 
ATTRACTION, AND THE FIGURE OF THE EARTH, 
from the time of Newton to that of Laplace. 2 vols. 8vo. 24J. 

AN ELEMENTARY TREATISE ON LAPLACE'S, LAME'S, 
AND BESSEL'S FUNCTIONS. Crown 8vo. los, 6d. 

Wilson (J. M.).— SOLID GEOMETRY AND CONIC SEC- 
TIONS. With Appendices on Transversals and Harmonic Division. 
For the Use of Schools. By Rev. J, M. Wilson, M.A. Head 
Master of Clifton College. New Edition. Extra fcap. 8vo. 3^. 6d. 
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Wilson.-— GRADUATED EXERCISES IN PLANE TRI- 
GONOMETRY. Compiled and ananged by T. WusON, M.A., 
and S. R.. Wilson, B.A. Crown 8vo. 4s, 6a. 
** The exercises seem beaudfully graduated and adapted to lead a student on most 

gently and pleasantly."— E. J. Routh, F.R.9., St. Peter's College, Cambridg*. 

(See also Elementary Geometry,) 

Wilson (W. P.).— A TREATISE ON DYNAMICS. By W. 
P. Wilson, M.A., Fellow of St. John's College, Cambridge, and 
-Professor of Mathematics in Queen's Colle;ge, Belfast, 9vo. 
9J. 6d. 

Woolwich Mathematical Papers, for Admission into 

the Royal Military Academy, Woolwich, 1880 — 1883 incUmve. 
Crown 8vo. 3J. 6d, 

Wolstenholme.— MATHEMATICAL PROBLEMS, on Sub- 
jects included in the First and Second Divisions of the Schedule of 
subjects for the Cambridge Mathematical Tripos Examination. 
Devised and arranged by Joseph Wolstenholme, D.Sc, late 
Fellow of Christ's Collie, sometime Fellow of St. John's College, 
and Professor of Mathematics in the Royal Indian Engineering 
College. New Edition, greatly enlarged. 8vo. i8j. 
EXAMPLES FOR PRACTICE IN THE USE OF SEVEN- 
FIGURE LOGARITHMS. By the same Author. [In preparation. 



SCIENCE. 

(i) Natural Philosophy, (a) Astronomy, (3) 
Chemistry, (4) Biology, (5) Medicine, (6) Anthro- 
pology, (7) Physical Geography and Geology, (8) 
Agriculture, (g) Political Economy, (xo) Mental 
and Moral Philosophy. 

NATURAL PHILOSOPHY. 

Airy. — Works by Sir G. B. Airy, K.C.B., formerly Astrottpmer- 

Royal:— 
UNDULATORY THEORY OF OPTICS. Designed for the Use 

of Students in the University. New Edition. Crown 8va df. 6d, 
ON SOUND AND ATMOSPHERIC VIBRATIONS. With 

the Mathematical Elements of Music. Designed for the Use of 

Students in the University. Second Edition, revised and enlarged. 

Crown 8vo. gj. 
A TREATISE ON MAGNETISM. Designed for the Use of 

Students in the University. Crown 8vo. gr. 6d, 
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Airy (Osmond).— a treatise ON GEOMETRICAL 

OPTICS. Adapted for the Use of the Higher Classes in Schools. 
By Osmund Airy, B.A., one of the Mathematical Masters in 
Wellington College. Extra fcap. 8vo. 3j. 6d, 

Alexander (T.).— elementary applied mechanics. 

Being the simpler and more practical Cases of Stress and Strain 
-wrought out individually from first principles by means of Ele- 
mentary Mathematics. By T. Alexander, C.E., Professor of 
Civil Engineering in the Imperial College of Engineering, Tokei, 
Japan. Crown Ivo. Part I. 4^. 6d, 

Alexander — Thomson. — elementary applied 
MECHANICS. By Thomas Alexander, C.E., Professor of 
Engine'ering in the Imperial College of Engineering, Tokei, Japan ; 
and Arthur Watson Thomson, C.E., B.Sc., Professor of 
Engineering at the Royal College, Cirencester. Part 11. Trans- 
verse Stress ; upwards of 150 Diagrams, and 200 Examples 
carefully worked out ; new and complete method for finding, at 
every point of a beam, the amount of the greatest bending 
moment and shearing force during the transit of any set of loads 
fixed relatively to one another — e.g,^ the wheels of a locomotive ; 
continuous beams, &c., &c. Crown 8vo. lOf. 6d. 

Awdry.— EASY lessons ON LIGHT. By Mrs. W. Awdry. 
Illustrated. Extra fc^. Svo. 2s, 6d, 

Ball (R. S.).— EXPERIMENTAL MECHANICS. A Course of 
Lectures delivered at the Royal College of Science for Ireland. 
By R. S. Ball, M.A., Professor of Applied Mathematics and 
Mechanics in the Royal College of Science for Ireland. Cheaper 
Issue. Royal Svo. los, 6d, 

Chisholm. — THE SCIENCE OF WEIGHING AND 
MEASURING, AND THE STANDARDS OF MEASURE 
AND WEIGHT. By H.W. Chisholm, Warden of the Standards. 
With numerous Illustrations. Crown Svo. 4J. 6d, {Nature Series,) 

ClausiuS.— MECHANICAL THEORY OF HEAT. By R. 
Clausius. Translated by Walter R. Browne, M.A., late 
Fellow of Trinity College, Cambridge. Crown Svo. \os, 6d. 

Cotterill.— A TREATISE ON APPLIED MECHANICS. By 
James Cotterill, M.A., F.R.S., Professor of Applied 
Mechanics at the Royal Naval College, Greenwich, With Illus- 
trations. Svo. [In tkepresf^ 

Gumming.— AN INTRODUCTION TO THE THEORY OF 
ELECTRICITY. By Linnaeus Gumming, M.A., one of the 
Masters of Rugby School. With Illustrations. Crown Svo. 
Zs.ed. 



i6l macmillan's educational catalogue. 
Daniell.— A text-book of the principles of 

PHYSICS. By Alfred Daniell, M.A., Lecturer on Physics 
in the School of Medicine, Edinburgh. With Illustrations. 
Medium 8vo. 2is, 

Day.— ELECTRIC LIGHT ARITHMETIC. By R. E. Day, 
M.A., Evening Lecturer in Experimental Physics at King's 
CoMege, Loadon. Pott 8vo. 2s, 

Everett.— UNITS and physical constants. By J. D. 

Everett, F.R.S., Professor of Natural Philosophy, Queen's 
College, Belfast. Extra fcap. 8vo. 4r. 6d, 

Gray.— ABSOLUTE measurements in electricity 

AND MAGNETISM. By Andrew Gray, M.A., F.R.S.E., 
Chief Assistant to the Professor of Natural History in the Uni- 
versity of Glasgow. Pott 8vo. y, 6d. 

Huxley. — introductory primer of science. By T. 
H. Huxley, P.R.S., Professor of Natural History in the Royal 
School of. Mines, &c. i8mo. is. 

Kempe.— HOW to draw a straight LINE; a Lecture 
on Linkages. By A. B. Kempb. With Illustrations. Crown 
8vo. I J. 6d, {Nature Series.) 

Kennedy.— MECHANICS OF machinery. By A. B. w. 
Kennedy, M.Inst.C.E., Professor of Engineering and Mechani- 
cal Technology in University College, London. With Illus- 
trations. Crown 8vo. [In the press, 

Lang.— EXPERIMENTAL PHYSICS. By P. R. Scott Lang, 
M.A., Professor of Mathematics in the University of St. Andrews. 
Crown 8vo. [In preparation, 

Martineau (Miss C. A.).— easy LESSONS ON HEAT. 
By Miss C. A. Martineau. Illustrated, Extra fcap. 8vo. 

Mayer. — SOUND : a Series of Simple, Entertaining, and Inex- 
pensive Experiments in the Phenomena of Sound, for the Use of 
Students of every age. By A. M. Maver, ProfcFSor of Physics 
in the Stevens Institute of Technology, &c. With numerous 
Illustrations. Crown 8vo. 2s. 6d, {Nature Series.) 

Mayer and Barnard. — light : a Series of Simple, Enter- 
taining, and Inexpensive Experiments in the Phenomena of Light, 
for the Use of Students of every age. By A. M. Mayer and C. 
Barnard. With numerous Illustrations. Crown 8vo. 2s, 6d, 
{Nature Series.) 
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Newton. — PRINCIPIA. Edited by Professor Sir W. Thomson 
and Professor Blackburne. 4to, cloth. $is, 6d, 
THE FIRST THREE SECTIONS. OF NEWTON'S PRIN- 
CIPIA. With Notes and Illustrations. Also a Collection of 
Problems, principally intended as Examples of Newton's Methods. 
By Percival Frost, M.A. Third Edition. 8vo. 12s, 

Parkinson.— A TREATISE ON OPTICS. Bv S. Parkinson, 
D.D., F.R.S., Tutor and Praelector of St. John's College, Cam- 
bridge. New Edition, revised and enlarged. Crown 8vo. 
loj. 6^. 

Perry. — STEAM. AN ELEMENTARY TREATISE. By 
John Perry, C.E., Whitworth Scholar, Fellow of the Chemical 
Society, Lecturer in Physics at Clifton College. With numerous 
Woodcuts and Numerical Examples and Exercises. i8mo. 
4J. 6d. 

Ramsay.— EXPERIMENTAL PROOFS OF CHEMICAL 
THEORY FOR BEGINNERS. By William Ramsay, Ph. I?., 
Professor of Chemistry in University College, Bristol. Pott 8vo. 

Rayleigh.— THE THEORY OF SO UND. By Lord Rayleigh, 
M.A., F.R.S., formerly Felbw of Trinity College, Cambridge, 
8vo. Vol. I. I2s. 6d, Vol. II. I2s, dd. 

[Vol. III. in the press, 

Reuleaux.— THE kinematics of machinery. Out- 
lines of a Theory of Machines. By Professor F. Reuleaux. 
Translated and Edited by Professor A. B. W. KENNEDY, C.E. 
With 450 Illustrations. Medium 8vo. 2\s, 

Shann.— AN elementary treatise on heat, in 

RELATION TO STEAM AND THE STEAM-ENGINE. 
By G. Shann, M.A. With Illustrations. Crown 8vo.4r. 6df. 

SpOttisWOOde.— POLARISATION OF LIGHT. By the late 
W. SPOTTISWOODE, P.R.S. With many Illustrations. New 
Edition. Crown 8vo. 3 J. dd. {Nature Series,) 

Stewart (Balfour). — Works by Balfour Stewart, F.R.S., 
Professor of Natural Philosophy in the Victoria University the 
Owens College, Manchester. 

PRIMER OF PHYSICS. With numerous Illustrations. New 
Edition, with Questions. i8mo. u. {Science Primers.) 

LESSONS IN ELEMENTARY PHYSICS. With numerous 
Illustrations and Chromolitho of the Spectra of the Sun, Stars, 
and Nebulae. New Edition. Fcap. 8vo. 4J. 6d, 
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Stewart (Balfour).— works by {conHmud)^ 
QUESTIONS ON BALFOUR STEWARTS ELEMENTARY 
LESSONS IN PHYSICS. By Prof. Thomas H. Core, Owens 
Collie, Manchester. Fcap. 8vo. zs, 

Stewart— Gee.— PRACTICAL physics, elementary 

LESSONS IN. By Professor Balfour Stewart, F.R.S., and 
W. Haldane Gee. Fcap. 8vo. 

Part I. General Physics. [Nearly ready, 

' Part II. Optics, Heat, and Sound. [In prfparoHon. 

Part IIL Electricity and Magnetism. [In preparation, 

Stokes.— THE NATURE OF LIGHT. Burnett Lectures. By 
Prof. G. G. Stokes, Sec. R.S., etc. Crown 8vo. 2s. 6d. 
ON LIGHT. Burnett Lectures. First Course. On the Nature 
of Light. Delivered in Aberdeen in November 1883. By 
George Gabriel Stokes, M.A., F.R.S., &c., Fellow of Pem- 
broke College, and Lucasian Professor of Mathematics in the 
University of Cambridge. Crown 8vo. 21". 6d. 

Stone.— AN ELEMENTARY TREATISE ON SOUND. By 
W. H, Stone, M.B. With Illustrations. i8mo. y. 6d, 

Tait— HEAT. By P. G. Tait, M.A., Sec. R.S.E., Formerly 
Fellow of St. Peter's College, Cambridge, Professor of Natural 
Philosophy in the University of Edinburgh. Crown 8vo. 6j. 

Thompson.— ELEMENTARY LESSONS IN ELECTRICITY 
AND MAGNETISM. By Silvanus P. Thompson. Pro- 
fessor of Experimental Physics in University College, Bristol. 
With Illustrations. Fcap. 8vo. 4J. 6d. 

Thomson.— THE MOTION OF VORTEX RINGS, A 
TREATISE ON. An Essay to which the Adams Prize was 
adjudged in 1882 in the University of Cambridge. By J. J. 
Thomson, Fellow and Assistant-Lecturer of Trinity College, 
Cambridge. With Diagrams. 8vo. 6^. 

Todhunter.— NATURAL PHILOSOPHY FOR BEGINNERS. 
By I. Todhunter, M.A., F.R.S., D.Sc. 
Part I. The Properties of Solid and Fluid Bodies. i8mo. 31. 6d. 
Part II. Sound, Light, and Heat. i8mo. 3J. 6d, 

Wright (Lewis). — light ; A COURSE OF EXPERI- 
MENTAL OPTICS, CHIEFLY WITH THE LANTERN, 
By Lewis Wright. With nearly 200 Engravings and Coloured 
Plates. Crown 8vo. *js, 6d, 
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ASTRONOMY, 

Airy.— POPULAR ASTRONOMY. With Illustrations by Sir 
G. B. Airy, K.C.B., forinerly Astronomer-Royal. New Edition. 
i8mo. 4^. 6d, 

Forbes.— TRANSIT OF VENUS. By G. Forbes, M.A., 
Professor of Natural Philosophy in the Andersonian University, 
Glasgow. Illustrated. Crown 8vo. y. <)d. [Nature Series.) 

Godfray. — Works by Hugh Godfray, M.A., Mathematical 
Lecturer at Pembroke College, Cambridge. 

A TREATISE ON ASTRONOMY, for the Use of Colleges and 
Schools. New Edition. 8vo. 12s. 6d, 

AN ELEMENTARY TREATISE ON THE LUNAR THEORY, 
with a Brief Sketch of the ProWem up to the time of Newton. 
Second Edition, revised. Crown 8vo. 5^. 6d, 

Lockyer. — Works by J. Norman Lockyer, F.R.S. 

PRIMER OF ASTRONOMY. With numerous Iflustrations. 
i8mo. is, {Science Primers.) 

ELEMENTARY LESSONS IN ASTRONOMY. With Coloured 
Diagram of the Spectra of the Sun, Stars, and Nebuhe, and 
numerous Illustrations. New Edition. Fcap. 8vo. 5^. 6d, 

QUESTIONS ON LOCKYER'S ELEMENTARY LESSONS IN 
ASTRONOMY. For the Use of Schools. By John Forbes- 
Robertson. i8mo, cloth limp. is. 6d. 

THE SPECTROSCOPE AND ITS APPLICATIONS. With 
Coloured Plate and numerous Illustrations. New Edition. Crown 
8vo. 3^. 6d. 

Newcomb.— -POPULAR ASTRONOMY. By S. Newcomb, 

LL.D., Professor U.S. Naval Observatory. With 112 Illustrations 

and 5 Maps of the Stars. Second Edition, revised. 8vo. i8j. 

"It is unlike anything else of its kind, and will be of more use in circulating a 

knowledge of Astronomy than nine-tenths of the books which have appeared on the 

subject of late years."— Saturday Rbview. 

CHEMISTRY, 

Fleischer.— A system of volumetric analysis. 

Translated, with Notes and Additions, from the Second German 
Edition, by M. M. Pattison Muir, F.R.S.E. With lUustrations. 
Crown 8vo. *js. 6d, 

c 2 



20 MACMILLAN'S EDUCATIONAL CATALOGUE. 

Jones. — Works by Francis Jones, F.R.S.E., F.C.S., Chemical 
Master in the Grammar School, Manchester. 

THE OWENS COLLEGE JUNIOR COURSE OF PRAC- 
TICAL CHEMISTRY. With Prefeceby Professor RoscOE, and 
Illustrations. New Edition. i8mo. 2J. 6d, 

QUESTIONS ON CHEMISTRY. A Series of Problems and 
Exercises in Inoi^nic and Organic Chemistry. Fcap. 8vo. 3J. 

Landauer.— BLOWPIPE analysis. By j. landauer. 

Authorised English Edition by J. Taylor and W. E. Kay, of 
Owens College, Manchester. Extra fcap. 8vo. 4J. 6d, 

Lupton.— ELEMENTARY CHEMICAL ARITHMETIC. With 
1,100 Problems. By Sydney Lupton, M.A., Assistant-Master 
at Harrow. Extra fcap. 8vo. 5^. 

Muir.— PRACTICAL CHEMISTRY FOR MEDICAL STU- 
DENTS. Specially arranged for the first M.B. Course. By 
M. M. Pattison Muir, F.R.S.E. Fcap. 8vo. is. td, 

RoSCOe. — Works by H. E. Roscoe, F.R.S. Professor of Chemistry 
in the Victoria University the Owens College, Manchester, 

PRIMER OF CHEMISTRY. With numerous lUustrations. New 
Edition. With Questions. l8mo. u. {^Science Primers), 

LESSONS IN ELEMENTARY CHEMISTRY, INORGANIC 
AND ORGANIC. With numerous Illustrations and Chromolitho 
of the Solar Spectrum, and of the Alkalies and Alkaline Earths. 
New Edition. Fcap. 8vo. 4J. 6^. 

A SERIES OF CHEMICAL PROBLEMS, prepared with Special 
Reference to the foregoing, by T. E. Thorpe, Ph.D., Professor 
of Chemistry in the Yorkshire College of Science, Leeds, Adapted 
for the Preparation of Students for the Government, Science, and 
Society of Arts Examinations. With a Preface by Professor 
RoscoE, F.R.S. New Edition, with Key. i8mo. 2J. 

Roscoe and Schorlemmer. — inorganic and or- 
ganic CHEMISTRY. A Complete Treatise on Inorganic and 
Organic Chemistry. By Professor H. E. RoscoE, F.R.S., and 
Professor C. Schorlemmer, F.R.S. With numerous Illustrations. 
Medium 8vo. 
Vols. I. and II.— INORGANIC CHEMISTRY. 

Vol. I.— The Non-Metallic Elements. 2IJ. Vol. II. Part I.— 

Metals. i8j. Vol. II. Part II.— Metals. i8j. 
Vol. III.— ORGANIC CHEMISTRY. Two Parts. 

THE CHEMISTRY OF THE HYDROCARBONS and their 

Derivatives, or ORGANIC CHEMISTRY. With numerous 

Illustrations. Medium 8vo. 2,\s, each. 
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Schorlemmer. — a manual of the chemistry of 

THE CARBON COMPOUNDS, OR ORGANIC CHE- 
MISTRY. By C. Schorlemmer, F.R.S., Professor of Che- 
mistry in the Victoria University the Owens Collie, Manchester. 
With Illustrations. 8vo. 14s. 

Thorpe.— A series of chemical problems, prepared 
with Special Reference to Professor Roscoe's Lessons in Elemen- 
tary Chemistry, by T. E. Thorpe, Ph.D., Professor of Chenfliistry 
in the Yorkshire College of Science, Leeds, adapted for the Pre- 
paration of Students for the Government, Science, and Society ot 
Arts Examinations, With a Preface by Professor RoscOE. New 
Edition, with Key. i8mo. 2s. 

Thorpe and Riicker.— a treatise on chemical 

PHYSICS. By Professor Thorpe, F.R.S., and Professor 
Rucker, of the Yorkshire College of Science. Illustrated. 
8vo. [In preparation, 

Wright.— METALS AND THEIR CHIEF INDUSTRIAL 
APPLICATIONS. By C. Alder Wright, D.Sc, &c., 
Lecturer on Chemistry in St Mary's Hospital Medical School. 
Extra fcap. 8vo. 3^. 6d, 



BIOLOGY. 

Allen. — ON THE COLOUR OF FLOWERS, as Illustrated in 
the British Flora. By Grant Allen. With Illustrations. 
Crown 8vo. 3J. 6d. {Nature Series.) 

Balfour. — a treatise on comparative embry- 
ology. By F. M. Balfour, M.A., F.R.S., Fellow and 
Lecturer of Trinity College, Cambridge. With Illustrations. In 
2 vols. 8vo. Vol. I. i8j. Vol. 11. 21s, 

Bettany.— FIRST lessons in practical botany. 

By G. T. BtTTANY, M.A., F.L.S., Lecturer in Botany at Guy*s 
Hospital Medical School. i8mo. i^. 

Darwin (Charles).— memorial notices of Charles 

DARWIN, F.R.S., &c. By Professor Huxley, P.R.S., G. J. 
Romanes, F.R.S., Archibald Geikie, F.R.S., and W. T. 
Thiselton Dyer, F.R.S. Reprinted from Nature. With a 
Portrait, engraved by C. H. Jeens. Crown 8vo. 2j. 6d, 
{Nature Series.) 
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Dyer and Vines.— the STRUCTURE OF plants. By 
Professor Thiselton Dyer, F.R.S., assisted by Sydney Vines, 
D.Sc, Fellow and Lecturer of Christ's College, Cambridge, and 
F. O. Bower, M.A., Lecturer in the Normal School of Science. 
With numerous Illustrations. \In preparation. 

Flower (W. H.)— AN INTRODUCTION TO THE OSTE- 
OLOGY OF THE MAMMALIA. Being the substance of the 
Course of Lectures delivered at the Royal College of Surgeons 
of England in 1870. By Professor "W. H. Flower, F.R.S., 
F.R.C.S. With nimierous Illustrations. New Edition, enlarged. 
Crown 8vo. lOf. 6</. 

Foster. — Works by Michael Foster, M.D., F.R.S., Professor 
of Physiology in the University of Cambridge. 
PRIMER OF PHYSIOLOGY. With Jiumerous lUostrations. 
New Edition. iSmo. ix. 

A TEXT-BOOK OF PHYSIOLOGY. With Illustrations. Fourth 
Edition, revised. 8vo. 21/. 

Foster and Balfour.— the elements OF embry- 
ology. By Michael Foster, M.A., M.D., LL.D., F.R.S., 
Professor of Physiology in the University of Cambridge, Fellow 
of Trinity College, Cambridge, and the late Francis M. Balfour, 
M.A., LL.D., F.R.S., Fellow of Trinity College, Cambridge, 
and Professor of Animal Morphcdogy in the University. Second 
Edition, revised. Edited by Adam Sedgwick, M.A., Fellow 
and Assistant Lecturer of Trinity College, Cambridge, and Walter 
Heaps, Demonstrator in the Morphological Laboratory of the 
University of Cambridge. With Illustrations. Crown 8vo. loy. dd. 

Foster and Langley.— a COURSE OF elementary 
PRACTICAL PHYSIOLOGY. By Prof. Michael Foster, 
M.D., F.R.S., &c., and J. N. Langley, M.A., F.R,S., Fellow 
of Trinity College, Cambridge. Fifth Edition. Crown 8vo. 7j. dd, 

Gamgee.— A TEXT-BOOK OF THE PHYSIOLOGICAL 
CHEMISTRY OF THE ANIMAL BODY. Including an 
Account of the Chemical Changes occurring in Disease. By A. 
Gamgee, M.D., F.R.S., Professor of Physiology in the Victoria 
Univer?ity the Owens College, Manchester. 2 Vols. 8v». 
With Illustrations. Vol. I. i8x. \VoU II, in the press. 

Gegenbaur.— ELEMENTS OF COMPARATIVE ANATOMY. 
By Professor Carl Gegenbaur. A Translation by F. Jeffrey 
Bell, B.A. Revised with Preface by Professor K Ray Lan- 
KESTER, F.R.S. With numerous Illustrations. 8vo. 21/. 
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Gray.— STRUCTURAL BOTANY, OR ORGANOGRAPHY 
ON THE BASIS OF MORPHOLOGY. To which are added 
the principles of Taxonomy and Phytography, and a Glossary of 
Botanical Terms. By Professor Asa Gray, LL.D. 8vo. los, 6d. 

Hooker.— Worlcs by Sir J. D. Hooker, K.C.S.L, C.B., M.D., 

F.R.S., D.C.L. 
PRIMER OF BOTANY. With numerous Illustrations. New 

Edition. iSmo. u. {Science Primers,) 
THE STUDENT'S FLORA OF THE BRITISH ISLANDS- 

New Edition, revised. Globe 8vo. loj. 6d. 

Huxley .-^Worlcs by Professor Huxley, P.R.S. 
INTRODUCTORY PRIMER OF SCIENCE. i8mo. u. 

{Science Primers,) 
LESSONS IN ELEMENTARY PHYSIOLOGY. With, numerous 

Illustrations. New Edition. Fcap. 8vo. 4J. 6d, 
QUESTIONS ON HUXLEY'S PHYSIOLOGY FOR SCHOOLS. 

By T. Alcock, M.D. i8mo. is. 6d, 
PRIMER OF ZOOLOGY. i8mo. {Science Primers, ) 

[In prepctratioH, 

Huxley and Martin.— a COURSE OF practical in 

STRUCTION IN ELEMENTARY BIOLOGY. By Professor 
Huxley, P.R.S., assisted by H, N, Martin, M.B., D.Sc. New 
Edition, revised. Crown 8vo. 6s, 

Lankester. — Works by Professor E. Ray Lankester, F.R-S. 
A TEXT BOOK OF ZOOLOGY. Crown 8vo. [In preparation. 
DEGENERATION : A CHAPTER IN DARWINISM. Illus- 
trated. Crown 8vo. 2s. dd. {Naiure Series,) 

Lubbock. — Works by Sir John Lubbock, M.P., F.R.S., 
D.C.L. 

THE ORIGIN AND METAMORPHOSES OF INSECTS. 
With numerous Illustrations. New Edition. Crown 8vo. ^, 6d, 
(Maure Series.) ^ 

ON BRITISH WILD FLOWERS CONSIDERED IN RE- 
LATION TO INSECTS. With numerous Illustrations. New 
Edition. Crown 8vo. 4s. dd, {Nature Series), 

M'Kendrick.— OUTLINES OF PHYSIOLOGY IN ITS RE- 
LATIONS TO MAN. By J. G. M'Kendrick, M.D., F.R.S.E. 
With Illustrations. Crown 8vo. 12s. 6d, 

Martin and Moale.— on the dissection of verte- 

BRATE ANIMALS. By Professor H. N. Martin and W. A. 
Moale. Crown 8vo. [In preparation. 

(See also page 22.) 
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MialL— STUDIES IN COMPARATIVE ANATOMY. 
No. I. — The Skull of the Crocodile : a Manual for Students. By 

L. C. MiALL, Professor of Biology in the Yorkshire College and 

Curator of the Leeds Museum. 8vo. 2J. 6d, 
No. II. — Anatomy of the Indian -Elephant. By L. C. Miall and 

F. Greenwood. With Illustrations. 8vo. 5j. 

Mivart. — Works by St. George Mivart, F.R.S. Lecturer in 

Comparative Anatomy at St. Mary's Hospital. 
LESSONS IN ELEMENTARY ANATOMY. With upwards of 

400 Illustrations. Fcap. 8vo. 6j. (>d^ 
THE COMMON FROG. With numerous Illustrations. Crowa 

8vo. y.(>d, {Nature Series.) 

Muller. — THE FERTILISATION OF FLOWERS. By Pro- 
fessor Hermann Muller. Translated and Edited by D'Arcy 
W. Thompson, B.A., Scholar of Trinity College, Cambridge. 
With a Preface by Charles Darwin, F.R S. With numerous 
Illustrations. Medium 8vo. 21s, 

Oliver, — Works by Daniel Oliver, F.R.S., &c.. Professor of 
Botany in University College, London, &c. 
FIRST BOOK OF INDIAN BOTANY. With numerous Illus- 
trations. Extra fcap. 8vo. 6,f. 6cl. 
LESSONS IN ELEMENTARY BOTANY. With nearly 200 
Illustrations. New Edition. Fcap. 8vo. 41". 6d, 

Parker.— A COURSE OF instruction in ZOOTOMY 
(VERTEBRATA). By T. Jeffrey Parker, B.Sc. London, 
Professor of Biology in the University of Otago, New Zealand* 
With Illustrations. Crown 8vo. %s. td, 

Parker and Bettany.— the morphology of the 

SKULL. By Professor Parker and G. T. Bettany. Illus- 
trated. Crown 8vo. lor. 6</. 

Romanes.— THE scientific evidences of organic 

EVOLUTION. By G. J. Romanes, M.A., LL.D., F.R.S., 
Zoological Secretary to the Linnean Society. Crown 8vo. 2J. 6<i 
{Nature Series.) 

Smith. — Works by John Smith, A.L.S., &c. 
A DICTIONARY OF ECONOMIC PLANTS. Their History, 

Products, and Uses. 8vo. 141. 
DOMESTIC BOTANY : An Exposition of the Structure and 

Classification of Plants, and their Uses for Food, Clothing, 

Medicine, and Manufacturing Purposes. With Illustrations. Neir 

Issue. Crown 8vo. I2s, 6d* 
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MEDICINE. 

Brunton. — Worts by T. Lauder Brunton, M.D., Sc.D., 
F.R.C.P., F.R.S., Examiner in Materia Medica in the Univer.-ity 
of London, late Examiner in Materia Medica in the University of 
Edinburgh, and the Royal College of Physicians, London. 

A TREATISE ON MATERIA MEDICA. 8vo. [In the press. 

TABLES OF MATERIA MEDICA: A Companion to the 
Materia Medica Museum. With Illustrations. New Edition 
Enlarged. 8vo. lo; . 6</. 

Hamilton. — a text-book of pathology. By D. J. 

Hamilton, Professor of Pathological Anatomy (Sir Erasmus 
Wikon Chair), University of Aberdeen. 8vo. \In preparation, 

Ziegler-Macalister.— TEXT-BOOK OF PATHOLOGICAL 

ANATOMY AND PATHOGENESIS. By Professor Ernst 
ZiEGLER of Tiibingen. Translated and Edited for English 
Students by Donald Macalister, M. A. , M. B. , B. Sc. , M.R. C. P. , 
Fellow and Medical Lecturer of St. John's College, Cambridge. 
With numerous Illustrations. Medium 8vo. Part I. — GENERAL 
PATHOLOGICAL ANATOMY. I2x. td. 
Part IL— SPECIAL PATHOLOGICAL ANATOMY. Sectioas- 
I.— VIII. I2X. 6</. [Part IIL in preparation. 

ANTHROPOLOGY. 

Flower.— FASHION IN DEFORMITY, as Illustrated in the 
Customs of Barbarous and Civilised Races. By Professor 
Flower, F.R.S., F.R.C.S. With Illustrations. Crown 8vo. 
2J. 6^. {Nature Setics), 

Tylor.— ANTHROPOLOGY. An Introduction to the Study of 
Man and Civilisation: By E. B. Tylor, D.C.L., F.R.S. With 
numerous Illustrations. Crown 8yo. 7j. 6</. 

PHYSICAL GEOGRAPHY & GEOLOGY. 

Blanford.— -THE RUDIMENTS OF PHYSICAL GEOGRA- 
PHY FOR THE USE OF INDIAN SCHOOLS ; with » 
Glossary of Technical Terms employed. By H. F. Blanford^ 
F.R.S. New Edition, with Illustrations. Globe 8vo. u. 6d. 
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Geikie. — Works byARCiliBAU>GisiKlE, F.R.S., Director General 

of the Geological Surveys of the United Kingdom. 
PRIMER OF PHYSICAL GEOGRAPHY. With niunerouft 

Illustrations. New Edition. With Questions. iSiiro. rr. 

{Science Primers.) 
ELEMENTARY LESSONS IN PHYSICAL GEOGRAPHY. 

With numerous Illustrations. Fcap. 8vo. as, 6d, 

QUESTIONS ON THE SAME. is. 6d. 
PRIMER OF GEOLOGY. With numerous Illustrations. New 

Edition. i8mo. is. (Science Primers.) 
ELEMENTARY LESSONS IN GEOLOGY. With niustralions. 

Fcap. 8vo. [In preparation. 

TEXT-BOOK OF GEOLOGY. With numerous Illustrations. 

8vo. 2&f. 
OUTLINES OF FIELD GEOLOGY. With Illustrations. New 

Edition. Extra fcap« 8vo. 3^. 6d. 

Huxley. — physiography. An Introduction to the Sta^ 
of Nature. By Professor Huxley, P.R.S. With numerous 
Illustrations^ and Coloured Plates. New and Cheaper Edition. 
Crown 8vo. 6s., 

AGRICULTURE. 

Frankland.— AGRICULTURAL chemical, analysis, 

A Handbook of. By Percy Fabaday Frahkland, P&.D., 
B.Sc, F.C.S., Associate of the Royal School of Mines, and 
Demonstrator of Practical and Agricultural Chemistry in the 
Normal School df Science and Royal School of Mines, South 
Kensington Museum. Founded upon LeitfadenfUr di£ AgricultuT' 
Chemiscke Analyse, von Dr. F. KsoCKEK. Crown 8to. yg. 6#. 

Tanner. — Works by Henry Tanner, F.C.S., M.R.A.C., 
Examiner in the Principles of Agriculture under the Government 
Department of Science ; Director of Education in the Institute of 
Agriculture, South Kensington, London ; sometime Profeaaor iff 
Agricultural Science, University College, Aberystwith. 
ELEMENTARY LESSONS IN THE SCIENCE OF AGRI- 

CULTURAL PRACTICE. Fcap. 8vo. 3J. 6«/. 
FIRST PRINCIPLES OF AGRICULTURE. i8mo. \s. 
THE PRlNCIPi^ES OF AGRICULTURE. A. Series of Rewiing 
Books for use in Elementary Schools. Prepared by Henry 
Tanner, F.C.S.» M.R. A.C. Extra fcap. 8yo. 

I. The Alphabet of the Principles of Agriculture. 6d. 
II. Further Steps in. the Principles of Agriculture. \s. 
III. Elementary School Readings on the Principles of Agricnltnre 
for the third stage, ix. 
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POLITICAL ECONOMY. 

Cossa.— GUIDE TO THE STUDY OF POLITICAL 
^p^^OMY. By Dr. LuiGi CossA, Professor in the Univereity 
of Pavia, Translated from the Second Italian Edition. With a 
Preface by W. Stanley Jevons, F.R.S. Crown 8vo. 4s. 6^. 

r awcett (Mrs.). — Works by Millicent Garrett Fawcett: — 
POLITICAL ECONOMY FOR BEGINNERS, WITH QUES- 
TIONS. Fourth Edition. i8mo. 2s, dd, 
TALES IN POLITICAL ECONOMY. Crown 8vo. 35. 

Fawcett.— A manual of political economy. By 
Right Hon. Henry Fawcett^ M.P., F.R.S. Sixth Edition, 
revised, with a chapter on " Slate Socialism and the Nationalisation 
of the Land," and an Index. Crown 8vo. I2j. 

Jevons.—PRIMER OF POLITICAL ECONOMY. By W. 
Stanley Jevons, LL.D., M.A., F.R.S. New Edition. i8mo. 
\s, [Silence Primers.) 

Marshall.— THE ECONOMICS OF INDUSTRY. By A. 
Marshall, M.A., late Principal of University College, Bristol, 
and Mary P. Marshall, late Lecturer at Newnham Hall, Cam- 
bridge. Extra fcap. 8vo. 2s, 6d, 

Sidgwick.— THE PRINCIPLES OF POLITICAL ECONOMY. 
By Professor Henry Sidgwick, M.A., Praelector in Moral and 
Political Philosophy in Trinity College, Cambridge, &c., Author 
of "The Methods of Ethics." 8vo. i6j. 

Walker. — political economy. By Francis A, Walker, 
M.A., PKD., Author of "The Wages Question," "Money," 
" Money in its Relation to Trade," &c. 8vo. lOs. 6d, 

MENTAL & MORAL PHILOSOPHY. 

Caird.— MORAL PHILOSOPHY, An Elementary Treatise on. 

By Prof. E. Caird, of Glasgow University. Fcap. 8vo. 

[/n />reparaiwn, 
Calderwood,— HANDBOOK OF MORAL PHILOSOPHY. 

By the Rev. Henry Calderwood, LL.D., Professor of Moral 

Philosophy, University of Edinburgh. New Edition. Crown 8vo. 

6s, 

CliflFord.— SEEING AND THINKING. By the late Professor 
W. K. Clifford, F.R.S. With Diagrams. Crown 8vo. 3J. 6«/. 
{Nature Series,) 
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Jevons. — Works by the late W. Stanley Tevons, LL.D., M.A., 

F.R.S. 
PRIMER OF LOGIC. New Edition. iSmo. U. {Science 

Primers.) 
ELEMENTARY LESSONS IN LOGIC ; Deductive and Indue- 

tive, with copious Questions and Examples, and a Vocabulary of 

Logical Terms. New Edition. Fcap. 8vo. 3^. 6d, 
THE PRINCIPLES OF SCIENCE. A Treatise on Logic and 

Scientific Method. New and Revised Edition. Crown 8vo. 

I2J. 6 J, 
STUDIES IN DEDUCTIVE LOGIC. Crown 8vo. 6s. 

Keynes. — formal LOGIC, Studies and Exercises in. Including: 
a Generalisation of Logical Processes in their application to 
Complex Inferences. By John Neville Ki:,ynes, M.A., late 
Fellow of Pembroke College, Cambridge. Crown 8vo. los. 6d^ 

Robertson.— ELEMENTARY LESSONS IN PSYCHOLOGY. 
By G. Croom Robertson, Professor of Mental Philosophy, &c.. 
University College, London. [In preparation. 

Sidgwick.— THE METHODS OF ETHICS. By Professor 
Henry Sidgwick, M.A., Praelector in Moral and Political 
Philosophy in Trinity College, Cambridge, &c. Second Edition. 
8vo. 14J. 
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Arnold.— THE ROMAN SYSTEM OF PROVINCIAL AD- 
MINISTRATION TO THE ACCESSION OF CONSTAN- 
TINE THE GREAT. By W. T. Arnold, B.A. Crown 
8vo. 6s, 

•* Ought to prove a valuable handbook to the student of Roman history.** — 
Guardian. 

Beesly.— -STORIES FROM THE HISTORY OF ROME. 
By Mrs. Beesly. Fcap. 8vo. 2j. 6^. 

•' The attempt appears to us in every way successful The stories are interesting 
in themselves, and are told with perfect simplicity and good feeling.** — Daily 
News. 

Brook.— FRENCH HISTORY FOR ENGLISH CHILDREN. 
By Sarah Brook. With Coloured Mai>s. Crown 8vo. dr. 
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Clarke.— CLASS-BOOK of geography. By C. B. Clarke, 
M.A., F.L.S., F.G.S., F.R.S/ New Edition, with Eighteen 
Coloured Maps. Fcap. 8vo. 3J. 

Freeman.— OLD-ENGLISH history. By Edward A- 
Freeman, D.C.L., LL.D., late Fellow of Triiiiiy College* 
Oxford. With Five Coloured Maps. New Edition. Extra fcap. 
8vo. 6s. 

Fyffe.— A SCHOOL history OF GREECE. By C. A. 
Fyffe, M.A., Fellow of University College, Oxford. Crown 
8vo. [I7t />rej>arat'wn. 

Green. — Works by John Richard Green, M.A., LL.D., 
late Honorary Fellow of Jesus College, Oxford. 

SHORT HISTORY OF THE ENGLISH PEOPLE. With 

Coloured Maps, Genealogical Tables, and Chronological Annals. 

Crown 8vo. 8j. 6d, Ninety-ninth Thousand. 

•• Stands alone as the one general history of the country, for the sake of which 

all others, if young and old are wise, will be speedily and surely set aside."— 

ACADBMY. 

ANALYSIS OF ENGLISH HISTORY, based on Green's "Short 

History of the English People." By C. W. A. Tait, M.A., 

Assistant-Ma iter, Clifton College. Crown 8vo. p. 6d. 
READINGS FROM ENGLISH HISTORY. Selected anl 

Edited by John Richard Green. Three Parts. Globe 8vo. 

IS. 6d. each. I. Hengist to Cressy. II. Cressy to Cromwell. 

III. Cromwell to Balaklava. 
A SHORT GEOGRAPHY OF THE BRITISH ISLANDS. By 

John Richard Green and Alice Stopford Green. With 

Maps. Fcap. 8vo. 3^. 6d. 

Grove. — a primer of geography. By Sir George 
Grove, D.C.L., F.R.G.S. With Illustrations. i8mo. is. 
{Science Primers.) 

Guest.— LECTURES ON THE HISTORY OF ENGLAND. 
By M. J. Guest. With Maps. Crown Svo. 6s. 
'* It is not too much to assert that this is one of the very best class books of English 
History for young students ever published."— Scotsman. 

Historical Course for Schools — Edited by Edward a. 
Freeman, D.C.L., late Fellow of Trinity College, Oxford. 
I —GENERAL SKETCH OF EUROPEAN HISTORY. By 
Edward A. Freeman, D.C.L. New Edition, revised and 
enlarged, with Chronological Table, Maps, and Index. i8mo. 
y. 6d, 
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Historical Course for Schools. Continued-^ 

II.— HISTORY OF ENGLAND. By Edith Thompson. New 
Edition, revised and enlarged, with Coloured Maps. i8mo. 
2s. 6d. 

III.— HISTORY OF SCOTLAND. By Margaret Macarthur. 
New Edition. i8mo. 2/. 

IV.-HISTORY OF ITALY. By the Rev. W. Hunt, M.A. 
New Edition, with Coloured Maps. iSmo. 3J. 6d, 

v.— HISTORY OF GERMANY. By J. Sime, M.A. i8mo. 

VI.— HISTORY OF AMERICA. By John A. Doyle. With 
Maps. i8mo. 4r. 6d, 

VII.— EUROPEAN COLONIES. By E. J. Payne, M.A. With 

Maps. i8mo. 4?. 6d, 
VIII.— FRANCE. By Charlotte M. Yonge. With Maps. 

iSmo. 3J. 6d. 

GREECE. By Edward A. Freeman, D.C.L. \In preparation, 
ROME. By Edward A. Freeman, D.C.L. \In preparation. 

History Primers— Edited by John Richard Green, M.A., 
LL.D., Author of "A Short History of the English People." 

ROME. By the Rev. M. Creighton, M.A., late Fellow and 
Tutor of Merton College, Oxford. With Eleven Maps. i8mo. \s, 
"The author has been curiously successful in telling in an intelligent way 
the story of Rome from first to last.**-— School Board Chronicle. 

GREECE. By C. A. Fyffe, M.A., Fellow and late Tutor of 
University College, Oxford. With Five Maps. i8mo. is, 

••We give otur unqualified praise to this little manual." — Schoolmaster. 

EUROPEAN HISTORY. By E. A. Freeman, D.C.L., LL.D. 
With Maps. i8mo. \s, 

"The work is alwrays clear, and forms a luminous key to European history." 
—School Board Chronicle. 

GREEK ANTIQUITIES. By the Rev. J. P. Mahaffy, M.A. 
Illustrated. i8mo. \s, 

** All that is necessary for the scholar to know is told so compactly yet so fully, 
and in a style so interesting, that it is impossihle for even the dullest boy to look 
on this little work in the same light as he regards his other school books."~ School- 
master. 

CLASSICAL GEOGRAPHY. By H. F. Tozer, M.A. i8mo. ix. 

"Another valuable aid to the studv of the ancient world. ... It contains 
an enormous quantity of information packed into a small space, and at the same time 
communicated in a very readable shape."— John Bull. 
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GEOGRAPHY. By Sir George G^ove, D.C.L. With Maps. 
i8mo. IS. 

"A model of what such a work should be. . . . We know of no short treatise 
better suited ta infiiise life and spirit into the dull lists of proper names of which 
our ordinary class-books so often almost exclusively consist.*^TiMEs. 

ROMAN ANTIQUITIES. By Professor Wilkins. IUus- 

trated. iSmo. is» 
"A Httle book that throws a blaie of light on Roman hostory, and is, moreover 
intensely interesting."— Schooi. Board Chsokkcle. 

FRANCE. By Charlotte M. Yonge. i8mo. u, 

"Maiy be consideied a wonderfully successful piece cf work. ... Its general 
merit as a vigorous and clear sketch, giving in a small space a vivid idea of the 
hi^ety of France, remains imdeniable."-— Saturday Rkvibw. 

Hole.— A GENEALOGICAL STEMMA OF THE KINGS OF 
ENGLAND AND FRANCE. By the Rev. C. Hole. On 
Sheet. IS. 

Kiepert— A manual of ancient geography. From 
the Gennan of Dr. H. Kiepert. Crown 8vo. 5^. 

Lethbridge.— A SHORT manual of the history of 

INDIA. With an Acconnt of India as it is. The Soil, 
Climate, and Productions ; the People, their Races, Religions, 
PuWic Works, and Industries; the Civil Sei-vices, and System 
of Administration. By Roper Lethbridge, M.A., C.I.E., 
late Scholar of Exeter College, Oxford, formerly Principal of 
Kishnaghur College, Bengal, Fellow and sometime Examiner of 
the Calcutta University. With Maps. Crown 8vo. 5^". 

Michelet. — a summary of modern history. Trans- 
lated from the French of M. Michelet, and continued to the 
Present Time, by M. C. M. Simpson. Globe 8vo. 41'. 6d. 

Ott^.— SCANDINAVIAN HISTORY. By E. C. OttA. With 
Maps. Globe 8vo. 6^. 

Ramsay.— A school history of rome. By g. g. 

Ramsay, M.A., Professor of Humanity in the University of 
Glasgow. With Maps. Crown Svo. [In preparation, 

Tait. — ANALYSIS OF ENGLISH HISTORY, based on Green's 
"Short History of the English People." By C. W. A. Tait, 
M.A., Assistant-Master, Clifton College. Crown 8vo. y. 6d, 

Wheeler.— A SHORT history of india and of the 

FRONTIER STATES OF AFGHANISTAN, NEPAUL, 
AND BURMA. By J. Talboys Wheeler. With Maps. 
Crown 8vo. I2s, 
•♦ It is the best book of the kind we have ever seen, and we recommend it to a place 
in every school library.*'— EoucATiONAt Times. 
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Yonge (Charlotte M,). — a parallel history ok 

FRANCE AND ENGLAND : consisting of Outlines and Date.^. 
By Charlotte M. Yonge, Author of "The Heir of Redely ffe," 
&c., &c. Oblong 4to. p, 6d, 

CAMEOS FROM ENGLISH HISTORY.— FROM ROLLO 
TO EDWARD 11. By the Author of ** The Heir of Redclyffc." 
Extra fcap. 8vo. New Edition, ss, 

A SECOND SERIES OF CAMEOS FROM ENGLISH 
HISTORY. — THE WARS IN FRANCE. New Edition. 
Extra fcap. 8vo. $/. 

A THIRD SERIES OF CAMEOS FROM ENGLISH HISTORY. 
—THE WARS OF THE ROSES. New Edition. Extra fcap. 
8vo. 5j. 

CAMEOS FROM ENGLISH HISTORY— A FOURTH SERIES. 
REFORMATION TIMES. Extra fcap. 8vo. 5j. 

CAMEOS FROM ENGLISH HISTORY.— A FIFTH SERIES. 
ENGLAND AND SPAIN. Extra fcap. 8vo. 51. 

EUROPEAN HISTORY. Narrated in a Series of Historical 
Selections from the Best Authorities. Edited and arranged by 
E. M. Sewell and C. M. Yonge. First Series 1003— 11 54. 
New Edition. Crown 8vg. 6s. Second Serie?, 1088 — 1228. 
New Edition, Crown 8vo. dr. 
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